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Volume conjecture

colored Jones polynomial

In(K; q) € Z[q, g7 1]: the colored Jones polynomial of a knot K
associated with the N-dimensional irreducible representation of s/(2; C).

° Jy (O q) =1,

@ J, is the original Jones polynomial.

° g ('X' q) -q ' (X' q) = (g2 - q %)) ('} € q)

(skein relation)
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Volume Conjecture

Conjecture (Volume Conjecture, R. Kashaev (1997),
J. Murakami+H.M. (2000))
log [ In(K; exp(2mv/—1/N))|  Vol(S3\ K)

li .
Nl—r>noo N 2w

Definition (Simplicial volume (Gromov norm))

Vol(§3\ K) := > (Hyperbolic Volume of H;).
H;:hyperbolic piece

Definition (Jaco—Shalen—Johannson decomposition)

S3\ K can be uniquely decomposed as

st (L) (Ue)

with H; hyperbolic and E; Seifert-fibered.
4th June, 2013 337




JSJ decmposition and the simplicial volume of the

N

(2,1)-cable of the figure-eight knot @

hyperbolic Seifert fibered
(looks like surface x St)

4th June, 2013
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Colored Jones polynomial of &

Proof of the VC for @ is given by T. Ekholm (1999).
Theorem (K. Habiro, T. L&)

(@ ) Z:l ﬁ ( (N—k)/2 (ka)/2> <q(N+k)/2 _ qf(N+k)/2> '

Jj=0 k=1
q — exp(2my/—1/N)
N—1 j
Iy ((8) exp(2ryV/=1/N)) = 3 T F(w: k)
j=0 k=1

with f(N; k) := 4sin?(kr/N).

Hitoshi Murakami (Sendai) Volume Conjecture 4th June, 2013 5/37



Proof of the volume conjecture for the figure-eight knot

Find the maximum of the summands

N—-1 J
Iy (@ 2TV IN) = ST T F(N: k) with £(N; k) := 4sin®(kr/N).

Jj=0 k=1
Graph of (N k)
SWN:K)
4 ,,,,,,,,,,,,,,,
1 ,,,,,,,,,,,,,,,,,,,,,,,,,
o 1 1 >k
NI6 SN/6
Put g(N;j) = J,.(:lf(N;k).
j 0] --- [N/6 - 5N /6 |1
f(N; k) <1l| 1 |>1 1 <1
g(N:Jj) 1]\ 0| maximum | N
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Proof of the volume conjecture for the figure-eight knot

Limit of the sum is the limit of the maximum
e Maximum of {g(N;})}o<j<n—1 is g(N' 5N/6), and g(N;j) > 0.
° Jy ((8) :exp(27rx/—_1/N)) = Y50 &(N:J).
I3
g(N;5N/6) < Jy (@ ;exp(27r\/—_1/N)) < N x g(N;5N/6)

log g(N:5N/6) - logJy  logN | logg(N;5N/6)
N B S T N

" log g(N;5N/6) < fim log Jn < lim log N lim log g(N;5N/6)

N— oo N— oo N— oo N— oo N
lim log g(N;5N/6) < fim log Jn < lim log g(N;5N/6)
N— oo N— oo N— oo N
lim log g(N;5N/6) < fim log Jn < lim log g(N;5N/6)
N— oo N— oo N N— oo N
U
i log JN im logg(N;5N/6)
m —_—

A A
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Proof of the volume conjecture for the figure-eight knot

Calculation of the limit of the maximum

log ’J/v ((8) ;exp(2my/~1/ N)) ‘ log g(N;5N/6)

T N =W N
L BN/S L BN/S
= Nll;n N Z_:l log f(N; k) = 2NIE;nC>O N ; log(2sin(km/N))
2 [°m/6 2 6/ (m/3
:;/0 log(25in x) dx = — ~A(57/6) = (27;/ ) _ 0.323066...
where A(0) := — fo log |2sin x| dx is the Lobachevsky function.
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Hyperbolic geometry

Decomposition of $3\ & into two tetrahedra

What is 6A(r/3)?
Theorem (W. Thurston)

\/
AA’, ', A
@2 A vall v

We can regard both pieces in the right hand side as regular ideal
hyperbolic tetrahedra.

= S3 \@ possesses a complete hyperbolic structure with finite volume.
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Hyperbolic geometry

|deal hyperbolic tetrahedron
o M3 := {(x,y,z) | z> 0}: with hyperbolic metric ds := —W.
@ ldeal hyperbolic tetrahedron : tetrahedron with geodesic faces with

four vertices in the boundary at infinity.

@ We may assume
» One vertex is at (00, 00, 00).
» The other three are on xy-plane.

Ideal hyperbolic
tetrahedron

Ao, B,7)
| Top view Ideal hyperbolic tetrahedron is

/ defined (up to isometry) by the
‘ similarity class of this triangle.

Vol(A(a, 8,7)) = Ma)+A(B)+A(7).

4th June, 2013 10 / 37
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Proof of the volume conjecture for the figure-eight knot - conclusion

Proof of VC - conclusion

log ’JN (@ ; exp(27r\/—1/N)> ‘
27 lim
N—oco N
=6A(7/3)
=2 Vol(regular ideal hyperbolic tetrahedron)

— Vol (53\@))

= Volume Conjecture for @ .
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Why do we think that the VC is true? (analytic viewpoint)

R-matrix

The colored Jones polynomial can be calculated by using the following
R-matrix R: V@V = V@V (V.=CN).

i vV i VeV
with (R) with

A /

kI Ve v Vv

; +(a power of (y) x N2
Re = 01itmOk j—m ,
I Y I ey (e W (e (e

where

o (n = exp(2myv/—1/N),

o (Mt = (1=C¢n) - (1= ¢R) (k- == (1= Cn) -+ (L=,
~ _ +(a power of (y) x N*2
D W W U QR o o cam o o P e

IabeIIings +-crossings
I7.j’ k’ l
on arcs

Hitoshi Murakami (Sendai) Volume Conjecture 4th June, 2013 12 / 37



Why do we think that the VC is true? (analytic viewpoint)

Approximation of the colored Jones polynomial by dilog

n

o (dilog function) Liy(z) := —/0 w dy = Z %

n=1

N
o (Cn)wx Ngoo exp [_277\/—_1 Liz(Cﬁk)] . (= means a very rough

approximation.)
In(K; )~
N—oo

Z (polynomial of N) x (power of (y)
labellings

N
=P LW_—l
> {Lialch) + Lia(G) + Lia(G) + Lia(G5) + Lia(GE) |

crossings
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Why do we think that the VC is true? (analytic viewpoint)

Approximation of the colored Jones polynomial by integral

N . .
JN(K;CN) Nfoo Z exp |:27T\/_—1V(CII\II7 7CII\CI):|

y-05lc

N
~ — " V(z,...,z.)dz - dz |,
G oo e onae

where
@ i1,...,Ic: labellings on arcs.
° V(C,"\ll,..., ;\Cl) =
> {Lialh) + Lia(G) + Lia(¢F) + Lia(G5) + Lia(GFN } -

crossings

e Ji,...,J.: contours.
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Saddle point method

Find the maximum of ‘exp [ V(zl, . ,zc)”
V(x1,...,xc): the maximum of {Im V(z1, 3 Z0) Mo ze) € X x de
=

In(K; ~ V(xi,...,xc)|,
M(KiGn) = exp |5 Vo)
modulo multiplication by a polynomial term in N.

- log | In(K;
o i 108 Ln(Ki )

Jim N =ImV(xy,...,xc)

Here (x1, ..., xc) satisfies the following.

oV

8Zk(xl, X)) =0 (k=1,...,¢).
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Why do we think that the VC is true? (analytic viewpoint)

Difficulties

Difficulties so far:
@ Replacing the summation into an integral

S e [ VI )

i17~~-7ic
N
~ — V(z,...,z.)dz - dze]| .
S e Vi) b

@ How to apply the saddle point method.

N
— " V(z1,...,z.)dz - d
[ oo g mon oo

N
~ exp|——V(x1,...,xc)| .
N—oo P [271‘\/—_1 ba C)}
In particular, which saddle point to choose. In general, we have many
solutions to the sgstem of equations:
%4

8—ZI((X1,...,XC):O (k:].,...,C).
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Why do we think that the VC is true? (geometric viewpoint)

Decomposition into octahedra (by D. Thurston)

Decompose the knot complement into (topological, truncated) tetrahedra.

@ Around each crossing, put an octahedron:
i \ /
V\/ = ﬁ
N Ve
k1

k 1

@ Decompose the octahedron into five tetrahedra:

QAN
B T

N
W= NP
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Why do we think that the VC is true? (geometric viewpoint)

Decomposition into topological tetrahedra

@ Pull the vertices to the points at infinity:

e 53\ K is now decomposed into topological, truncated tetrahedra,
decorated with complex numbers (:,'\k,.
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Why do we think that the VC is true? (geometric viewpoint)

Decomposition into hyperbolic tetrahedra

@ Each topological, truncated tetrahedron is decorated with a complex
number (.

o We want to regard it as a hyperbolic, ideal tetrahedron.

@ Recall that we have replaced a summation over iy into an integral
over zj.

@ Replace (5 with a complex variable z.

@ Regard the tetrahedron decorated with z, as an hyperbolic, ideal
tetrahedron parametrized by z.
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Why do we think that the VC is true? (geometric viewpoint)

Hyperbolic structure on the knot complement

@ Now the knot complement is decomposed into ideal, hyperbolic
tetrahedra parametrized by z1, ..., z..
@ Choose zi, ..., z: so that we can glue these tetrahedra well, that is,
» around each edge, the sum of angles is 2,
> the triangles that appear in the boundary torus make the torus
Euclidean.
@ These conditions are the same as the system of equations that we
used in the saddle point method (Y. Yokota)!
oV

Y . x)=0 (k=1,....c)
(9Zk(X1’ 7X) 0 ( C)

e = (x1,...,xc) gives a unique complete hyperbolic structure in S3\ K.
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Why do we think that the VC is true? (geometric viewpoint)

Geometric meaning of the limit

So far we have “proved”

N
In(K; ) Nfoo exp m\/(xl» ey Xe)

o V(xi,...,xc) is the sum of Lix(xx) (and log), where the xx define
complete hyperbolic structure in S3\ K.

e Vol(tetrahedron parametrized by z) = Im Lix(z)— log |z  arg(1 — 2).

~ log [Jn(K

_ 3
Jim . = Vol(53\ K),

which is the Volume Conjecture.
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Generalizations of Volume Conjecture

First Generalization of Volume Conjecture

Volume Conjecture =
/ 2my/—1
In(K; exp N )

o~ e [(ﬁVol(53 \ K) + something (zm%ﬂ

X (polynomial of N).
Conjecture (Gukov + HM (2008))

K: hyperbolic knot. u: small complex parameter. Define S(u) so that

In(K; exp (W__%) N 3o0 P [5(“) (w——++u>]

x (polynomial of N).

= S(u) would determine the volume and the (SO(3)) Chern-Simons

invariant of the three-manifold K, associated with a representation
pu: m(S3\ K) — SL(2;C).
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Generalizations of Volume Conjecture

Parameter u in the generalized VC

pu: m(S3\ K) = SL(2;C)

pu(meridian) (exp(OU/z) exp(jU/ 2))

. exp(v(u)/2) §
pu(longitude) — ( 0 exp(—V(U)/2)>
with
v(u) = 2%(””) —2my/~1

@ u=0= pgy : the complete hyperbolic structure.

@ u # 0 = incomplete hyperbolic structure.
completion = closed 3-manifold K,

((p, q)-Dehn surgery if pu+ qv(u) = 27/ —1).
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Topological Interpretation of S(u)

Put
CS(u) == S(u) — mv/—1u — %(u)

= CS(u) is the SL(2; C)-Chern—Simons invariant of S3\ K associated
with py, v and v(u).
e Note that we need lifts of exp(u/2) and exp(v(u)/2) to define CS(u).

= S(u) determines
(50(3) Chern-Simons invariant) 4+ v/—1 Vol

of the closed hyperbolic three-manifold K, where SO(3) Chern—Simons
invariant is defined by using the Levi-Civita connection.
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Generalizations of Volume Conjecture

Further Generalization

Conjecture (Dimofte + Gukov (2010), HM (2011))
K: hyperbolic knot. u # 0: small complex parameter. Define T (u) so that

In(K;exp((2mv/—1 + u)/N))

a0 (i) o050 ()

= T(u) would be the SL(2; C)-Reidemeister torsion associated with p,,.
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Figure-eight knot — colored Jones for u =0

E: the figure-eight knot.
Theorem (Andersen + Hansen (2006))

In(E;exp(2mV/=1/N))
o 2r (\/L__?’)m (%)w = <2m/_ X \/_VoI(E))

2 - - -
O =2=: .
73 Reidemeister torsion

e \/—1Vol(E): Chern-Simons invariant.

@ both associated with the holonomy representation (that defines the
complete hyperbolic structure for S3\ E).
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Generalizations of Volume Conjecture

Figure-eight knot — colored Jones for u # 0
E: the figure-eight knot.

Theorem (Yokota + HM (2007), HM (2011))
0<u<log (3+*[)

In(E; exp((u+ 27r\/—_1)/N))
V-7 N N
e T O e = (s )

° 5(u) = Lip(e¥ %) — Lip(e!t%(¥) — up(u).
T(u) = 2

e“+e—“+1)(e”+e—” 3)°
¢(u) := arccosh(cosh(u) — 1/2).

Hitoshi Murakami (Sendai) Volume Conjecture 4th June, 2013 27 / 37



Generalizations of Volume Conjecture

Figure-eight knot — representation p,

y oox
A4

m (53 \@) = {6y | (oI Ty)x =y xTty)

eu/? 1
X = 0 eup

pu- . eu/2 0
Y —d(u) e u/2)]’

where d(u) := coshu — 3/2 4 /(2 cosh u + 1)(2 cosh u — 3)/2 (Riley).

pu(longitude) = (g(o”) E(u*)_1>

with £(u) := cosh(2u) — cosh u — 1 + sinh uy/(2 cosh u + 1)(2 cosh u — 3)).
e p, is a deformation of the holonomy representation pg.
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Figure-eight knot — colored Jones, S(u), T(u), and p,

Put

v(u) == dj( ) — 21/ —1,
CS(u) := S(u) — mv/—1u — uv(u)/4.

Then e"(")/2 = —¢(u) and so

. _ev(u)/2 *
pu(longitude) = ( 0 _e—v(u)/2> :

@ CS(u) is the SL(2; C) Chern—Simons invariant associated with p,, u
and v(u)

@ T(u) is the Reidemeister torsion associated with p,.
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Generalizations of Volume Conjecture

Torus knot — colored Jones for u =0
T(a, b): torus knot of type (a, b) (a,b > 0).

Theorem (Kashaev + Tirkkonen, Dubois + Kashaev)
In(T(a, b); exp(2mv—1/N))
73/2 N 3/2
N:;oom <27T\/—1)

y <£§_:1 7—:/2(_1)"+1k2 exp [Sk(o) (%)D ’

k=1
where
— (2kmy/=1 — ab(2my/=1 + u))?
S(u) = 4ab ’
T . 16 sin?(km/a) sin?(km/b)
k ‘= .

ab
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Generalizations of Volume Conjecture

Torus knot — colored Jones for u # 0

Theorem (Hikami + HM)
u=#0: small

In(T(a, b); exp((u+ 2mv—1)/N))
( 1
A(T(a,b);eu/?)

(Reu > 0),

1
A(T(a,b);et/?)

Mo 4 s DUV ()
x e [ Sk() g7y

(Reu <0),

\

where A(K; t) is the Alexander polynomial of a knot K.
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Torus knot T(2,2s + 1) — representation p%

= (x,y | (xy)’x = y(xy)*)

2s+1 crossings

el/2 1
X 0 e_u/2
Pu- = /2 0
y —dk(u) u/2

(2k +1
e i1 ) (Riley).

—(2s+1)u
, e *
p¥(longitude) = ( st )
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Torus knot — colored Jones, Si(u), Tx(u), and pk

IW) 5 /T

u

CSi(u) == Si(u) — 7/ —1u — uvi(u) /4.

= evk(u)/2 = (_1)ke—(2s+1)u and SO
B _ +evi(u)/2 *
py(longitude) = 0 +ew(u)/2 ]~

vi(u) =2

o CSi(u): Chern=Simons invariant associated with pX, v and vy (u)
o Ti(u): Reidemeister torsion associated with pk.
= Jy splits into terms corresponding to representations.

Theorem (Garoufalidis + L& (2011))
For any knot K, if |0| is small, then

Nlinoo In(K;exp(0/N)) = 1/A(K; exp6).

= the term 1/A(T(a, b); e“/?) corresponds to an Abelian representation.
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Generalizations of Volume Conjecture

Cable of Torus knot — colored Jones for u =0

~

&

Theorem (van der Veen)

i log | J (iterated torus knot; exp(27mv/—1/N))|
im

N—oo N =

. Vol(K) = 0| < | K is an iterated torus knot |
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Generalizations of Volume Conjecture

Cable of Torus knot — colored Jones for u # 0
T(a, b)22m+1): (2,2m + 1)-cable of T(a, b) with 2m 4 1 > 2ab.
u: small, Reu>0. 0 := u+27v/—1.

Theorem (HM)

JN(T(37 b)(2,2m+1); exp(O/N))
1
NSoo A(T (a, b)@2m+1); exp(6))

5 % \/gl(j)exp[%sl(e;j)]

0<j <ab|m(0)

-1 2T NT X N o
+0<k<(2’"%3r""(”§( X \/msinh (g) \/; 2(k) exp {9 S2(6; k)}

4ry/—1 N N
+ )kt N ok [_5 ik }
ozk:)( ) /2ab(2m + 1 — 2ab)sinh (%) g T3l k) exp | -5 55(0:, k)
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Generalizations of Volume Conjecture

Cable of Torus knot — colored Jones for u # 0, continued

2, 2
S1(0;)) := —abh? + 2j0r/—1 + Ja—”

b
() = sin(jm/a)sin(jm/b)
" cosh(6(2m + 1 — 2ab)/2)’
S2(0; k) == —(2’”2—+1)e2 + (2k + 1)V —1 + %
K sin(b(2k + 1) /(2m + 1)) sin(a(2k + 1)7/(2m + 1))
m2(k) = sin(ab(2k + 1)7/(2m + 1)) ’
S3(0;4, k) == —(2"72—+1)02 + (2k + 1)70v/~1

N (ab(2k + 1) + 2j2(2m + 1) — 4abj(2k + 1))n?
2ab(2m+ 1 — 2ab) ’

73(j) :=sin(j/a) sin(jm/b).
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Generalizations of Volume Conjecture

Observation and speculation

@ 51(0;)) and Sx(0; k) define the Chern—Simons invariant as in the case
of torus knots.

@ We expect that for large N, JN<K; exp((27r\/—_1-|— u)/N)) splits into
terms corresponding to representations. Moreover each term
determines the Chern-Simons invariant and the Reidemeister torsion
associated with the representation.

@ We hope a similar formula holds for any knot.
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