The Theta-dependence Coefficient and an Almost Sure Limit Theorem
for Random Iterative Models
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ABSTRACT: We prove a weighted Almost Sure Limit Theorem in the setting of Random Iterative Models. This
Theorem generalizes previous results obtained for sequences of normalized partial sums and some other classes of

random sequences.

1. Introduction

Let (S,) be the partial sums of iid real valued random variables (X,) with mean 0 and variance 1,
defined on a probability space (2, A, P). The classical Almost Sure Central Limit Theorem can be stated
as follows: P-almost surely,
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for all Borel sets A C R such that A(0A) = 0. Here and in the sequel A denotes the Lebesgue measure on
(R, B(RR)). For the proof, by a classical principle in the theory of pointwise Central Limit Theorem, (see
[6], p- 202), it is enough to show that, for any bounded 1-Lipschitz function f : R — R, almost surely
one has
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The proof of (1.1) relies on a suitable estimate of

Cov(1(72).£(°0)) =B[1(2) 12| - B[ ()| B[1(Z1)].

for p < q integers. Typically such a kind of estimate looks as

(1.2) ‘Cov(f(j%),f(j%))‘ §const\/§

(see for instance [6], Lemma p.203), and it is easy to prove (see Lemma (6.1) of the present paper) that
we can get it from an analogous one for

S, S S,
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where H . H1 denotes the L!(Q, A, P)- norm. Note that the two random variables j%, % are linked
by the iterative equation
Sn+1 n Sy Xny1 n &
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where V11 = i’;—% In this paper we consider a system of random d-dimensional vectors (Z,,) defined
on a probability space (2,4, P) by a recursive relation Z,11 = Fny1(Zn, Vay1) and, under suitable

assumptions, we prove an estimate for

(1.3) NZq, Zp) = sup |[Elf(Z))1Z,] - ELf(Z,)]]],,

where £; denotes the set of bounded 1-Lipschitz functions f : RY — IR. Such an estimate (which will
be in terms of the sequence (F),)) allows us to prove an Almost Sure Limit Theorem (ASLT from now
on) for the sequence (Z,,); this result enlarges the classical Almost Sure Central Limit Theorem since it
concerns “general” weights and not “logarithmic” weights only; some new particular cases are pointed
out in (5.9). Previous results in this direction can be found for instance in [1] and [7]; with respect to the
results of [1], our Theorem enlightens the fact that weak theorems are not necessary in order to obtain
Almost Sure Limit Theorems; moreover, condition (1.7) of [1] is more difficult to be checked than our
condition (2.11) (see Remark (2.12)); last, our examples (4.1) (in particular (4.1)(iii) and 4.1(iv) ), (4.4),
(4.5) are new (see also Example (5.9)). On the other hand, with respect to [7] our Theorem is wider
in that it concerns a general “Iterative Model” (Z,,) (see definition (2.1)), and not only a sequence of
normalized partial sums (S, /y/n).

We stress the fact that the setting of iterative models considered here is rather large: see section 4 for some
illuminating examples. The coefficient ¥(Z,, Z,,) defined in (1.3) is clearly a measure of the dependence
of Z, and Z,. It is known in the literature (see [2] for details an the references therein); we shall call
it coefficient of ¥-dependence; in sections 3 and 4 we show how to calculate it in some cases. Another
frequently used measure of dependence between random variables is the Rosenblatt coefficient (see section
6 for its definition); in the same section 6 we present a typical situation in which the Rosenblatt coefficient
can be obtained from the J-coeflicient.

Acknowledgement. The authors wish to thank Prof. L. Pratelli for helpful suggestions and an unknown
referee for having pointed out an error in the proof of Theorem (2.9).

2. Main results

On the probability space (2, .4, P) we are given a filtration (A, ). Following [3], p. 183 we introduce the
concept of Iterative Lipschitzian Model:

(2.1) DEFINITION. An Iterative Lipschitzian Model adapted to (A,) is a sequence (Z,) of random

d-dimensional vectors such that, for every n € N, Z, is A,-measurable and

(2.2) Zny1 = Fog1(Zn, Vatr)

where,

(i) for every n € N, F, is a measurable function from R* x T to R (where (I',G) is a measurable
space), an- Lipschitzian in its first argument, independent on the second, i. e., for each z1,z9 € RY,
vel

| (21,0) — Fr(z2,v)] < aplz1 — 22].

Here and in the sequel | - | denotes the euclidean norm in R,

(i) (V) is a sequence of random variables with values in (I',G), and V,41 is independent of A, for
every n € IN.

Our first result is the following.

(2.3) THEOREM. Assume that sup, E[|Z,|] = C < 4+o00. Then, for p < q integers, we have
(2.4) WZq, Zp) <2Capq1 X -+ X 0.
Write
(2.5) gk) =] E
h=1 P
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Then (2.4) can be written as

()
2.6 NZ,, Z,) < 20 LL2
The proof of Theorem (2.3) is in Section 3. Before stating our second result (the ASLT for the sequence
(Z,)) we must recall some preliminary notions and make some remarks.

(i) Let (T,C,7) be some probability space and consider a sequence (f,,) of elements of L?(7). Let
ank = [ fafrdr. A system of functions (f,) such that the quadratic form defined on ¢ by (z,) —
Zh’k an kTpTr is bounded, is said quasi orthogonal. Say also that a sequence ¢ = (c,,) € lo is universal
when the series ), ¢yt converges almost everywhere for every orthonormal system of functions ().
According to Schur’s Theorem ([8], pag. 56), if c is universal, then the series ), ¢ fi converges almost
everywhere for any quasi-orthogonal system of functions (fy,).

(ii) Assume that (Z,) is an iterative Lipschitzian model, such that

(2.7) a, <1 Vn>2, Zlog Qap = —00
k=2
(2.8) liminf o, > 0.

Condition (2.7) amounts clearly to assuming that g, defined in (2.5), is strictly increasing to +o00, so that
we can suppose that it defined on [1,4+00) and strictly increasing to +0o0. On the other hand, condition
(2.8) is equivalent to limsup g(z + 1)/g(z) < +00. We can now state our result.

r—00

(2.9) THEOREM. (ASLT for iterative models). Let (Z,) be an iterative Lipschitzian model such that
sup,, E[|Z,|] = C < +o0. Let ¢ : [1,400) — R be a strictly increasing function with

lim ¢(z) =400

Tr——400
and for which there exists a constant 3 > 0 such that

(2.10) plr+1)< @) +8 VreRT.

L verifies the condition

Gk G(n
(2.11) sup <,;LGET3 +y Giki) < +00.

k>n

Assume moreover that the composed function G = go ¢~

Let € = {A € B(RY), \(dA) = 0}. Then, for every A € £
(a) for every decreasing sequence (c,) satisfying the condition liminf, . (chy1/cn) > 0 and such
that Y, c2(logn)? < co we have, almost surely,

n

i ey Y (9(k+1) = (k) (1a(Zk) = P(Zy € A)) = 0;

n— oo
k=1

(b) almost surely we have

L Stk + 1) — (k) (1a(Z) — P(Z € 4))

=0.
n—oo (n)

(2.12) REMARK. If the iterative model (Z,,) satisfies (2.7) and (2.8), a function ¢ verifying the two
conditions (2.10) and (2.11) is easily found: in fact we can take, for instance

p(x) = log g(x).
The proofs of Theorem (2.9) and Remark (2.12) will be given in Section 5.
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3. The coefficient of ¥-dependence and proof of Theorem (2.3)

Theorem (2.3) follows easily from a general result (Proposition (3.2)), which we state and prove in this
section. Let T and S be two d-dimensional random vectors defined on a probabilty space (£, .4, P) and
assume that E[|T|] < 4-o0; let £; be the set of bounded functions f : R? — R which are Lipschitzian of
constant 1.

(3.1) DEFINITION. For T and S as above, we define the V-coefficient of dependence as

9T, S) = sup ||E[f(T)|S] - E[f(T)]

sup In

where H . H1 denotes the norm in L*(Q, A, P).

We are interested in the following situation: assume that 7' = ¢(S, V'), where V is a random variable
defined on (9, .4, P) with values in a measurable space (I, G), independent on S, and ¢ : R?x T — R?
is a measurable function §-Lipschitzian in its first argument, independent on the second, i. e. for every
S1,89 € R and v € T’ we have

|p(s1,v) — ¢(s2,v)| < Bls1 — sal.
We prove our general result:

(3.2) PROPOSITION. Assume that S is integrable. Then

(T, S) < 2BE[S]).

Proof. Tt is easy to see that, for every f € £ we have
EL/(D)IS) = [ £06(S,0)duv (v,
where py denotes the law of V. Hence
0T, 5) = sup || [ 10018, vy (v) = BL| £06(8. vid )]
The relation
| [ oot 0hdi(o) — [ sl 0@ < [ 16(s1,0) = 652, 0)ldiv () < Blss = sal
shows that the function s — [ f o ¢(s,v)duy (v) is B-Lipschitzian, hence
(T, S) < ﬁgseug |19(S) — E[g(9)]]|, = Bsup { / l9ldps, g € £1,/gdus =0},

where pg is the law of S. The statement of the proposition follows from a simple lemma.

(3.3) LEMMA. Let u be a probability measure on R®, with [ |x|du(x) < co. Then
Sup{/lglduvg € El,/gdu =0} < 2/|x|du(a:)

Proof. Let g € £y with [ gdu = 0. Then

(3.4) 90 =1 [ (9(a) = 90)du@)] < [ Jeldu(a),

hence [ |g(x)|du(z) < [|g(x) — g(0)|du(z) + [g(0)| < 2 [ |z|du(z), and the lemma is proved.
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(3.5) REMARK. Though not relevant in this context, note that in (3.3) it is possible to find a better
estimate; in fact, one can replace the vector 0 (used in (3.4)) with any vector zy € R? and then take the
infimum with respect to xg, so getting the bound

2 infd/|x—x0|du(x).

ro€ER

We can now deduce Theorem (2.3) from Proposition (3.2); in fact from relation (2.2) it is easily seen by
induction that

Zqg= ¢L]*p(Zp7 Vo1, -+, Vq)

where ¢4_, is some function, (apy1 X - -+ X ag)-Lipschitzian in the first argument and (Vp11,...,V,) is a
random variable with values in (I'"~?,G97P), independent on Z, (of course ¢1 = F,41 for every p).

(3.6) REMARK. We point out the important particular case (to be encountered later, see Example (4.5))
in which «,, < « (constant) for every n. In this case we find

W Zy, Z,) <2C al .

4. Some examples
In this section we give some relevant examples of iterative Lipschitzian models. All the involved sequences
of random variables are tacitly assumed to be defined on the basic probability space (2, .4, P).

(4.1) EXAMPLE. Let (X,,) be a sequence of independent r. v.’s and (7y,,) a sequence of positive numbers.
Put S, = >}, %Xk and assume that, for every n, S, € L'(Q, A, P). Suppose that there exists a
sequence (a,,) of real numbers such that

supEH&H =C < 4o0.
n Gnp

For every integer n define 7, = as—" and consider the maps F;,(z,v) = “2=1z 4 v. Observe that
. Tn+1Xnt1
ZnJrl - FnJrl(va Vn+1)7 with Vn+1 = %
n

Theorem (2.3) gives, for p < ¢,

(4.2) N Zy, Z,) < 2C ;LP
q

We are in the above setting if for instance

(1) sup,, E[|X,|] < +o0.
In this case we can take a, =Y ,_; Yk, as it is easily seen. )

1/2

(ii) If 02 = E[X?] < 4o for every n, another suitable choice for (ay,) is a, = (ZZ:1 0,37,%) .

(#it) v, = 1 for every n, (X,,) are independent identically distributed and their common distribution
belongs to the domain of attraction of a stable distribution ® with exponent « € (1,2]. This means that
there exist two sequences of numbers (a,) and (b,,) such that the distribution of as—” —b,, = Z,, —b,, tends
to ®@. In this case it is known (see [5], lemma 2.3) that E[|S,|] < Ca,, for a suitable constant C.

(tv) Let p > 1, and consider the class F,, of distribution functions verifying

(F(=z) V(1 —F(z)) =0(z?) T — +00.

Let again v, = 1 for every n, (X,) be independent identically distributed with their common law
belonging to F,. According to part b) of Lemma 2.2 in [5], if F € F,,, 1 < p < 2, then E|Sn| < Cpnl/p.
And if p = 2 and EX? = oo, then E’Sn’ < C’(nEX21

same kind as above.

{|X\§n1/2})1/2’ which gives other examples of the



(4.3) EXAMPLE. Let (X,,) be a sequence of independent random variables with sup,, E[|X,|] = C < +o0.

Put Mn:max(X1,...,X ), Zn = M= Then E[|Z,|] < M < C < +o0.
Put F,(z,v) = max( ) Then F, is (n—1)/n)- Llpschltman and we have Z,,11 = Fp41(Zn, Viut1),

with V41 = X"“ Theorem (2.3) applies and we get

hS!

9(Zy. Z,) < CL.

LS

(4.4) ExaMPLE. Let X,, be a sequence of independent identically distributed complex-valued random
variables and let fi, fa,... be complex-valued functions defined on some metric space (T,d), and form
the quantities

2 R(X fr(t)) ok Sy
Zn(t) = ; ) =Y RXxfilt))ll2,p-
Bn(t) k=1
Where (N,,) is some given sequence of integers. Here t is fized and we write more simply Z,, := Z,(t),
B, := B, (t). It is clear that
" M R( X f(t
. 2ot Vorr, Vi = Sk 1 ROG ()
Bn+1 Bn+l
Define F,q1(z,y) = Bn -z + Y. Then we have Z, 11 = F,11(Zy, Vat1). According to Definition (2.1),

(Z,) is an iterative L1psch1tz1an model. Now by contruction sup,, E|Z,| = C < co. Indeed, by Cauchy-
Schwarz inequality, B[|Z,(t)|] = E| Z]kvil R(Xyfi(t)|]/Bn(t) < 1so that Theorem (2.3) applies in force
with C =1, and we get for p < ¢:
B
N2y, Zy) <22
( b q) - "B

q

(4.5) EXAMPLE. Let (M,,) be a sequence of square d x d matrices with elements in R, and let ||M,]| be
the sequence of their norms. We assume that p = sup,, ||M,|| < 1. We consider the autoregressive model

ZnJrl = Fn+1(Zn75n+1) = MnZn + En+1,

with initial state Zy, where € = (e,,) is a noise independent on Z;. We assume that |Zp| is integrable.
Moreover the (g,) are independent and sup,, E[|e,|] = C < +00. By induction one sees easily that Z,
and €,,41 are independent. Put

B; Iq for j = 0;
B Hkn]+1Mk fOYlSJSn

Then Z,, can be written in the closed form Z,, = B, Zy + 22:1 B,,_ier. We have
n 3 1
sup E[|X,.[] < p"E[|Zo[] + C ) p" " < E[|Z|] + C— = Cu.
" k=1 L=p
Since F), is ||M,||-Lipschitzian, we deduce from Theorem (2.3) that
ﬂ(qu Zp) < Clqupy q = p.

5. Proof of Theorem (2.9)

As we saw in the Introduction, in order to prove (2.9) it is enough to prove an analogous result by
substituting 14 with any bounded function f € £4. So, fix f € £;. Throughout the present section we
put, for every integer n
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Assertion (b) of Theorem (2.9) easily follows easily from assertion (a): take the sequence (c,) defined by
Cn = m, and observe that (c,) is universal by Rademacher-Menchov Theorem, (asserting that a

sequence (c,,) is universal if 3, ¢2 log?n < +00). Now we have

| ki (p(k+1) — (R)Ye| _ log? p(n)

p(n) ~ Vel(n)

and the second term of the above inequality tends to 0 by assertion (a); hence we prove assertion (a).
With no loss of generality we can assume $ =1 in (2.10). This is plain if 8 < 1: if 8 > 1, we prove first
the result for the function ¢ = 37 1y; in order to get the desired conclusion for the function ¢ also, we
need only to observe that

et Do+ 1) = o(k) Vi
k=1

Clom)] < Cle(n)s=1]-

We now observe that the relation

plz+1) <px)+1 Vo e RT
implies (in fact, is equivalent) to
(5.1) e @) +1<p Nz +1) VreR'.
Put (k) = [¢~ (k)] for every integer k. From (5.1) we get also
(5.2) (k) +1<pk+1) Vk € IN*.
Relation (5.2) implies in turn
(5:3)  @((k) = oWk 1)) < (k) =Wk =2) +1) <p(p (k) — ol (k-2)) =2

We now need two Lemmas.

(5.4) LEMMA. Let p < q be two integers. Then, for every g € L1 the following inequality holds
|Cov(Y,,Y,)| <suplg|HZ,, Z,).

The proof of the above Lemma is quite similar to the proof of Lemma (6.1), and is omitted.

(5.5) REMARK. Note that the function g defined by the formula g(z) = (f(z) — E[f(Zn)])+ belongs to
L1; moreover sup |g| < 2sup |f|. Thus, Lemma (5.4) implies that

(5.6) Cov(¥, ;)| < 250 | |2, Zy).

By (5.6), with no loss of generality we can assume in what follows that Y,, > 0 for all n: if this is not
true, it is sufficient to write ¥,, = Y,F — Y.

(5.7) LEMMA. We have limy .o ¢ >p_y Yyi) = 0, P-almost surely.

Proof. For h < k we have, by Lemma (5.4) and relations (2.6) and (5.2),

G(h)

|Cov(Yy(n), Yyl <2C Gk —1)

Now condition (2.11) assures that the sequence (Yw(n)) is quasi orthogonal by lemma 7.4.3 p. 139 of [10].
The result thus follows from Kronecker’s Lemma. |



We can now pass to the proof of point (a) of (2.9). For every n put

n (n)—1 n

Un =cy ZYw(k)a Va Z k —+ 1 (k))Yka T, = Clp(n)] Z k + 1 (k))Yk

k=1 k=1 k=1
It is easily verified that (V},) converges to 0 iff (7},) does; in fact, for ¥(r) <n < ¢(r+ 1) — 1 we have

Cr41 -1

V.

<T,< Vr+1
Cr CT+1

Hence, by Lemma (5.7), it is enough to prove that (U, — V},) converges to 0 almost surely. Now

Y(n)-1

Un = Vo =cn( D Yorron = D (plk+1) = o(k)Yi)
k=1 k=1
n  Y(k)—1 n ¥ (k)
_cn(zy w Y D WD DY) = ey D &Y,
k=1 j=1(k—1) k=1 j=1(k—1)

where we put
5 {@(j)—w(jJrl) for $(k— 1) < j < Y(k) — 1,
J 1 for j = (k).

We have easily, by (5.3)

$(0) bk)-1
(5.8) Soogl=1+ Y (eli+1) =) =1+ [p@k) — ek —1))] <3.
j=(e—1) j=(h-1)

Put now Ry = Zﬁﬁ(k 1 0;Y;. We have to prove that nhllgo Cn Z Ry = 0 almost surely.
k=1

We need a bound for Cov (R, Ry). We have

() —1 P(k)—1
Cov(Ry, Ri) = Z Z 8;0;Cov (Y;,Y;).
i=p(h—1) j=t (k1)

Now, for every i, j with ¢o(h — 1) < < (h), ¥(k—1) <j <(k), we have, again by (5.4) and (2.6),

G(h)
[Cov(¥:, Y| < Crgp =g

Condition (2.11) and relation (5.8) assure that the sequence (R,) is quasi orthogonal, and we can now
argue as in the proof of Lemma (5.7). The Theorem is proved. |

(5.9) ExAMPLES We give here some particular cases:
(i) We refer to Example (4.1) (i). Assume that 7, = n”, where 8 > —1. Then Theorem (2.9) gives

fim 3 L (14(2) - P(2 € 4)) =

n—oo logn —

On the other hand, in the case v, = n~! we get lim,,_ Tog llogn Shey klggk (1a(Zy) —P(Zr € A)) =
(ii) We refer here to Example (4.5). In this case it is easy to see that lim, ..o = > 7, (1a(Z )
P(Zk S A)) =



We conclude this section by proving Remark (2.12). For ¢(x) = logg(z) we have ¢~ !(z) = g~ (&%),
hence G(z) = e®. Condition (2.11) is verified since

G(k) G(n) o 1
gl G(n) g G(k) g en ]Z;l .

. n+1l__
now the first sum is equal to & L

ele=T) which is bounded as n — oo, while the second sum is equal to
> e < oo.
6. From the J-dependence coefficient to the Rosenblatt coefficient

Let T and S be two r. v.’s defined on (€2, A, P). The coefficient of ¥-dependence ¥(T, S) is useful in some
cases in order to estimate the Rosenblatt coefficient of dependence of S and T, defined as

a(T,S) = iqu |Cov(14(S),15(T))|,

where the sup is taken over all Borel sets in R.

(6.1) LEMMA. Let A be any Borel set in R. Then,

sup |Cov(14(95), £(T))| < I(T,5).

Proof. For any function f: R? — R such that f (T) is integrable we have
[Cov(1a(9), f(T)] = [E[La(S)f(T)] — E[LA(S)|ELf(T)]|
= [E[LA(S)E[f(T)[S]] — E[La(S)E[f (T)]]]
= [E[14(S)(E[f(D)IS] - E[F(DN)]] < |[(BIF(D)IS] - Ef(D)]]],-

(6.2) REMARK. If g is L-Lipschitzian, since g/L is in £ we have from (6.1)

|Cov(14(5),9(T))| = LICov(1(S5), %(T))I < Lfsgg |Cov(14(5),9(T))| < LT, S).

(6.3) PROPOSITION. Let Qr(e) = sup, P(x < T < xz +¢€), € > 0. be the concentration function of T.
Then for every x € R,

(64) [COV(LA(8), 1o (T))] < inf (Z0(T, ) + Q).

€
PROOF. Fix e > 0. Put g.(t) = (1 + £=t1(, ,+(t)) and consider the (1/€)-Lipschitz function fe(t) =
1(—o0,2](t) + ge(t). In view of Remark (6.2), we have
|Cov(14(S5), 1(~o0,0)(T))| = [Cov(14(S), fe(T)) = Cov(1a(S), g:(T))|
< [Cov(1a(S), fe(T))| + |Cov(1a(5), 9e(T))| < %9(T7 S) + Qr(e).
Since € > 0 is arbitrary, the proof is achieved. |

We now consider a case in which the infimum in (6.4) can be explicitly calculated. Assume that T is such
that, for some fixed v > 0 and for every € > 0,

(65) QT(G) S 0167.
(6.6) PROPOSITION. We have

(67) up [Cov(14(5). 10,01 (T))| < Co() (AT, )7,

PRrROOF. We introduce the bound of @ given in (6.5) into the infimum in (6.4). Then such infimum can
be found by means of elementary calculus. It is attained for e = (J(T, S)/Cl)l/(wl) proving (6.7). M
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(6.8) REMARK. Assumption (6.5) is simply ~-holderianity of the distribution function of T', since
Plx<T <xz+¢€)=Fr(z+e)— Fr(x).

If the law of T has a bounded density, then (6.5) holds with v = 1. A uniform version of (6.5) for a

sequence of random variables is considered in the paper [2] (formula (2.9) pag. 317).

We now discuss another relevant case in which (6.5) holds. Let (X,) be a sequence of independent
identically distributed random variables with distribution belonging to the domain of attraction of a
stable distribution ® with exponent o € (1,2] (see section 4, example (4.1) (iii)). Put, as in section 4,
Ly = g—: For p < q we consider T' = Z; and S = Z,,, so that our task is to bound the concentration
function of Z,. This can be done by using the following result (see [9], pag 68 for the proof).

(6.9) LEMMA. Let (X,,) be a sequence of independent random variables and put S, = X1 + -+ X,,. Let

A1, A2, ..., Ay be positive numbers such that Ay < X\, k=1,...,n. Let (X}) denotes a symetrized version
of (X%). Then

(6.10) Qs, (V) < CA (S M2P{XE] > (w/2))) 2,

k=1
For each k =1,...,q take Ay = A = aq¢ in (6.10). We get

Qz,(€) = Qs, (age) < Caage(a2eq(1 — Flag(c/2)) + F(—aq4(c/2))))
— Cy(q(1 — Flag(e/2)) + F—ag(e/2)))) >,

By formulas (5.6) and (5.9) p. 575 of [4] we know that A%q(1 — F(ag\) + F(—a4\)) — Cy > 0. Hence,
for large ¢ we obtain Qz, (¢) < Cse®/2. |

—1/2

In [5] the following statement is proved:
(6.11) PROPOSITION. For large q and every p < q we have
a.\ o/ (a+2)
sup |Cov(1a(Zp), 1 oo (Z))] < Ca(2)
Az Qg
It is also a consequence of Proposition (6.6) and formula (4.2) above.
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