INDEX THEOREMS FOR HOLOMORPHIC MAPS AND FOLIATIONS
MARCO ABATE, FILIPPO BRACCI AND FRANCESCA TOVENA

ABSTRACT. We describe a general construction providing index theorems localizing the
Chern classes of the normal bundle of a subvariety inside a complex manifold. As par-
ticular instances of our construction we recover both Lehmann-Suwa’s generalization
of the classical Camacho-Sad index theorem for holomorphic foliations and our index
theorem for holomorphic maps with positive dimensional fixed point set. Furthermore,
we also obtain generalizations of recent index theorems of Camacho-Movasati-Sad and
Camacho-Lehmann for holomorphic foliations transversal to a subvariety.

1. INTRODUCTION

In 1982, C. Camacho and P. Sad [11] proved the existence of separatrices for singular
holomorphic foliations in dimension 2. One of the main tools in their proof was the
following index theorem:

Theorem 1.1 (Camacho-Sad). Let S be a compact Riemann surface embedded in a
smooth complex surface M. Let F be a one-dimensional singular holomorphic foliation
defined in a neighbourhood of S and such that S is a leaf of F, that is such that F is
tangent to S. Then it is possible to associate to any singular point ¢ € S of F a complex
number t,(F,S) € C, the index of the foliation along S at q, depending only on the local
behavior of F near q, such that

Z Lq(}",S):/cl(NS),

q€Sing(F) s
where ¢1(Ng) is the first Chern class of the normal bundle Ng of S in M.

The index ¢,(F, S) can be explicitely computed using a local vector field generating F
in a neighbourhood of ¢ (see Example 7.23).

Thus Theorem 1.1 gives a quantitative connection between the way S sits in M (the
integral of the first Chern class of Ng is equal to the self-intersection number S - S of 5)
and the behavior of singular foliations tangent to S.

2000 Mathematics Subject Classification. Primary 32565; Secondary 37F10, 32A27, 37F75, 53C12.
Key words and phrases. Index theorem; Holomorphic foliations; Holomorphic maps; Comfortably em-
bedded submanifolds; Holomorphic connections.
Partially supported by Centro di Ricerca Matematica “Ennio de Giorgi” and the FIRB project Di-
namica e azioni di gruppi su domini e varieta complesse.
1



2 M. ABATE, F. BRACCI, F. TOVENA

Due to its importance (see, e.g., [22] and [9] for applications), in the next twenty years
this theorem has been generalized in several ways; see, e.g., Lins Neto [22], Suwa [27],
Lehmann [19], Lehmann-Suwa [20], [21], and references therein (see also [6], [7], where
also the ambient space M is allowed to be singular). In particular, using Cech-de Rham
cohomology, Lehmann and Suwa (see [28] for a systematic exposition) proved what we
are going to consider as a model index theorem: if the possibly singular holomorphic
foliation F of dimension ¢ is tangent to a possibly singular (but not too wild: see Defini-
tion 6.3 and Example 6.4) subvariety S of dimension d in the ambient manifold M, then
the Chern classes of the normal bundle Ng of degree higher than d — ¢ can be localized
at the singularities — that is, obtained as sum of local residues depending only on the
behavior of S and F nearby the singularities (of S and of F in S). We explicitely remark
that one of the main ingredients in their proof is the construction of a partial holomorphic
connection on the the normal bundle Ng outside a suitable analytic subset of S (where
“partial” here means that we are differentiating only along some tangent directions, the
ones contained in F).

The results obtained in those papers are apparently strictly inside the theory of holo-
morphic foliations; the arguments used needed the existence of the foliation F in a neigh-
bourhood of the subvariety S, and the tangency of F to S. In the last five years, however,
a number of results have appeared strongly suggesting that these might be unnecessary
limitations: the tangency of F to S might be replaced by hypotheses on the embedding
of S into the ambient space M ([10], [12], [13]), and, perhaps more strikingly, the foliation
can be replaced by a holomorphic self-map of the ambient manifold fixing pointwise the
subvariety S ([1], [8], [2]). Furthermore, there was the tantalizing fact that the statements
of all these new index theorems were clearly similar, and yet they all needed slightly
different proofs; none of them was consequence of any of the others.

The main goal of this paper is to show how it is possible to recover all these index
theorems (and a couple of new ones) using a universal construction having a priori nothing
to do with either foliations or self-maps. More precisely, we shall reduce the proof of such
an index theorem to the construction of an Ogo-morphism v : F — A satisfying a splitting
condition (see Theorem 5.9.(ii) for the exact condition), where: S is the complement in S
of the singular points of S and of the singular points of the object (foliation or self-map)
we are interested in; F is the sheaf of germs of holomorphic sections of a suitable sub-
bundle of the tangent bundle 7'S?; and A is an universal Ogo-locally free sheaf depending
only on the embedding of S° into the ambient space M. The details of the construction
of ¢ will of course depend on the particular situation we are dealing with (foliation or
self-map, tangential or transversal); but as soon as such a v exists then an index theorem
analogous to Lehmann-Suwa’s model one follows (see Theorem 6.8). We shall also show
(in Sections 7 and 8) how to construct such a 1 in several cases, and we shall be able to
recover all the index theorems of this kind known up to now (for M smooth), together
with two new ones: the first one (Theorem 7.21) on foliations transverse to S generalizes
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both Camacho-Movasati-Sad’s ([13]) and Camacho-Lehmann’s ([10], [12]) results, while
the second one (Theorem 8.10) extends the results of [2]. We also explicitely compute
the index at isolated singularities in a simple but important case using a Grothendieck
residue; see Remark 6.10 and Example 7.23.

Very briefly, the reason why the existence of a morphism v : F — A implies an index
theorem can be explained as follows. The sheaf A comes provided with an important addi-
tional structure: an universal holomorphic 6;-connection (see Sections 4 and 5 for precise
definitions) on the normal bundle Ngo of S° in M. Then, following ideas due to Atiyah [4],
we shall be able to prove that the existence of such a morphism 1 is equivalent to the
existence of a partial holomorphic connection on Ng. along F. Having this, an argument
essentially due to Baum and Bott ([5]; see Theorem 6.1) yields the vanishing on S° of
suitable Chern classes of Ngo; and then a general cohomological argument (developed by
Lehmann and Suwa [19], [28]) allows one to infer from this vanishing the localization at
the singularities of the corresponding Chern classes — that is, an index theorem.

Let us finally describe the plan of the paper. In Sections 2 and 3 we collect a number
of definitions and properties concerning infinitesimal neighbourhoods of subvarieties that
we shall need in the rest of the paper, and we describe the conditions we shall impose on
the embedding of the subvariety into the ambient manifold to deal with the transversal
cases (we also refer to [3] for more details on these conditions). In Sections 4 and 5
we introduce the sheaf A and its additional structures, while in Section 6 we prove the
vanishing Theorem 6.1 and our general index Theorem 6.8. In Section 7 we show how
to build the morphism v for holomorphic foliations (and, in particular, we get the new
Theorem 7.21), and finally in Section 8 we do the same for holomorphic self-maps (and,
in particular, we get the new Theorem 8.10).

We would like to thank Francesco Russo for pointing out reference [25], Jorge V. Pereira
and Tatsuo Suwa for some useful conversations, and the Departments of Mathematics of
Jagellonian University, Krakéw, and of University of Michigan, Ann Arbor, for the warm
hospitality offered to the first and third author during the preparation of this paper.

2. SPLITTING SUBMANIFOLDS

Let us begin by recalling a few general facts on sequences of sheaves. We say that an
exact sequence of sheaves (of abelian groups, rings, modules. . .)

O—R-SS 25T —0

on a variety S splits if there is a morphism o: 7 — S of sheaves (of abelian groups, rings,
modules. .. ) such that p oo = id. Any such morphism is called a splitting morphism. A
morphism of sheaves of abelian groups 7: & — R such that 7 o+ = id is called a left
splitting morphism.

The following facts are well-known, and easy to prove:
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Lemma 2.1. Let
(1) O—R--58S5T—0
be an exact sequence of sheaves of abelian groups over a variety S. Then:
(i) the sequence (1) splits if and only if there exists a left splitting morphism 7: S —
(ii) Z;;(l) splits, for any splitting morphismo: T — S there exists a unique left splitting
morphism 7: S — R such that Too = O and

LoT 4+ o0op=id,;

(iii) if (1) splits, then there is a 1-to-1 correspondance between splitting morphisms
and elements of HO(S, Hom(7, R)) More precisely, if og: T — S is a splitting
morphism, all the other splitting morphisms are of the form oy — 1o @ with ¢ €
H° (S, Hom(7, R)), while if To: T — S is a left splitting morphism, all others left
splitting morphisms are of the form o+ @ o p with ¢ € HO(S, Hom(7, R))

Following Grothendieck and Atiyah, we can give a useful cohomological characterization
of splitting for sequences of locally free Og-modules. Let

(2) O—¢& —&—E&—O0

be an exact sequence of sheaves of locally free Og-modules. Applying the functor
Hom(&”, ) to this sequence we get the exact sequence

(3) 0O —s Hom(f/’”’ 5/) — Hom(&", &) — Hom(&", 5//) — 0.

Let 6: H°(S,Hom(E",£")) — H'(S,Hom(E",£’)) be the connecting homomorphism in
the long exact cohomology sequence of (3). Then we can associate to the exact sequence
(2) the cohomology class
(5(idg~) e H! (S, HOIIl((‘:”, 5/))
This procedure gives a 1-to-1 correspondance between the group H'! (S, Hom(&", &' ))
and isomorphism classes of exact sequences of locally free Og-modules starting with &’
and ending with £”. Indeed, we have (see [4], Proposition 1.2):

Proposition 2.2. Let S be a complex manifold. Then two exact sequences of locally free
Og-modules are isomorphic if and only if they correspond to the same cohomology class.
In particular, an exact sequence (2) of locally free Og-modules splits if and only if it
corresponds to the zero cohomology class.

Let us now introduce the sheaves (and sequences of sheaves) we are interested in. Let
M be a complex manifold of dimension n, and let S be a reduced, globally irreducible
subvariety of M of codimension m > 1. We denote: by O, the sheaf of germs of holo-
morphic functions on M; by Zg the subsheaf of O); of germs vanishing on S; and by Og
the quotient sheaf O);/Zg of germs of holomorphic functions on S. Furthermore, let 7y,
denote the sheaf of germs of holomorphic sections of the holomorphic tangent bundle T'M
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of M, and §2); the sheaf of germs of holomorphic 1-forms on M. Finally, we shall denote
by 7 s the sheaf of germs of holomorphic sections along S of the restriction TM|g of TM
to S, and by Q¢ the sheaf of germs of holomorphic sections along S of T*M]|g. It is easy
to check that TM,S = TM ®(9M OS and QM75 = QM ®OM Os.

For k > 1 we shall denote by f + [f], the canonical projection of Oy onto Oy /ZE.
The cotangent sheaf g of S is defined by

Qs = Qs /do(Zs/T3),

where dy: Oy /T3 — Qurs is given by da[f]a = df ® [1];. In particular, we have the
conormal sequence of sheaves of Og-modules associated to S:

1—5/1—3 i>Q]\/[75 LQS — 0.

Applying the functor Homp, (-, Og) to the conormal sequence we get the normal sequence
of sheaves of Og-modules associated to S

O — Tg — Tars 2 N,

where Tg = Home, (§2g, Og) is the tangent sheaf of S, ps is the morphism dual to ds, and
Ns = Homp, (Zs/T2, Og) is the normal sheaf of S.

As mentioned in the introduction, to get index theorems in the transversal case we shall
need hypotheses on the embedding of S into M. The first such hypothesis is:

Definition 2.3. Let S be a reduced, globally irreducible subvariety of a complex manifold
M. We say that S splits into M if there exists a morphism of sheaves of Og-modules
o: Qg — Qs such that p oo = id, where p: Q3 ¢ — g is the canonical projection.

Remark 2.4. Tt is not difficult to prove that if S splits into M then it is necessarily non-
singular, and the morphism dy: Zs/Z% — Q6 is injective. In particular, when S splits
into M the sequence

(4) O—>IS/I§£>QM,SL>QS—>O

is a splitting exact sequence of locally free Og-modules, and we also have a left splitting
morphism 7: Qy ¢ — Zg/Z2.

We shall now describe several equivalent characterizations of splitting subvarieties. In
doing so, we shall introduce notations and terminologies that shall be useful in the rest
of the paper.

Definition 2.5. Let S be a reduced, globally irreducible subvariety of a complex manifold
M. For any & > 1 let 0: (DM/IS+1 — Op/Zs be the canonical projection given by
Ok([flk+1) = [f]1- The k-th infinitesimal neighbourhood of S in M is the ringed space
S(k) = (S,0n/TE™) together with the canonical inclusion of ringed spaces t: S =
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S(0) — S(k) given by v, = (ids, 0x). We also put Osuy = O /Z&t'. A k-th order lifting
is a splitting morphism p: Og — Og) for the exact sequence of sheaves of rings

Definition 2.6. Let O and R be sheaves of rings, 6: R — O a morphism of sheaves of
rings, and M a sheaf of O-modules. A #-derivation of R in M is a morphism of sheaves
of abelian groups D: R — M such that

D(Tlrg) = ‘9(7”1) . D(Tg) + 0(7“2) : D(Tl)

for any ry, ro € R. In other words, D is a derivation with respect to the R-module
structure induced via restriction of scalars by 6.

We can now give a first list of conditions equivalent to splitting (see [17], p. 373, [25],
Lemma 1.1, and [15], Proposition 16.12 for proofs):

Proposition 2.7. Let S be a reduced, globally irreducible subvariety of a compler mani-
fold M. Then there is a 1-to-1 correspondance among the following classes of morphisms:
(a) morphisms o: Qg — Qs of sheaves of Og-modules such that p o o = id;
(b) morphisms 7: Qurs — Zs/Z% of sheaves of Os-modules such that T o dy = id;
(¢) Or-derwvations p: Ogay — Ls/Tg such that poiy =id, where iy: Ig/Tg — Ogqy is
the canonical inclusion;
(d) morphisms p: Og — Oy /T2 of sheaves of rings such that 61 o p = id.
In particular, S splits into M if and only if it has a first order lifting. Finally, if any (and
hence all) of the classes (a)—(d) is not empty, then it is in 1-to-1 correspondance with the
following classes of morphisms:
(e) morphisms 7*: Ng — Turs of sheaves of Og-modules such that py o 7 = id;
(f) morphisms o*: Tpy s — Ts of sheaves of Og-modules such that v o 0* = id, where
v: Tg — Targ is the canonical inclusion.

We have already noticed (Remark 2.4) that a splitting subvariety is necessarily non-
singular; therefore we can use differential geometric techniques to get another couple of
characterizations of splitting submanifolds.

Definition 2.8. Let S be a (not necessarily closed) complex submanifold of codimension
m > 1 in a complex manifold M of dimension n > 2, and let (U,, z,) be a chart of M.
We shall systematically write z, = (2l,...,2%) = (2}, 22), with 2/, = (z},...,z") and

2= (zmt L 2). We shall say that (U, z,) is adapted to S if either U, NS = & or
UgNS={zt=---=2"=0}.

In particular, if (Uy, 2,) is adapted to S then {z},...,2™} is a set of generators of Zg,
for all x € U, N'S. An atlas 4 = {(Uy, 24)} of M is adapted to S if all its charts are;
then g = {(U, N S,2Y) | Uy NS # @} is an atlas for S. The normal bundle Ng of S
in M is the quotient bundle T'M|g/T'S; its dual is the conormal bundle N¢. If (U, 2,) is a
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chart adapted to S, for » = 1,...,m we shall denote by 0, the projection of 0/0z.|y.ns
in Ng, and by ! the local section of N§ induced by dz!|v,ns. Then {O14,...,0ma}
and {wl, ..., w™} are local frames over U, NS for Ng and N respectively, dual to each
other.

Remark 2.9. From now on, every chart and atlas we consider on M will be adapted to S.
We shall use Einstein convention on the sum over repeated indices. Indices like j, h, k
will run from 1 to n; indices like r, s, ¢, u, v will run from 1 to m; and indices like p, ¢
will run from m + 1 to n.

Remark 2.10. If (U,, z,) and (Ug, z3) are two adapted charts with U, NUg NS # @, then
it is easy to check that
Dzj
024 | g

forallr=1,....mandp=m+1,...,n.

)

Then computing the cohomology class associated to the conormal sequence (4) and
recalling Proposition 2.2 we get:

Proposition 2.11. Let S be a complexr submanifold of codimension m of a complex
manifold M, and let 4 = {(Ua,24)} be an adapted atlas. Then the cohomology class
s c H' (S, Hom(Qg,/\/’;)) associated to the conormal exact sequence of S is represented by
the 1-cocycle {sg.} € H' (s, Hom(Qs, N3)) given by

0% 0
025, 0z

0
wi@ @ € HO(UaﬂUgﬁS,Ngv(@%).
s a

In particular, S splits into M if and only if s = O.

$8a

We can rewrite this characterization in a more useful form using the notion of splitting
atlas, originally introduced in [2].

Definition 2.12. Let & = {(U,, z4)} be an adapted atlas for a complex submanifold S of
codimension m > 1 of a complex n-dimensional manifold M. We say that i is a splitting
atlas if

p
O] _
0zl |
forallr=1,...,m,p=m+1,...,n and indices «, 3 so that U, N Uz N S # 2.

Definition 2.13. Let & = {(U,, z4)} be an atlas adapted to S. If p: Og — Og(y) is a first
order lifting for S, we say 4 is adapted to p if

) o) = e |55

for all f € O(U,) and all indices « such that U, NS # @.
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Remark 2.14. In [3] it is shown that 4 is adapted to p if and only if

p(9)(2a) = 9a(O', ) + I§

for all g € O(U, N S) and all indices a such that U, NS # @, where we are assuming
(without loss of generality) that z, € U, implies (O, 27) € U, N S.

Proposition 2.15. Let S be a complex submanifold of codimension m > 1 of an n-
dimensional complex manifold M. Then:

(i) S splits into M if and only if there exists a splitting atlas for S in M;
(ii) an atlas adapted to S is splitting if and only if it is adapted to a first order lifting,
(iii) if S splits into M, then for any first order lifting there exists an atlas adapted to
it.

Proof. (i) By Propositions 2.2 and 2.11, the existence of a splitting atlas clearly implies
that S splits into M. Conversely, assume that S splits into M. Then by Propositions 2.2
and 2.11 we can find an adapted atlas & and a 0-cochain ¢ = {¢, } € H° (45, N&® Tg) such
that sgy = ¢3 — o o0 Uy, N UgN S, that is

Oz 0z} 02" 0z}
(6) — o2 = ()l 52 | — (o)t
0z 0z, 0z Oza
s s
onU,NUsgNS forall s=1,...,mand p=m+1,...,n, where we have written
0

(o = (o)) ® 5
(o4

Then using (6) it is easy to check that the coordinates

™ o
2P = 2P — (cq)P2l

Yo

restricted to suitable open subsets U, C U,, give a splitting atlas & = {(Us, 2a)}.
(ii) Let st = {(Ua, 2z4) } be an atlas adapted to S. Setting

pallf1) = [l — Bf]

we define local first order liftings po: Os|lu,ns — Os)lv.ns; we claim that in this way
we get a global first order lifting p if and only if 4 is a splitting atlas (necessarily adapted
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to p). But indeed

ol =) = [9L2z) - [5”; ZE]

_ |or (%ZT )
- s r o ~p

:825 ozl ,
of 0z T]

——=—z
_822 zr @ ,

+

of 8z§ i
a_zgazgza
2

and so p, = pg on U, NUg N S for all @ and 3 if and only if 4 is a splitting atlas.

(iii) Let &t = {(Ua, za)} be a splitting atlas, adapted to the first order lifting po, and
choose another first order lifting p. Lemma 2.1.(ii) implies that p = py —to for a suitable
o € HY (S, Hom(Og, IS/Ig)), and it is easy to check that ¢ is a derivation. Therefore there
is a 0-cocycle ¢ = {c¢,} € H°(t4s, N& ® Tg) such that

for all g € Ogly,ns- Then defining new coordinates as in (7) we still get a splitting atlas,
easily seen adapted to p. U

Remark 2.16. Given a first order lifting p: Og — Og(1), let p, 7" and o* be the morphisms
associated to p by Proposition 2.7, and let 4 = {(U,, z4)} be an atlas adapted to S. Then
it is easy to check that the following assertions are equivalent:

(i) ¢ is adapted to p;

(ii) for every (U,,za) € ¢t with U, N S # @ and every f € Op|y, one has

_ of 1
Al = | 5]
(iii) for every (Uy,zq) € 4 with U, NS # @ and every r = 1,...,m one has
0
* ara = 3.
"(000) = 5

(iv) for every (U,, z,) € &t with U, NS # @ and every f70/9z) € Ty s|v.ns one has

.0 0
* J_— — fP___
g (faazgl) aazg

Remark 2.17. Tt is also possible to prove (see, e.g., [3]) that a submanifold S splits into M
if and only if its first infinitesimal neighbourhood S(1) in M is isomorphic to the first
infinitesimal neighbourhood Sy (1) of the zero section in Ng.

We end this section with a list of examples of splitting submanifolds.
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Ezample 2.18. A local holomorphic retract always splits into the ambient manifold (and
thus it is necessarily non-singular). In particular, the zero section of a vector bundle
always splits, as well as any slice S x {z} in a product M = S x X (with both S and X
non-singular, of course).

Ezample 2.19. If S is a Stein submanifold of a complex manifold M (e.g., if S is an
open Riemann surface), then S splits into M. Indeed, we have H'(S, 7s @ N&) = (O) by
Cartan’s Theorem B, and the assertion follows from Proposition 2.11. In particular, if S
is a singular curve in M then the non-singular part of S always splits into M.

Ezxample 2.20. Let M be the blow-up of a point in a complex manifold M. Then the
exceptional divisor splits into M: indeed, it is easy to check that the atlas of M induced
by the atlas of M is splitting.

FExample 2.21. A smooth closed irreducible subvariety of P™ splits into P” if and only if it
is a linear subspace (see [29], [25], [24]).

FExample 2.22. Let S be a non-singular, compact, irreducible curve of genus ¢ on a sur-
face M. If S-S < 4 — 4g then S splits into M. In fact, the Serre duality for Riemann
surfaces implies that

Hl (S, Hom(QS,Ng)) = HO(S, QS & QS ®Ns),

and the latter group vanishes because the line bundle 7*5S ®T*S ® Ng has negative degree
by assumption. The bound S-S < 4 — 4¢ is sharp: for instance, a non-singular compact
projective plane conic S has genus g = 0 and self-intersection S - S = 4, but it does not
split in the projective plane (see Example 2.21).

3. COMFORTABLY EMBEDDED SUBMANIFOLDS

In this section we introduce two other, more stringent, conditions on the embedding of
S into M. From the definitions it will be clear that they are just the beginning of two
infinite lists of progressively more restrictive conditions; we shall however limit ourselves
to present only the properties we need in this paper, referring to [3] for a more complete
discussion.

We start with a natural generalization of splitting:

Definition 3.1. Let S be a submanifold of a complex manifold M. We say that S 2-splits
into M if there exists a second order lifting p: Og — Og(3) or, in other words, if the exact
sequence

0O — Is/zg — 05(2) £>05 — 0
splits as sequence of sheaves of rings. Notice that a 2-splitting submanifold is necessarily
splitting.

We have the following analogue of Proposition 2.15:
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Proposition 3.2. Let S be an m-codimensional submanifold of a complex manifold M
of dimension n. Then S 2-splits into M if and only if there is an atlas 8t = {(Uq, 20) }
adapted to S such that

0z

(8) 0z"

forallr=1,....m, p=m+1,...,n and indices a, B so that U, NUgN S # 2.

€1

Proof. Let us first assume that we have an atlas 4 = {(U,, z4)} adapted to S and such
that (8) holds. Let us then define p,: Os|u, — Og)lv. by

a

B of , 1 f
) ) = U= |54 +3 |G|

for all f € O(U,). It is easy to check that the right-hand side depends only on [f];, and
that p, is a ring morphism such that 6, o p = id. So to prove that S 2-splits into M it
suffices to show that p, does not depend on a. But indeed, since we have

023 1 0%
S ﬁ T /8 ‘s T
10 — [ - 1 2
10) ) [32@ T 2 om0 L
forall s=1,...,m, we find

pa( 1) = pa([f11)
— | 0f P 1 782f 22— of 25 +1 78210 Z25 22
0217y 2[00z ]y (02570, 2| 0z50 0 |

[ of (azzr L1 Py )]

— 2z
_325

2y — 2 — —m—ee
21" P 202010202 ,

1 o2 023 0252
(11) _ f ﬁ ﬁ 27’127’2 _ 281282
2 8221 8222 o0zbr 0z02 @@ BB

a D 2 a S a p
+ [ﬁ Zﬁ 7‘] _ [ a f Zﬁ ZIB 27’127’2]
3

2
0z 021, , 023502p 0z 025 ¢

1 [ QPf 0o ]
3

2 8221 az? Ozi 0258 ¢ @
— O’

because of (10) and (8).
Conversely, let us assume that we have a second order lifting p: Og — Og(3); we must
build an atlas adapted to S such that (8) holds.
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If 021: Og2) — Ogs( is the canonical projection, then p; = 6,1 0 p is a first order
lifting; let &t = {(Ua, 24)} be a splitting atlas adapted to p;. Define then local second
order liftings p, as in (9), and set 0, = p — po. Now

92,1 00n = P1 — 92,1 °po =0,
because the atlas is adapted to p;; therefore the image of o, is contained in Z2 /Z3, which is
an Og-module. Furthermore, o, is a derivation; therefore we can find (s,)?,,, € O(U,NS),
symmetric in the lower indices, such that

D ®

Oq = (Sa)ler2 V4 Za 3 ® a—zgl.
Now, since we are using a splitting atlas, the computations in (11) yield

19 [22] 92 -
(12) 87%3@93—% = P~ Pa = 0a — 08

«

0z 0z3 0z o
B B B T
= |:(azg (Sa)?q“l?“z - (Sﬁ)zsjlsz azgl azgl ) Zalza2:| 5 ® azg *

Furthermore, always because we are using a splitting atlas, we can write zg = Ppal2l) +
(hga )P, 20t 202 with (hga )P, € O(Uy N Ug) symmetric in the lower indices. Putting this

rir2va Yo

in (12) we get

» 8z§ ] ) 8221 8221
2(hﬁ0é)r1r2 - a—zgl(sa)rlrg + (Sﬂ)s132 8221 8221 S IS
and hence
8z§ azg . by s 0z
(13) azg - a—zg(sa)rlrza + (Sﬁ)slsgzﬁ 822 ) = 0.

Let us then consider the change of coordinates

T T
Zoz - Zoﬂ
4P — »p 1 p 1\ 71 572
Zoz - Zoz + Q(Sa)rlrg (Zoz)za Za ’

defined in suitable open sets U, C U,; using (13) it is easy to check that {(Us, 24)} is the
atlas we are looking for. 0

Definition 3.3. An atlas adapted to S satisfying (8) will be said 2-splitting.

Remark 3.4. There is a cohomological characterization of splitting submanifolds which
are 2-splitting. Indeed, assume that S splits into M, and let &t = {(U,, z,)} be a splitting
atlas. If we define local second order liftings {p,} as in (9), the computations made in
the proof of the previous proposition show that setting ps. = ps — pa the cocycle {pga }
defines a cohomology class

g€ H'(S,I5/T5 © Ts),
and it is easy to check that S 2-splits if and only if this cohomology class vanishes.
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It turns out that for our aims it will be much more useful a different, though related,
condition on the embedding of S into M.

Let S be a splitting submanifold of codimension m of a complex manifold M, and let
p: Os — Og(1) be a first order lifting. The sheaf Zs/Z? has a natural structure of Os(1)-
module; by restriction of scalars via p, we get a structure of Og-module, and it is easy to
check that with this structure the sequence

(14) O — 2T — T )T 25 T )T — O

becomes an exact sequence of locally free Og-modules. In particular, it is clear that if
{(Uq, 2za)} is an atlas adapted to p then {[z]]s, [2]1272]3} is a free set of local generators
of Zg/Z% over Og.

Remark 3.5. The cohomology class h € H* (S, T2)TE ® NS) associated to the sequence
(14) by the procedure described at the beginning of the previous section is represented
by the cocycle {bg,} given by

1 lﬁzgl Ozg 0% ] o
1

=3 ar ey
%0 =5 | oot 0el7 Dy 0ay | 30
where {(U,, z4)} is a splitting atlas associated to the first order lifting p.
We are thus led to the following

Definition 3.6. Let S be a (not necessarily closed) submanifold of a complex manifold M.
We say that S is comfortably embedded in M if there exists a first order lifting p: Og —
Osqy such that the sequence (14) splits as sequence of Og-modules. We shall sometimes
say that S is comfortably embedded with respect to p.

We can characterize comfortably embedded submanifolds using adapted atlases, recov-
ering in particular the original definition of comfortably embedded submanifolds intro-
duced in [2]:

Proposition 3.7. Let S be an m-codimensional submanifold of a complex manifold M of
dimension n. Then S is comfortably embedded into M if and only if there exists an atlas
U= {(Uq, za)} adapted to S such that

8z§ 0? 2
ozr, 025! 0z

forallr, sy, s =1,....,m,p=m+1,...,n and indices o, 3 such that U,NUzNS # @.

(15)

€ g and S

Proof. If we have an atlas satisfying (15) then, by Proposition 2.15, S splits into M, and
i is adapted to a first order lifting p. Furthermore, Proposition 2.2 and Remark 3.5 imply
that S is comfortably embedded with respect to p.

Conversely, assume that S is comfortably embedded with respect to a first order lifting
p: Os — Ogq), let s = {(Ua, z4)} be a splitting atlas adapted to p, and let v: Zg/T% —
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Ts/Z? be a splitting morphism for the sequence (14). For every index « such that U,NS #
@ define v, : Zs/Z%|v., — Zs/Z2|v., by setting v,([2"]2) = [2"]3 and then extending by Og-
linearity. Notice that (5) and (10) yield

T

ve([zal) = vallzal2)

azgl s r 1 8222 S1 .82
(16) = p ([322] ) 28 = o) = =5 [W% Zﬁ] :
1 3

Now set 0, = v — 1,; since 657 0 0, = O, it follows that Imo, C ZZ/Z2. In particular,
there are (c,)l .. € O(U, N S), symmetric in the lower indices, such that

r1T9
a([2al2) = (ca)yyr, 120 267 ]s-
But 0, — 03 = v3 — 1,; therefore (16) yields
023 0232 028 1 0%z
B r
(Cﬁ)81828 51 a fg - a r (Ca)r17’2 + _?ﬂm
Za OZa 24 2 0zat 024

We can finally define new coordinates 2, by setting

2r T T T1 5T2
{Za - Za + (Ca)rlrzza Zoz ’

(17) € 1.

P — P
Za_zow

on suitable open subsets U, C U,. It is easy to check that {t = {(U,, 2,)} still is a splitting
atlas adapted to p. Moreover,

22558 2 S s s s
0”2 _ 9"z o ( (o) Oz Oz 07 )
O3 AT 02 922 B)s1s2 dzh 0z52 9z, a)rire |
and (17) concludes the proof. 0

Definition 3.8. An atlas satisfying (15) will be said a comfortable atlas.
We end this section with a last definition and some examples.

Definition 3.9. Let S be a complex submanifold of a complex manifold M. We shall say
that S is 2-linearizable if it is 2-splitting and comfortably embedded (with respect to the
first order lifting induced by the 2-splitting).

Remark 3.10. In [3] we prove that S is 2-linearizable if and only if its second infinitesimal
neighbourhood S(2) in M is isomorphic to the second infinitesimal neighbourhood Sy (2)
of the zero section in Ng; compare with Remark 2.17.

FExample 3.11. The zero section of a vector bundle is always 2-linearizable in the total
space of the bundle.

FExample 3.12. A local holomorphic retract is always 2-split in the ambient manifold.
Indeed, if p: U — S is a local holomorphic retraction, then a second order lifting p: Og —

Os(2) is given by p(f) = [f o pls.
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Ezample 3.13. Let M be the blow-up of a submanifold X in a complex manifold M. Then
the exceptional divisor £ C M is 2-linearizable in M.

Ezample 3.14. If S is a Stein submanifold of a complex manifold M (e.g., if S is an open
Riemann surface), then S is 2-linearizable in M. Indeed, by Cartan’s Theorem B the first
cohomology group of S with coefficients in any coherent sheaf vanishes, and the assertion
follows from Proposition 2.2 and Remarks 3.4 and 3.5. In particular, if S is a singular
curve in M then the non-singular part of S is always comfortably embedded in M.

FExample 3.15. Let S be a non-singular, compact, irreducible curve of genus ¢ in a sur-
face M. The Serre duality for Riemann surfaces implies that

H'(S,T3/T3 @ Tg) = H°(S,Qs ® Qs @ N?).
Therefore if 2(S - S) < 4 — 4g then H'(S,72/7% ® Ts) = (O). Analogously, we have
HY(S,T2/T ® Ng) = H°(S, Qs ® N),

and so S-S < 2 — 2¢g implies H*(S,Z%/Z% ® Ng) = (O). It follows that if g > 1 and
S-S<4—4g,org=0and S-S < 2, then S is 2-linearizable.

4. PARTIAL CONNECTIONS

As explained in the introduction, to get index theorems we need partial holomorphic
connections. Atiyah in [4] showed that a complex vector bundle admits a holomorphic
connection if and only if a particular exact sequence of locally free sheaves splits. In this
section we shall adapt Atiyah’s construction to the case of partial holomorphic connec-
tions; in the next section we shall describe a more concrete realization of Atiyah’s exact
sequence that will allow us to explicitely construct splitting morphisms (the morphisms
of the introduction).

Remark 4.1. From now on, we shall denote the locally free sheaf of germs of holomorphic
sections of a vector bundle (e.g., E) by the corresponding calligraphic letter (e.g., &).

Let us start briefly recalling Atiyah’s construction [4]. Let E be a complex vector bundle
of rank d over a complex manifold S'; we shall denote by Pg the principal bundle associated
to E, with structure group GL(d). The group GL(d) acts on the tangent vector bundle
Tp of the total space of Pg, and the quotient A = Tp/GL(d) can be identified with
the vector bundle on S of rank d? + dim S composed by the fields of tangent vectors
to Pg defined along one of its fibres and invariant under the action of GL(d). Since the
action of GL(d) on Pg preserves the fibers of the canonical projection my: Pg — S, the
differential of 7y defines a vector bundle morphism, still denoted by mg, from Ag onto T'S.
Atiyah has shown ([4], Theorem 1 and Proposition 9) that there is a canonical exact
sequence

(18) O — Hom(&,&) — Ap - Tg — O,
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of locally free Og-modules, where Hom(&, £) is canonically identified with the sheaf of
germs of holomorphic sections of the quotient, under the action of GL(d), of the sub-
bundle of T formed by vectors tangential to the fibres of Pg. Furthermore, this sequence
splits if and only if there is a holomorphic connection on E ([4], Theorem 2). See also [16],
where part of this theory is extended to subvarieties S having normal crossing singularities.

Remark 4.2. Atiyah ([4], p. 190 and 195) also computed the cohomology class associated
to the sequence (18). In particular, if £ is the normal bundle Ng of a submanifold S of a
complex manifold M and {(U,, z,)} is an atlas adapted to S, then the cohomology class
is represented by the cocycle {g,5} where

0z 0%
808 = 9s 02,02 <

(19) 2 @ Wl @ Oy g

It is easy to adapt Atiyah’s construction to the case of partial holomorphic connections.

Definition 4.3. Let F' be a sub-bundle of the tangent bundle TS of a complex manifold S.
A partial holomorphic connection along F on a complex vector bundle F on S is a C-linear
morphism V: & — F* ® £ such that

V(gs) = dglr ®s+gVs
for all g € Og and s € £.
If F'is a sub-bundle of TS, we can consider the restriction to F' of the sequence (18)
(20) O — Hom(&,&) — App —= F — O,
where Ap p = 75 ' (F). Then arguing as in [4] it is easy to prove the following

Proposition 4.4. Let F be a sub-bundle of the tangent bundle T'S of a complex mani-
fold S, and let E be a complex vector bundle over S. Then there is a partial holomorphic
connection on E along F if and only if the sequence (20) splits, that is if and only if there
is an Og-morphism 1g: F — Ag such that m o g = id.

In the next section we shall give a more concrete realization of the sheaf Ar when E
is the normal bundle of a submanifold S into a manifold M, allowing us to present an
alternative explicit description of the partial holomorphic connection given by a splitting
of the sequence (20), and later on to build the morphisms ¢y: F — Ag. But we conclude
this section with a few general definitions, useful to put in the right perspective what we
are going to do.

Definition 4.5. Let £ and F be locally free sheaves of Og-modules over a complex
manifold S. Given a section X € HY(S,7s ® F*), a holomorphic X -connection on £ (also
called a holomorphic action of F on & along X) is a C-linear map X : &€ — F* ® £ such
that

X(gs) = X*(dg) ® s + gX(s)
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for all g € Og and s € £, where X*: Qg — F* is the dual map of X. We shall often write
X, (s) instead of X (s)(v), for s € € and v € F, where as usual we have identified F* ® £
with Hom(F, £). Clearly, if F is an Og-submodule of 7g and X is the inclusion, then X
is just a partial holomorphic connection on E along F'.

Remark 4.6. Let £, F be locally free Og-modules and X : F — 7g be an Og-morphism.
The sheaf of first jets JXE of € along X is the sheaf of abelian groups (F*® &) @ £, with
the structure of Og-module given as follows: for f € Og and (w®e) ® e’ € JxE we define

floee)@e = (X"(df)@e +w® fe)® fe

The natural projection Jx€ — &€ given by (w®e) ® e’ — € is a surjective Og-morphism
whose kernel is 7* ® £. Thus we obtain the exact sequence

(21) O—F'RE— Jy&—E—O.

Notice that Ji.& is locally Og-free and the sequence (21) is functorial on £. It is easy to
see that this sequence splits if and only if there is a holomorphic X-connection on E. If
we denote by cx(£) € H'(S, F* @ Hom(€,£)) the class associated to the sequence (21),
and by ¢(&) € H'(S,Qs ® Hom(&,€)) the class associated to the same sequence when
F =75 and X is the identity, then it is not difficult to see that

ex (&) = (X* @id).e(&).

Furthermore, Atiyah ([4], Theorem 5) has shown that ¢(€) is the opposite of the coho-
mology class associated to the sequence (18).

We shall need a notion of flatness for a holomorphic X-connection. To state it in full
generality, we need a new definition and a lemma.

Definition 4.7. Let F be a sheaf of Og-modules over a complex manifold S, equipped
with an Og-morphism X : F — 7T5. We say that F is a Lie algebroid of anchor X if there
is a C-bilinear map {-,-}: F & F — F such that

(a) {Uvu} = _{U7U};
(b) {u, {v,w}} +{v,{w, u}} +{w,{u,v}} = O;
(¢) {g-u,v} =g -{u,v} — X(v)(g)-uforall g € Og and u, v € F.

Ezample 4.8. Assume that X: F — 7g is injective, and that X (F) is an involutive
subsheaf of 7g (we recall that a subsheaf F of 7g is involutive if it is locally Og-free and,
for each = € S, the fiber F, is closed under the bracket operation for vector fields). Then
we can easily provide F with a Lie algebroid structure of anchor X by setting

{u, v} = X7H([X(u), X(v))]).
In particular in this case we have X ({u,v}) = [X(u), X (v)].
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We refer to [23] and references therein for the general theory of Lie algebroids; here we
shall use the definition only.

Let F be a Lie algebroid of anchor X over a complex manifold S, and assume we also
have a holomorphic X-connection X : £ — F*® & over a locally free Og-module €. Then
it is easy to see that setting

(22) Rups = X, 0 X,(s) — X, 0 X,u(8) — Xuwy(5)
we define a C-linear map R: & — \* F* ® £ such that
(23) Ruv(g ’ 3) =g Ruv(s) + ([X(u)>X(U)] o X({u,v}))(g) "8

forall g € Og, u, v € F and s € £.

Definition 4.9. Let F be a Lie algebroid of anchor X over a complex manifold S, and
X: & — F*® & a holomorphic X-connection over a locally free @g-module £. The
curvature of X (with respect to the given Lie algebroid structure) is the C-linear map
R: £ — N> F* ® & defined in (22). We shall say that X is flat if R = O.

Remark 4.10. Note that if X is flat then from (23) it follows that [X (u), X (v)] = X ({u, v})
for all u,v € F.

Example 4.11. Let X: F — 7g be the inclusion of an involutive locally free Og-submodule
F of Ts with locally free quotient @ = 7g/F and consider the associated exact sequence

O—>‘7:<L>TSL>Q—>O

Then we can define a partial holomorphic connection X: Q— F*® Qon Q along F by
setting
Xu(q) = o([X(u),q]),

where ¢ is any local section of 7g such that ¢(¢) = ¢. Putting on F the natural Lie
algebroid structure of anchor X given by the bracket of vector fields, it is easy to check
that X is a flat partial holomorphic connection. The existence of this natural flat partial
holomorphic connection is one of the main ingredients in the proof of Baum-Bott index
theorem for singular holomorphic foliations; see [5], [12], and [28], Chapter II.

5. THE UNIVERSAL PARTIAL CONNECTION ON THE NORMAL SHEAF

In this section we shall describe a concrete incarnation of the sheaf Ar when E is the
normal bundle of a submanifold S of a complex manifold M.

Definition 5.1. Let S be a (not necessarily closed) complex submanifold of a manifold M.
Set Tasay = Tu ®o,, Osa); with a slight abuse of notation we shall denote by 6, the
Op-morphism id ® 6, : Tyy 51y — Tar,s- Let Tj\i,su) be the Oy-submodule of Ty (1) given
by

Thi sy = ker(py 0 01) C Ty sy,
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where py: Ty s — N is the natural projection. Notice that 6, (Tj\f] 5(1)) =1Ts.

In local adapted coordinates, an element v = [Clj]g% € Tu,s() belongs to T]\is(l) if and
only if [a"]; = 0 for » = 1,...,m. In other words, v € Ty 51y belongs to Tj\is(l) if and
only if when restricted to S it is tangent to it.

In general, 7, 1\51,5(1) is not an Og-module (it is if S splits into M, but we do not want

to assume this yet). However, we can almost define on it a Lie algebroid structure of
anchor 6.

If v e Tys and f € Oy, then v(f) is a well-defined element of Og. Analogously, if
v € Ty 51y and f € Oy, then v(f) is a well-defined element of Os(1); on the other hand,
if g € Og(1y then v(g) is well defined as an element of Og, but not of Og). This means
that we can define a bracket operation [-,-|: Tar,51) ® Ta,s1) — T, by setting

[, v](f) = u(v(f)) —v(u(f)) € Os

for all f € Oy In particular, for every g € Ogqy and u, v € Ty 51y we have
(24) lgu, v] = 01(g)[u, v] — v(g) - 01 (w).
Remark 5.2. In general, if u, v, w € Ty g1y then [v,w] € Ty, and so [u, [v,w]] is not
defined. But we shall see exceptions to this rule.
Lemma 5.3. Let S be a complex submanifold of a manifold M. Then
(i) everyv € Tj\is(l) induces a derivation g — v(g) of Ogny;
(i) there exists a natural C-bilinear map {-,-}: ’Tj\is(l) ) 71\?5(1) — 75,5(1) such that

(a) {v,u} = —{u,v},

(b) {u7 {Uv w}} + {Uv {w7 u}} + {w7 {u7 U}} =0,

(c) {gu,v} = g{u,v} —v(g) - u for all g € Ogqy, and

(d) 61{u, v} = [01(w), 62(v)] = [u,v].
Proof. (i) The relevant fact here is that if we have an adapted chart (U, z) and germs
[fl2 € Osq1) and [h]s € Zg/Z%, then we get well-defined elements of Og(1y by setting

fls [ 0f ofl |, 0f
0p {821’ ) and [l 0z h@zT )
forp=m+1,...,nand r =1,...,m. This implies that if [f], € Ogq) and v = [aj]g% €

TJ\‘ZS(I) then

o7k = Wl + W

is a well-defined (and independent of the local coordinates) element of Og(1y, and not just
of Og, and in this way we clearly get a derivation of Og(y).

(ii) We define {-,-} by setting
{u, v}(g) = u(v(9)) —v(ulg)),
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for all g € Og(yy. It is easy to check (working for instance in local coordinates adapted
to S) that {u,v} € Tﬂis(l), and that properties (a)—(d) are satisfied. O

It turns out that a quotient of 7, ]5 s(1) has a natural Og-module structure, and inherites
the Lie algebroid structure of anchor #,. To prove this, we need the following

Lemma 5.4. Let S be an m-codimensional complex submanifold of a manifold M of
dimension n. Then:
(i) v € Tasqy s such that po([u,s]) = O for all s € Ty sy if and only if u €
Is- TM S(1)7
(ii) ifu e Zg - TMSI) and v G’TMSI) then {u,v} € Zg - TMS(I),
(iii) the quotient sheaf
A= TA?,S(l)/IS ) T]\f[,S(l)
admits a natural structure of Og-locally free sheaf such that 6,: A — Tg is an
Og-morphism.

Proof. (i) Let us work in local coordinates adapted to S. Writing u = [a/],5%, s =
[bh]gazh € Tur,s1) we have
;o0 0a"| 0O
= — b — .
p?([“? S]) |i Ozi 329} . ozr

Now u € IS'TA?,S(I) if and only if a" € Z2 and a? € Zg for r = 1,...,m and p =

m -+ 1,...,n; in particular it is clear that v € Zg - TA§1,5(1) implies po([u, s]) = O for
all s € TM,S(I)-
Conversely, assume that u = [a’]s35 € Ty g0 is such that ps([u,s]) = O for all

s € Tasay. From py([u,0/02°]) = O for all p = m + 1,...,n we get that [a"]; is a
constant o € C for r = 1,...,m. But then from py([u,0/02°]) = O for all s =1,...,m

we get [a"]y = " forr = 1,...,m. Now from py([u, [2%°]20/02*]) = O forallsy =1,...,m
(no sum on sq here) we get a,, = 0 for r = 1,..., m. Finally, from py([u, [27°]20/02']) = O
forallpp=m+1,...,n weget [a’]; =0 forallp=m+1,...,n, and so u 615'75,5(1)7
as claimed.

(ii) Working again in local coordinates adapted to S, if u = [a/],2% € Zg - Tz\g,sa) and
v= (V"% € Tz\i,sa) then we have

ob” da” 0 ;obr 8ap 0
99
fu, “}_[“ 029 bjaszazr+{ 921 829] oo €T Titsoy
because a” € T2 and a?, )" € Zg for all7 =1,....mand p=m+1,...,n

(iii) The sheaf TA‘Z’S(I) is an Og()-submodule of 7y g(1y such that (by definition) g-v €
Zg - TJ\‘ZS(I) for all ¢ € Zg/Z% and v € T]\is(l). Therefore the Og(;)-module structure
induces a natural Og-module structure on A. It is easy to check that, in terms of local
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coordinates adapted to S, the sheaf A is a locally free Og-module freely generated by
m(5%) and 7([2*]25%) (with p=m+1,...n, and r, s = 1,...m), where Tﬂis(l) — A
is the quotient map.

Finally, since Zg - TI\EL sy € ker 61, the morphism #; defines a map, still denoted by the
same symbol, 0;: A — 7Tg, and it is clear that 6; is an Og-morphism for the structure we

just defined.

O

Definition 5.5. Let S be a complex submanifold of a complex manifold M. The Atiyah
sheaf of S in M is the locally free Og-module

A= TJ\?,S(U/IS ’ TJ\L?[,S(l)'

The sheaf A appears also in [26], where it is denoted by N}, ., and in [16], where it is
denoted by Tj;(Y) ® Oy. We now show that A is isomorphic to the sheaf Ay, described
in the previous section.

Theorem 5.6. Let S be an m-codimensional complex submanifold of a manifold M of
dimension n. Then there is a natural exact sequence of locally free Og-modules

(25) O — Hom(Ng, Ng) — A i, Ts — O

which is isomorphic to the sequence (18) with E = Ng. In particular, the sheaf A only
depends on the normal bundle Ng of the embedding of S into M, and Ng admits a holo-
morphic connection if and only if the sequence (25) splits.

Proof. As usual, we work in local coordinates {(U,, z+)} adapted to S. The kernel of 6, is
freely generated by the images under the canonical projection m: 7, ]5 sy A of [23]2%
forr, s =1,...,m. Now we have

[l ) = E
T\ R0 ) T oz | o T\ R0y )

and hence the kernel of #; is naturally isomorphic to Hom(Ns, Ns).
To prove that (25) is isomorphic to (18), by Proposition 2.2 it suffices to prove that the
cohomology class associated to both sequences is the same.

r1
0z,

822
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Define local splittings o, of (25) by setting aa(%) = <%> and then extending by
Og-linearity. The class of the sequence (25) is then represented by the cocycle given by

) o\ 0 B
(05 —0a) (87%) = W(8z§>_8z§ ”(azg)
ozl 0 9%zl | 0
- ([%L@z@) - ([azz@zzzﬁ]ﬁza)

0z, 9%z 0
B Zo S']T ([22]2828) s

0z 02307
and our claim follows from (19). The last assertion now is an immediate consequence of
[4], Theorem 2. O

The main advantage of our A over Atiyah’s Ay, is that we have an explicit way of
going from a splitting of the sequence (25) to a partial holomorphic connection on Ng.
Indeed, A comes equipped with both a natural structure of Lie algebroid of anchor 8; and
a holomorphic 6;-connection on Ng:

Proposition 5.7. Let S be a complex submanifold of a complex manifold M. Then:
(i) the Atiyah sheaf A has a natural structure {-,-} of Lie algebroid of anchor 0y such
that

(26) 0{q1, 2} = [01(q1), 01 (q2)]

for all q1, g2 € A; .
(ii) there is a natural holomorphic 0;-connection X : Ng — A* @ Ng on N given by

Xq(s) = pa([v, 3])
forallqg € A and s € Ny, wherev € T3 and § € Tyr g1y are such that w(v) = q
M,S(1) »S(1)
and ps 0 01(5) = s; )
(iii) this holomorphic 6,-connection X is flat.

Proof. (i) Lemmas 5.3 and 5.4.(ii) imply that setting

{a1, 2} = 7({v1,v2})

for all ¢1, g2 € A, where v; € T]\is(l) is such that ¢; = m(v;), we get a well-defined 6;-Lie
algebroid structure satisying (26).

(ii) Lemma 5.4.(1) implies that if w(v) = 7w(v’) then pa([v,3]) = po([v', §]) for all
5 € Tu,s1)- Analogously, Lemma 5.3.(ii).(d) implies that if p, o 61(3) = pa 0 01(5’) then
pa([v, 8]) = pa([v, §']) for all v € T]\E[,S(l); therefore X,(s) is a well-defined element of Ns.
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Now, (24) yields

Xina(s) = p2([[f2v, 3]) = p2([fhilv, 5] = 5([f]2) - 01(v) = [fl1 - X,(v)
because v € ker(py 0 6;), and so X(s) € A* ® ./\/5, as claimed. Finally,

Xo([fli-9) = po([v: [/128]) = p2([fhlv, 8] + 0([f)2) - 62(5))
= [f]l'Xq( )+ 0@ ([fTh) - s,
because
[0([f]2)], = 01 (v)([f]1) = Ou (7w () ([f]1)
for all [f]s € Og(1y and v € TJ\?,S(l)’ and thus X is a holomorphic 6;-connection.
(iii) We must prove that

(27) (o1, [02, 3] + [v9, 5, 01]] + 5, {vn, 02}] € T

for all vy, vy € Tj\is(l) and 5 € Ty,501), where [v;, 5] is any element of 7/ g1y such that
its #;-image is equal to [v;, §] € Ty, . But using local coordinates adapted to S it is easy
to see that (27) is a consequence of the usual Jacobi rule for brackets of vector fields. [

Definition 5.8. Let S be a complex submanifold of a complex manifold M. The holo-
morphic #;-connection X : Ng — A* @ Ng on Ny defined in Proposition 5.7.(ii) is called
the universal holomorphic connection on Ng.

We can now summarize what we have done up to now in the following

Theorem 5.9. Let S be a submanifold of a complex manifold M, and F a sub-bundle of
the tangent bundle T'S. Then:
(i) ifY: F — A is an Og-morphism such that 6, o 1) = id then the map X¥: Ng —
F* @ Ns given by ) )
XJ(s) = Xyw)(s)
for allv € F and s € Ng, where X is the universal holomorphic connection on Ng,
1s a partial holomorphic connection on Ng along F;
(i) there exists a partial holomorphic connection on Ng along F if and only if there
exists an Og-morphism ¢¥: F — A such that 01 o = id
(iii) if F' is involutive, then the partial holomorphic connection XY is flat if and only
if: F — Ais a Lie algebroid morphism.

Proof. (i) The only not completely trivial property is Leibniz’s rule. But indeed
XV (9+5) = Xpw(9-8) =g Xy (s) +0:(¥(v))(9) -5 =g - X[ (s) +v(g) - 5
for all g € Og, and we are done.

(ii) In one direction is (i). Conversely, assume that we have a partial holomorphic
connection on Ng along F. Then Proposition 4.4 yields an Og-morphism )y from F
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to Ang such that myo1)y = id, and hence Theorem 5.6 yields an Og-morphism ¢: F — A
such that 6, o ¢ = id.

(iii) If we denote by RY the curvature of X¥, recalling that the universal holomorphic

connection X is flat, we get
Ry, = X))} —vlu

for all u, v € F. One direction is then clear; conversely, assume that RY = O. Now,
Proposition 5.7.(i) implies that {¢(u),¥(v)} — ¢¥[u,v] € kerf; C A for all u, v € F;
therefore it suffices to prove that if ¢ € ker #; C A is such that Xq = O then ¢ = O. But
indeed, if ¢ € ker 0 then ¢ = 7(v) with v = [a"]20/0z" for suitable a” € Zg (and we are
using local coordinates adapted to S, as usual). Then from Xq(as) =Ofors=1,....,m

it easily follows that a” € Z% for r = 1,...,m, and hence ¢ = O.
O

Remark 5.10. As suggested by [4], the sequence of the first jets sheaves can be interpreted
as a subsequence of the extension obtained dualizing the sequence (25) and tensorizing

with N:
O — Qs®@Ng — Jl(Ns) — Ny — 0

| l ,

0O — QS®N5 — A*®N5 — HOIH(Ns,NS)®N5 — O

where the last vertical map is the injection locally given by s — id ® s, where s is a local
section of Ng; it is obtained tensorizing by Ng the inclusion Og — Hom(Ng, Ns) that cor-
responds to the identity map on Ng. In particular, J'(Ns) is a subsheaf of Homp, (A, Ns).

When S has codimension 1 in M, we have Hom(Ng, Ng) = Og and hence the previous
remark yields

Corollary 5.11. If S is a codimension 1 submanifold of a complex manifold M, then the
sequence (25) becomes O — Og — A — Tg — O, so that A = JH(NE) @Ns and A admits

a nowhere zero holomorphic section.
We end this section with a remark that will be useful in Section 7:

Proposition 5.12. Let S be a submanifold of a complex manifold M, comfortably embed-
ded with respect to a first order lifting p: Og — Ogy. Then there exists an Og-morphism
7 Tusay — A such that 7?\7—]5[ oy = where Ty sy is endowed with the structure of

Og-module given by restriction of scalars via p.

Proof. Fix a comfortable atlas 4 = {(Uy, 24)} adapted to p. If v € Ty 51), we can write
0

v= [%]28—%
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for suitable [27]5 € Og1; then we set
) o B 0
) = (i) g + gy ) = (0= llatlgs )

We claim that 7 is well-defined, that is it does not depend on the particular chart chosen
to express v. Indeed, if we also write v = [x’;;]ga%k then we have
s

. 02k
[z5]s = [2) [—ﬂ] :

0z

Applying p o 0; to both sides and recalling that we are working with an atlas adapted

to S we get S
o(la3h) = p(lln) p (Bﬂ] ) |
o o) oz =t (|52 ) % = etz |52 5

where we used (5) and the fact that 4 is a comfortable atlas adapted to p. So

<v ~ oll3h) afg) - (v pltez g

[e%

) € IS ° 71\575(1)

because we are using a splitting atlas, and thus 7 is well-defined. Finally, it is easy to
check that 7 is an Og-morphism extending 7, and we are done. Il

6. THE GENERAL INDEX THEOREM

In this section we shall prove our general index theorem following the strategy indicated
in the introduction; in the next two sections we shall show how all the known (and a couple
of new ones) index theorems of this kind (with M smooth) for both holomorphic maps
and holomorphic foliations are just particular instances of our general statement.

In the previous sections we have shown how to get a partial holomorphic connection
on the normal bundle from a splitting morphism . The next step is showing how the
existence of a partial holomorphic connection forces the vanishing of some Chern classes.
This has been proved, for instance, by Baum and Bott ([5]; see also [14]); we report here
a statement (and a proof) adapted to our situation.

Theorem 6.1. Let S be a complex manifold, F' a sub-bundle of T'S of rank ¢, and E
a complex vector bundle on S. Assume we have a partial holomorphic connection on E
along F. Then:

(i) every symmetric polynomial in the Chern classes of E of degree larger than dim S —
0+ /2] vanishes.
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(ii) Furthermore, if F' is involutive and the partial holomorphic connection is flat then
every symmetric polynomial in the Chern classes of E of degree larger than dim S—
¢ vanishes.

Proof. Write
(28) T*S@c=F&FoTOVs,

where F; is any C*-complement of F in T'S = TS, Define a (real) connection V
on F using the given partial holomorphic connection on F', any connection on Fj, and 0
on TODS.

Let w be the curvature form of V. We claim that

(29) w(v,w) =w(u,w) =0

for all v € F and @, w € T®VS. Tt is enough to prove that they vanish when applied to
holomorphic sections of E| since these generate I'(E') as a C*°-module, and the curvature
is a tensor. But if ¢ is a holomorphic section of £ we have

w(v,w)(0) = Vy(Vgo) = Vg(Vyo) = Vigao = O,

because V kills every holomorphic section, Vo is holomorphic because V is holomorphic
along F, and [v, @] = O. Analogously, since [@,w] € T("V S, one shows that w(,w) = O.
Choose local coordinates and local forms n',...,n" (where n = dim S) so that

{171,...,77[,17”1,...,n",d;,...,dz_”}

is a local frame for the dual of T®S ® C respecting (28); in particular, {n*|x,...,n|r}
is a local frame for the dual of F', and {n*|x,,...,n"|r} is a local frame for the dual
of Fy. Then (29) implies that in this local frame the curvature matrix is composed by
forms which are linear combinations of

A At AT ded A
where 1 <p' < ¢ </l (+1<p" <q¢g’"<nand 1< j <mn. Since any product of more
than n — ¢ + |£/2] of these forms vanishes, (i) follows.
If F'is involutive and the partial holomorphic connection along F' is flat, we moreover
have w(v,w) = O for all v, w € F. This means that we can drop the forms ' An?

from the previous list, and then any product of more than n — ¢ of the remaining forms
vanishes, giving part (ii). O

Remark 6.2. The previous proof shows not only that Chern classes of suitable degree
vanish, but that the standard differential forms representing them (the one obtained
starting from the curvature matrix of a connection) vanish too.

We have now all the ingredients needed to apply the general cohomological argument
devised by Lehmann and Suwa. Let us first introduce a couple of definitions to simplify
the statements of our theorems.
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Definition 6.3. Let S be a (possibly singular) subvariety of a complex manifold M, and
let S™& C S be the regular part of S. We shall say that S has an extendable normal bundle
if there exists a coherent sheaf of C{3-modules N defined on an open neighborhood of S
in M such that N ®p,, Ogres = Ngree. We say that N is an extension of Ngres.

FExample 6.4. Any nonsingular submanifold has an extendable normal bundle: an exten-
sion of N is given by the pull-back (under the retraction) to a tubular neighbourhood. If
S is singular but has codimension one in M then the line bundle O([S]) associated to the
divisor [S] provides an extension of N, and hence S has an extendable normal bundle.
More generally, if S is a locally complete intersection defined by a section, or a strongly
locally complete intersection, then it has an extendable normal bundle (see [20] and [21]).

Remark 6.5. The extension of the normal bundle might be, in general, not unique. How-
ever, in all cases described in the previous example there is a natural extension to consider.

The next definition will considerably shorten several statements.

Definition 6.6. Let S be a compact, complex, reduced, irreducible, possibly singular,
subvariety of dimension d of an n-dimensional complex manifold M. Assume that S has
extendable normal bundle. Let ¥ be an analytic subset of S, containing the singular
part S8 of S, so that S° = S \ X C 5™ and let furthermore § denote another ana-
lytic object involved in the problem (for instance, in our applications § will be either a
holomorphic foliation or a holomorphic self-map, and 3 the union of the singular set of S
with the singular set of §). We shall say that S has the Lehmann-Suwa index property
of level £ > 1 on ¥ with respect to § if given an extension AN of Ngwe Wwe can associate
to every homogeneous symmetric polynomial ¢ of degree k > d — ¢ and every connected
component Y, of ¥ a homology class

RGS¢(§,N; Z)\) € Hg(d,k)(z)\; C),
depending only on N and on the local behavior of § near Xy, so that

D (i):Resy(3,N;5) = [S] ~ @(N)  in Hya_i)(S; C),

where the sum ranges over all the connected components of X, the map ¢y : ) — S is the
inclusion, and ¢(N') denotes the class obtained evaluating ¢ in the Chern classes of N.

Remark 6.7. When k = d then [S] ~ p(N) = [;p(N) € C.
And now, our general index theorem:

Theorem 6.8. Let S be a compact, complex, reduced, irreducible, possibly singular, sub-
variety of dimension d of an n-dimensional complex manifold M, and assume that S has
extendable normal bundle. Let ¥ be an analytic subset of S containing S such that there
exist a sub-bundle F' of rank { of TS® (where S° = S\ ¥ C S™8) and an Ogo-morphism
v: F — A with 6, o = id, where A is the Atiyah sheaf of S°. Then:
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(i) S has the Lehmann-Suwa index property of level £ — |£/2] on ¥ with respect to ).
(i) If furthermore F is involutive and v is a Lie algebroid morphism, then S has the
Lehmann-Suwa index property of level £ on X with respect to 1.

Proof. Theorem 5.9 yields a partial holomorphic connection on Ngo along F', which is
flat in case (ii). Theorem 6.1 then implies that every symmetric polynomial in the Chern
classes of Ngo of degree larger than d—¢+ [¢/2] (or, in case (ii), larger than d —¢) vanishes.
The theorem then follows from the general Lehmann-Suwa theory (see, e.g., Chapter VI
in [28], or [21]). O

Remark 6.9. For the sake of completeness, let us summarize here the gist of Lehmann-
Suwa’s argument, warning the reader that the complete proof is a bit technical and requires
Cech-de Rham cohomology (see, e.g., [28]). Let

H*(S,5°%¢C) — H*(S;C) — H*(S°;C)

be the long exact cohomology sequence of the pair (.5,5°). The vanishing Theorem 6.1
says that the cohomology class ¢(N') vanishes when restricted to S°; hence it must be
the image of some cohomology class n € H*(S,S° C) which is, by definition of coho-
mology of a pair, concentrated in an arbitrary neighbourhood of S\ S° = X. Such
a class is not unique in general, and it should be chosen in a suitable way depend-
ing on the partial holomorphic connection given by . Now, since S is compact, the
Poincaré homomorphism (consisting exactly in taking the cap product with [S]) gives
a natural map from H*(S;C) to Haq—.(S;C). On the other hand, since ¥ is an ana-
lytic subset of S, the Alexander homomorphism A gives a natural map from H*(S, S C)
to Hag +(33; C). Furthermore, if we denote by i: 3 — S the inclusion, we have the equality
i A(n) = [S] ~ ¢(N). Now, if £ = |, X, is the decomposition in connected components
of ¥, we have Hyq_.(X;C) = @, Haa—«(2x; C); therefore if we denote by Res, (¥, N; X))
the component of A(n) belonging to Hay «(X; C), we obtain

S (i) Resp (1, ) = [8] ~ 9(A),

A
that is the index theorem.

Remark 6.10. Let us now describe how to compute Res,(¢; £y) in a simple (but useful)
case. Assume that: S is a locally complete intersection defined by a section; the connected
component Y, reduces to an isolated point p € S; the sub-bundle F' has rank ¢ = 1;
and there exists a local vector field v € (7s), C (7u.5), vanishing at p and generating F
in a pointed neighbourhood of p. Let I*,...,I™ be a local system of defininig functions
for S near p, so that {[I']s,...,[I™]2} is a local frame for Zg/Z2 = N¢, and denote by
{C1,...,(n} the corresponding dual local frame of Ng. If X is the partial holomorphic
connection induced by v, then writing

X:;Z}(Cr) = (s
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we get an m X m matrix C' = (¢%) of holomorphic functions defined in a pointed neigh-

bourhood of p. Finally (see [20]), it is possible to choose a local chart (U, z) at p so that
if we write v = [a/];0/027 then

{ll:---:lmzaerl:---:an:O}:{p}

(if p is a regular point of S it suffices to take any chart adapted to S). Take now a
homogeneous symmetric polynomial ¢ of degree dim S; then Res,(¢; {p}) is given by the
Grothendieck residue

1 p(C) o om n
(30) Res, (6N Hp}) = s [ it 0277 A A"
where I' = {q € S | |[a""(q)] = -+ = |a"(¢q)| = €} for 0 < & << 1, oriented so

that darga™™ A --- Adarga™ is positive, N is the natural extension of Ngree mentioned
in Remark 6.5, and ¢(C') denotes ¢ evaluated on the eigenvalues of the matrix C'. This
formula can be obtained by observing that if v € Tj\i s(1y is such that 7(0) = 1 (v) outside p,

then the local partial holomorphic connection on Ngrwee induced by @ coincides with X{f’ ,
and the residue Res, (¢, N5 {p}) coincides with the residue associated to ¢ and obtained
in [20]. By the way, an explicit algorithm for computing the Grothendieck residue (30)
when p is a regular point of S is described in [5], p. 280.

We end this section by describing the general strategy we are going to use to build the
morphism ¢ : F — A. Such a morphism exists if and only if the sequence

O — Hom(Nso, Ngo) — 07 (F) S F—0

splits, that is if and only if the associated cohomology class in H' (5°, F*®@Hom(Ngo, Nso))
vanishes. The latter class is represented by a cocycle of the form {¢s — 1), }, where the
1, are local splitting morphisms. Therefore the morphism v exists if and only if we can
find local morphisms z, from F to Hom(Nge, Ngo) such that ¢5 — 1, = 25 — x4.

Our strategy then will be to use the additional data involved (foliation or self-map) to
build local splitting morphisms; in this way we shall be able to express the cohomological
problem in terms of the geometry of the additional data, and then to give sufficient
conditions for the problem to be solvable.

Notice in particular that if S° is Stein then this cohomological problem is always solv-
able, and thus we have

Corollary 6.11. Let S be a compact, complex, reduced, irreducible, possibly singular,
subvariety of dimension d of an n-dimensional complexr manifold M, and assume that
S has extendable normal bundle. Let ¥ be an analytic subset containing S such that
S° = S\ X is Stein. Then S has the Lehmann-Suwa index property of level d— |d/2] on X

with respect to anything providing local splitting morphisms for the sequence (25) over S°.
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7. HOLOMORPHIC FOLIATIONS

The aim of this section is to show how to use a holomorphic foliation on the ambient
manifold to implement the strategy just discussed. We recall that a (possibly singular)
holomorphic foliation F on a complex n-dimensional manifold M is, by definition, a
coherent involutive subsheaf of 7y,. The singular locus Sing(F) is the set of points x € M
such that the quotient 7;;/F is not free at x. In particular, F is a locally free O);-module
of some rank 1 < ¢ < n outside Sing(F); the number ¢ is the dimension of the holomorphic
folitaion. The foliation is called non-singular if the singular locus is empty. We refer to
[5] and [28], chapter VI, for more details on holomorphic foliations.

Definition 7.1. Let S be a complex (not necessarily closed) m-codimensional subman-
ifold of an n-dimensional complex manifold M, and let F be a (possibly singular) holo-
morphic foliation 7 on M, of dimension £ < n —m = dim 5. We shall denote by Fg)
the Ogq)-submodule F ®o,, Os(1y of Ty 501y, and by Fg the Og-submodule F ®p,, Os
of Tyrs. If Fs € Tg C Ty g, then F is tangent to S; otherwise, the foliation F is tranverse
to S.

Remark 7.2. We shall always assume that S is not contained in the singular locus of F.

In the tangential case, we clearly have Fg(1) C T]\is(l). Furthermore, Fg is a (possibly
singular) holomorphic foliation of S of dimension ¢. The singular locus of Fg (which is
the intersection of Sing(F) with S) is an analytic subset of S; therefore since our aim is
to build a splitting morphism 1) outside the singularities, we shall assume that

Case 1. Fg is a non-singular holomorphic foliation of S of dimension ¢ < dim S (and
thus, in particular, it is the sheaf of germs of holomorphic sections of an involutive sub-
bundle F' of T'S of rank ¢). To be consistent with the non-tangential case, we shall also
set 77 = Fg and 0" = idg,.

If F is not tangent to S then Fg is not a subsheaf of 7g, but only of 7, 5. To get a
subsheaf of 7g, we must project Fg into it.

Definition 7.3. Let S be a splitting submanifold of a complex manifold M. Given a first
order lifting p: Og — Oy /T2, let 0*: Tyr5 — Tg be the left splitting morphism associated
to p by Proposition 2.7. If F is a holomorphic foliation on M of dimension ¢ < dim S, we
shall denote by F? the coherent sheaf of Og-modules given by

fa = O'*(fs) Q IZTS‘

We shall say that p is F-faithful outside an analytic subset 3 C S if F7 is a non-singular
holomorphic foliation of dimension ¢ on S\ X. If ¥ = & we shall simply say that p is
F-faithful.

It might happen that a first order lifting is not F-faithful while another one is. Fur-
thermore, F? might be as well as not be involutive depending on the choice of p.
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Ezample 7.4. Let M = C*, take S = {z! = 0} and let .7: be the non- singular foliation
generated over Oy, by the global Vector fields ( 2 zl) 55 T 824 and 1 + a =, so that
Fs is generated over Og by 22 8z3 + 824 and a o+ a 2. The submanlfold S clearly splits
into M, and a natural choice of first order lifting is
of ;4
o) = = |55
The corresponding left sphttmg morphlsm o* 1s the identity on 7g and kills a —-1; therefore
F° is generated over Og by 22 6Z3 + 6Z4 and a -Z and thus F7 is not involutive.
If we choose as first order lifting the less standard p; given by

i = Ul | (55 +5%) 2]
a

then the corresponding left splitting morphism o} sends % in —5%, and F7' turns out

to be generated by 22% + % only, and so it is involutive, but of the wrong dimension.
Finally, if we take as first order lifting

) = [k - | (55 + 5% - g—f) }

then o3 sends % in 25 — so that F°2 is generated by 22-%; + 824 and a ==, and thus

923 8 9229
po is F-faithful.

If 7? has dimension equal to 1 or to the dimension of S, then it is automatically
involutive. In this case it is easy to have faithfulness:

Lemma 7.5. Let S be a splitting submanifold of a complex manifold M, and let F be a
holomorphic foliation on M of dimension equal to 1 or to the dimension of S. If there
exists xg € S\ Sing(F) such that F is tangent to S at xg, i.e., (Fs)uy C Tsu,, then any
first order lifting is F-faithful outside a suitable analytic subset of S'.

Proof. Let o*: Tpy s — Tg be the left-splitting morphism associated to a first order lift-
ing p. By assumption, ker o N (Fs)z, = (O); therefore ker o N (Fs), = (O) for all z € S
outside an analytic subset ¥y of S. Furthermore, 77 has dimension equal to 1 or to dim S}
therefore it is involutive, and hence p is F-faithful outside ¥ U Sing(F?). O

Notice that there are topological obstructions for a foliation to be everywhere non-
tangential to S. For instance, in [9], [18] it is proved that if S is a curve in a surface M,
the number of points of tangency between S and an one-dimensional holomorphic reduced
foliation F of M, counted with multiplicity, is S-S — S - F. Therefore if S-S # S - F
then every first order lifting is F-faithful outside a suitable analytic subset.

Another result of this kind shows that for one-dimensional foliations most first order
liftings are faithful:
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Lemma 7.6. Let S be a non-singular hypersurface splitting in a complex manifold M, and
let F be a one dimensional holomorphic foliation on M. Assume that S is not contained
in Sing(F). Then there is at most one first order lifting p which is not F-faithful outside
a suitable analytic subset of S.

Proof. Suppose p is a first order lifting of S which is not F-faithful; since F is one-
dimensional, this means that (Fg), C ker o for all x € S\ Sing(F), where o* is the left
splitting morphism associated to p. By Lemma 2.1.(iii) any other left splitting morphism is
of the form o} = 0" +pop, with ¢ € H°(S, Hom(Ns, 7s)); in particular, o} (v) = ¢(p2(v))
for all v € Fg. Now, since ¢* is a left splitting morphism, we have ker o Nker(ps2). = (O)
for all z € S; therefore ps| £, is injective. Furthermore, since Ng has rank one, @, is either
injective or identically zero; hence (o7), restricted to (Fg), is either injective or identically
zero. Now, if ¢ # O then ¢, # O for x outside an analytic subset ¥y of S; therefore it
follows that if ¢ # O then the first order lifting associated to o} is F-faithful outside
Yo U Sing(F7). O

Corollary 7.7. Let S be a non-singular hypersurface splitting in a complex manifold M,
and let F be a one dimensional holomorphic foliation on M. Assume that S is not con-
tained in Sing(F). If H°(S, Ts @NZ) # (O) then there exists at least one first order lifting
F-faithful outside a suitable anlytic subset of S.

Proof. If HY(S,Ts @ N¢) # (O) then by Lemma 2.1.(iii) there exist at least two different
splitting morphisms. Then the assertion follows from the previous lemma. O

Coming back to our main concern, in the non-tangential case we shall momentarily
make the following assumption:

Case 2. There exists an F-faithful first order lifting p, with associated left-splitting
morphism ¢*; in particular, F° is a non-singular holomorphic foliation of S of dimen-
sion ¢ < dim S, and 0*|z,: Fs — F7 is an isomorphism of Og-modules.

If G C 75 is a non-singular holomorphic foliation of S of dimension ¢ < dim S, Frobe-
nius’ theorem implies that we can always find an atlas 4 = {(U,, z)} adapted to S such
that the {9/02m+1 ... 0/02™*} are local frames for G. Furthermore, it is easy to check
that if S is split (2-split, comfortably embedded) in M we can also assume that 4 is a
splitting (2-splitting, comfortable) atlas.

Definition 7.8. Assume we are either in Case 1 or in Case 2. An atlas 4 = {(U,, 24)}
adapted to S such that the {0/02m1 ... 3/02m*} are local frames for F° shall be said
adapted to S and F. We explicitly notice that if 4 is adapted to S and F then

forallp’ = m+1,...,m+{, ¢" = m+0¢+1,...,nand indices o, 8 such that U,NUzNS # 2.
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Remark 7.9. From now on, indices like p/, ¢/, ' and ¢’ will run from m + 1 to m + ¢, while
indices like p” and ¢” will run from m + ¢ + 1 to n.

Using adapted atlas we can find special local frames for the foliation:

Lemma 7.10. Assume we are in Case 1 or in Case 2, and let {(Uy, z4)} be an atlas
adapted to S and F (and to p too in Case 2).

(i) For each index « there exists a unique (-uple (Vam+1s - - - Va.mte) Of elements of F
of the form
0 . 0 0
(31) Ua,p’ = 875/ + (a/a)p/a—zgl -+ (a/ )p aza,,

with (aa)g/ €Zs forpy =m+1,....m+Landp” =m+L+1,...,n, (and, in
Case 1, (aq), € Is forr=1,.. m) so that 0*(vey ® [1]1) = 3/8zp

(ii) The set {Vamt1;-- -, Vamre} 15 a local frame for the sheaf F in a neighbourhood of
S NU,. Furthermore, writing

UBq = (Cﬂa)p' Va,p/

the (Cﬁa) € Oy define a cocycle (cga) representing the vector bundle associated
to F in a neighbourhood of S and satisfy the following relations:

/

’ azp azp " az
P _ Y% —
(C,Ga)q/ = azq/ +( )q Oz s + (aﬂ)q an
’ 0z 0z ’ 0z,
P’ ro_ a s [} q’ (&3
(32) (C,@Ot)q/ (aa)p/ = azq/ + (a,@)q/ azg + (a,@)q/ azgm
/ 7 aZp” 8zp” Z 3Zp”
Cap/ @ap/:—a/+ a S/—a+ a q/—a//'
k( % )q( )p azz ( ﬁ)q azg ( ﬁ)q azz

Proof. (i) Since {(Ua, 2z4)} is adapted to S and F, the 8/8zp"s form local frames for F°.
Hence we can find @, € F such that 0* (¥, ® [1]1) = 0/02% . Write

) ;9 ) .0
Va,p' = (ba)g/—/ + (ba)p/% + (ba)g/ W

for suitable (ba);, € Opn; we must have [(bo))]1 = 9}, and [(ba);J1 = 0 in Case 1.
In particular, ([(ba)gi]l) is the identity matrix; hence ((ba)f,:) is invertible as matrix of
germs. Multiplying then the ¢-uple (0am+1; - - -, Vam+e) by the inverse of this matrix we
get an f-uple (Vamt1, - - - Va,m+e) Of elements of F of the desired form. Furthermore, since
tko,, F = ¢, the v, s form a local frame for F; an exercise in linear algebra then shows
that they are uniquely determined.



34 M. ABATE, F. BRACCI, F. TOVENA

(ii) The elements vg mi1, - - -, Va,m+e form a local frame for the sheaf F in a neighbour-
hood of S N U, since their restriction to S form a local frame for s on U, N S. The
relations (32) then follows directly from (31). O

Restricting to S the first equation in (32) we get:

Corollary 7.11. Assume we are in Case 1 or in Case 2, let {(Uq, 24)} be an atlas adapted
to S and F (and to p too in Case 2), and let Vo mi1,- -, Vamie be given by the previous
lemma. Then the vector bundles associated to Fs and F° are represented by the same
cocycle

(33) [(cpa) s = [gjg] -

in the frames {vam+1 @ [11,- s Vamee @ [1)1} and {0027+ ... 0/02m+ ) respectively.
In particular, the isomorphism o*| g, : Fg — F° is represented with respect to these frames
by the identity matrix.

The restriction to S of the second equation in (32) gives
! T S azg
[(cpa)yh[(aa)y]r = [(ag)g s [a—zg] ;
and thus we get a global section T € H°(S, (F7)* ® Ng) by setting
Tly, = [(aa)y)1 w8 ® Oy,

where w? is the local section of (F?)* induced by dz?. It is easy to check that the
corresponding morphism T': F? — N is given by the composition
0'* —1
T:fa( |f—52 FS%TM@* ﬂ>./\/’5

Remark 7.12. The morphism 7' is non-zero if and only if the foliation F is transversal to

S.
Now we are ready to characterize the existence of morphisms ¢ : F° — A such that
(91 o w =id:

Proposition 7.13. Assume we are in Case 1, or in Case 2 with S comfortably embedded
in M. Given a (comfortable in Case 2) atlas st = {(U,, z4)} adapted to S and F (and to
p too in Case 2), let {fza} be the cocycle defined by

fou = [eas)t] o ([ca])) @ -2 @t

02k

928 A(cga)h

/
a zg 82}3

0 ,
[zt], ® 07 ® WwE,
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and denote by § € H! (S, NE®@ F7® (.7-"’)*) the corresponding cohomology class. Then
there exists a morphism ¢ : F° — A such that 61 o1 = id if and only if

in H' (S, N @Ns® (F°)*), where T is the map induced in cohomology by the morphism
id®T ®id.

Proof. 1t is easy to check that § is a well-defined cohomology class indepedent of the
particular atlas ¢ chosen. Thus to prove the assertion it suffices to find local splittings
VYo: Fluans — Alu.ns so that {1g — 1), } represents the cohomology class T.(F).

A local frame for F is {0/02m*1, ..., 0/02"*}. We then define 9, by setting

0 . 0 . ., 0
3 (507 ) = o @ k) =7 (=2 + il )5 )
and then extending by Og-linearity, where 7: 7, ]5 sy A is the canonical projection, and
71 Ta,s(1y — A is the morphism introduced in Proposition 5.12. Notice that, in Case 1,
Vayp @ [1]2 € Tz\i,sa)’ and so 1), is defined without assuming anything on the embedding

of S into M.
Now, we have:

J 0:1] o 021 o 5
7 — 7 7 — - /+ S,
w(i) = o (52, 5) - 52 - (G -

o lof] )
7 / + 7 a S/ a <
ot et azf)

EEA . )
2 _azg_Qazg

071 02" 0
B ~ s Yea
6z§'] ) Alllas)yle) [825] , 822)

Hence
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In Case 1 the second line of (32) yields ¢3 — 1), = O. In Case 2, applying p to the second
line of (32), and recalling that we are using a comfortable atlas, we get

an, T _8zq/_ T
[ ﬂ] (a3l [g] iyl | [a]

02F B _823/_ &zgl
(922 .
8 ~ P
fry 7 C o / aa 5/

o 1,0([( sa)g)2)[(aa) )1

Hence
o § 82’%/ 3(0/60()2: . 0

(35) (Y5 — ¥a) (@) = [(aa)5]s [azg] 1 [ 2t lw <[Z‘“]Qazg) ’
and we are done. H

Corollary 7.14. Let S be a complex m-codimensional submanifold of an n-dimensional
complex manifold M, and let F be a holomorphic foliation F on M, of dimension ¢ <
n —m = dim S tangent to S. Assume that Fs is a non-singular holomorphic foliation
of S. Then we can always find an Og-morphism : Fg — A such that 6, o = id which
is furthermore a Lie algebroid morphism.

Proof. In this case (35) shows that (34) defines a global morphism . To prove that it is a
Lie algebroid morphism, it suffices to show that {7 (vapy ® [1]2), T(Va,y @ [1]2)} = O for all
P, ¢ =m+1,...,m+L But since F is tangent to S, we have T (vy, ®[1]2) = T(Vapy @[1]2);
hence it suffices to show that

(36) {Vap @ [, va,g¢ ® [1]2} € Zs - Tﬂi,s(l)-
Now, {Vam+1, - -+, Vam+e} 1s & local frame for F, which is an involutive sheaf; it follows
that Ve, Vag] = O, and (36) is an immediate consequence. O

Definition 7.15. Let S be a complex submanifold of a complex manifold M, and F a
holomorphic foliation of M of dimension d < dim S. Assume that S splits into M, with
first order lifting p: Og — Og(1) and associated projection 0*: Ty 5 — Tg. We shall say
that F splits along p if § = O in H' (S, Hom(F?, N3 @ F7)).

Corollary 7.16. Let S be a complex m-codimensional submanifold of an n-dimensional
complex manifold M, and let F be a holomorphic foliation F on M, of dimension ¢ <
n —m = dim S tangent to S. Assume that S is comfortably embedded in M with respect
to an F-faithful first order lifting p: Os — Oguy. If F splits along p then there is an
Og-morphism 1: F° — A such that 01 o ¢ = id.

Remark 7.17. In general, the morphism ¢ provided by the previous corollary might not
be a Lie algebroid morphism, unless ¢ = 1.
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Remark 7.18. As a consequence of (33), we know that

. azg’ B 825; ‘
oo 8])- 3],

therefore ﬁ([(Cga)Z/]g) = O is equivalent to

(ca)?l]2 = [Mi] ;

q/
8zﬂ

compare with Corollary 7.11.

Since we are using an adapted atlas, the first line of (32) yields

/ 1

(37) 5([(csn)?]2) = l(as)i s [825] n [azg ] ().

8 ZE a zg”

This suggests a couple of sufficient conditions for the splitting of F along p:

Corollary 7.19. Let S be a comfortably embedded submanifold of a complex manifold M,
with first order lifting p: Og — Ogy and associated left splitting morphism o*: Ty g —
Ts. Let F be a holomorphic foliation of M of dimension ¢ < dim S such that p is F-
faithful. Assume moreover that one of the following conditions is satisfied:
(a) S is 2-linearizable, and ¢ = dim S;
(b) S is 2-linearizable, and there exists a nonsingular holomorphic foliation of S
transversal to F°.

Then F splits along p.

Proof. In both cases we can find a comfortable 2-splitting atlas {(U,, z)} adapted to S,
F° and p such that ﬁ([(c@a)g]g) = 0 always. In case (a) this follows directly from (37),
because m + ¢ = n; in case (b) the hypothesis implies the existence of a comfortable

2-splitting atlas adapted to S, F and p and such that [0z7 /8,2%”]1 = 0, and we are
done. 0

In Case 2 there is another condition ensuring the existence of the morphism ):

Lemma 7.20. Let S be a comfortably embedded submanifold of a complex manifold M,
with first order lifting p: Og — Og(1y and associated left splitting morphism o*: Tyr s —
Ts. Let F be a holomorphic foliation of M of dimension ¢ < dim S such that p is F-
faithful. Assume moreover that Fgy is (isomorphic to) the trivial sheaf Og‘?(el) of dimen-
sion U (this happens, for instance, if F is globally generated by ¢ global vector fields). Then
there exists an Og-morphism ¢ : F° — A such that 6, o ¢ = id.
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Proof. Let vy,...,vq be global generators of Fgn); by assumption, the 0; = o*(v; ® [1]1)
for j =1,...,¢ are global generators of 7. We then define ¢: F7 — A by setting

Y(0;) = 7(vy),

where 7 is the Og-morphism defined in Proposition 5.12, and then extending by Og-
linearity. It is then easy to check that 6; o ¢ = id, and we are done. U

We finally have all the ingredients needed to prove our most general index theorem for
holomorphic foliations:

Theorem 7.21. Let S be a compact, complex, reduced, irreducible, possibly singular, sub-
variety of dimension d of an n-dimensional compler manifold M, and assume that S
has extendable normal bundle. Let F be a (possibly singular) holomorphic foliation F
on M, of dimension { < d. Assume that there exists an analytic subset X of S contain-
ing (Sing(]—") N S) U 588 such that, setting S° = S\ X, we have either

(1) F is tangent to S° and Fso is a non-singular holomorphic foliation of S° (and in
this case we can take ¥ = (Sing(F) N .S) U S8 ); or
(2) S° is comfortably embedded in M with respect to a first order lifting p which is
F-faithful outside of ¥, and
(2.a) S° is 2-linearizable, and £ = dim S, or
(2.b) S is 2-linearizable, and there exists a nonsingular holomorphic foliation of S°
transversal to F°, or
(2.c) Fgoqry is (isomorphic to) the trivial sheaf O?f(l) of dimension ¢, or, more
generally,
(2.d) T.(f) = O in H'(S°, Ngo @ Nso @ (F7)*).
Then S has the Lehmann-Suwa index property of level £ in case (1), and of level £ — |£/2]
in case (2), on ¥ with respect to F.

Proof. 1t follows from Theorem 6.8, Proposition 7.13, Corollaries 7.14, 7.19, and Lem-
ma 7.20. 0

Remark 7.22. Theorem 7.21.(1) is Lehmann-Suwa’s theorem (see [19], [20] and [28]);
Theorem 7.21.(2.a) generalizes both Camacho-Movasati-Sad theorem (Appendix of [13])
and Camacho’s ([10]) and Camacho-Lehmann’s results ([12]); Theorems 7.21.(2.b), (2.c)
and (2.d) are, as far as we know, new.

Ezample 7.23. We would like to compute the residue in the situation studied in [13], to
show that we recover their theorem exactly. So let S be a Riemann surface 2-linearizable
in a complex manifold M, and let F be a one-dimensional foliation of M generated by
a local vector field v € Ty ¢ at a regular point p € S which is an isolated singular point
for F7. If (U,, z4) is a local chart at p adapted to S and to the first order lifting p, this
means that we can write v = a'9/9z} + a?9/9z% and p is an isolated zero of ay on S. In
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a pointed neighbourhood of p the element v, o defined in (31) is given by
o a0

Vo2 = = .
“T 022 a0z}

Therefore 5 . 5
. {Ta
Y(o*(v) =7 ([a2]26—z§ + [a®]2p ({@} 2) 8—23() ;
and so 3 o( 1/ 2) 3
co [0\ _ ,0(al/a
X (azé) C o | 02

The unique (up to a constant) homogeneous symmetric polynomial of degree 1 in one
variable is the identity id; hence (30) yields
dzi) ,
S

17,2
Res;q(F;p) = L/ da /a) dz2 = Res, (7
la?|=¢

2mi 0zl 0zl

which is exactly the formula given in [13] (and used in Theorem 1.1).

d(a'/a?)

S

8. HOLOMORPHIC MAPS

In this final section we shall describe how to apply the strategy discussed in Section 6
using holomorphic maps instead of foliations.

Let S be an irreducible subvariety of a complex manifold M, and let us denote
by End(M, S) the space of holomorphic self-maps of M fixing S pointwise. We recall a
few definitions and facts from [2].

Definition 8.1. Let f € End(M,S), f # idy. The order of contact vy of f with S is
defined by

vp= min max{pu €N|hof—heTll } €N,
hGOALp P

where p is any point of S.

In [2], Section 1, we proved that the order of contact is well-defined (i.e., it does not
depend on the point p € S), and that it can be computed by the formula

vy = j:rrlli{lnmax{u eEN|fl—z elf,},

where (U, z,) is any local chart at p, and f] = 2} o f. In particular, [f] — 2)],,11 ® 0/02),
defines a local section of Zg/ /I;f+1 ® Tars = Sym” (N&) ® Tyrs, that (see [2], Section 3)
turns out to be independent of the particular chart chosen:
Definition 8.2. Let f € End(M, S), f # idy. The canonical section X; € H(S, Sym" (NZ)®
7) M7S) is given by

Xy =[f] - Zi]ufﬂ ® 0/07],
for any local chart (U,, z,) at a point p € S.
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Since we have Sym"’ (NVZ) = (Sym* (Ns))”, the canonical section X can be thought
of as an Og-morphism X;: Sym” (Ng) — Ty s.

Definition 8.3. Let f € End(M, S), f # idy. The canonical distribution Fy associated
to f (it was denoted by Z; in [2]) is the subsheaf of 7}, ¢ defined by

Fy = X;(Sym" (Ns)) € Tas-
We shall say that f is tangential if Fy C Tg.

Remark 8.4. If S is smooth, in [2], Corollary 3.2, we proved that f is tangential if and
only if
fo—aeTd™

for all » = 1,...,m and all local charts (U,, z,) adapted to S. We also refer to [2] for a
discussion of the relevance of this notion.

Until further notice, we shall assume that S is a smooth complex submanifold of M.
We shall also assume that

(38) rko Sym™ (Ng) = (m vy

) < dim S,
Vg
where m is the codimension of S.

If (Uy, z4) is a local chart adapted to S, we can find (g, )7 . € O symmetric in the

1.7y

lower indices such that
. . . Ty
J_ . — J T,y
fa Za - (ga)rl...r,,f Za Zo -

The (ga) are not uniquely defined as elements of Oy, but it is not difficult to check

that the [(ga)ﬁ'l.__mf]l € Og are uniquely defined. Furthermore, the sheaf F; is locally

J
T1e Ty

generated by the elements
0
' oz,

Finally, the fact that X is well-defined is equivalent to the formula

. ozh 025 9z
j B B, . _"B h
[(ga>r1 ..... r,,f]l [ ] - [azgl ] [(gﬁ>s1,...,s,,f]1?
1 1

Um.--'l‘uf,a = [(ga)gl...r,,f]

072, &zgyf
so that
0z} 02"
B8 B8
(39) Upt oy, = » Usy...s0,,8
e = |G | e

We would like to build our morphism ¢ outside singularities. So in the tangential case
we shall momentarily assume that
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Case 3. The sheaf F; is the sheaf of germs of holomorphic sections of a sub-bundle of T'S

of rank
ﬂ: (m—l—yf — 1)
Vg

To be consistent with the non-tangential case, we shall also set 77 = Fy, 0 = idx, and
Ugl...r,,f,a - Url---"'uf#l'

Remark 8.5. In other words, we are removing from S the analytic subset of the points
of S where X is not injective, together with the analytic subset of the points of S where
Ts/Fy is not locally free.

In the non-tangential case, we project Fy into 7g, as usual.

Definition 8.6. Let S be a splitting submanifold of a complex manifold M. Given a
first order lifting p: Og — Oy /L2, let o*: Tyrs — Tg be the left splitting morphism
associated to p by Proposition 2.7. If f € End(M, S), f # idp, has order of contact vy,
and (38) holds, we shall denote by F¢ the coherent sheaf of Os-modules given by

7= 0" 0 X o (df) (Sym" (M) € T,

where (df)®"f is the endomorphism of Sym"/(Ns) induced by the action of df on Npg.
Notice that if vy > 1 (or vy = 1 and f is tangential) we have df|y, = id, and hence the
presence of df is meaningful only for vy = 1 and f not tangential. We shall say that p
is f-faithful outside an analytic subset 3 C S if F7 is the sheaf of germs of holomorphic
sections of a sub-bundle of rank ¢ = (m”t’ff _1) of TS on S\ X. If ¥ = @ we shall simply

say that p is f-fauthful.
Remark 8.7. The assumption of faithfulness amounts to saying that o* o X o (df)®"s

is injective and 7g/F7 is locally free outside ¥. In particular, if m = 1 then either
o* o X o (df)®" is identically zero or p is f-faithful outside a suitable analytic subset.

So in the non-tangential case we shall assume that

Case 4. There exists an f-faithful first order lifting p, with associated left splitting mor-
phism o*. If {(U,, 2,)} is an atlas adapted to p, we shall also set

0
o ok — p -
Url...r,,f,a =0 (’UTl---Tuf,Oé) - [(ga)rl...rl,f]l azg
when vy > 1, and
* s s 0
Uf,;a = 0 O X O df(ana) = [(67, + (ga)r) (ga)g]l a—g

z
when v; = 1, so that the v, o0 form a local frame for 7 and (39) still holds.

T

We are now ready to compute the obstruction to the existence of the morphism .
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Proposition 8.8. Assume we are in Case 3 or in Case 4. Given an atlas 4 = {(Uy, 24)}
adapted to S (and to p in Case 4), let {mgp,} be the cocycle defined by

q t
Mga = 3zﬂ 3222 325 (g )p
T 028 02002 0z, T

O T 1Ty

W; X ar,a & Vo s
S

if vy > 1 or f is tangential, or by

0z 9%z, Oz
026 025024 0z,

(5:11 + (ga);‘ﬁ) (ga)z wz ® 87"704 ® Unga

S

mpga

if vy =1 and f is not tangential, where the va " form the frame of (F7)* dual to the
frame {v;fl_._mfﬂa of F§, and denote by m € H'(S,Ni ® Ns @ (F7)*) the corresponding
cohomology class. Then there exists a morphism ¢: F7 — A such that 6, o ¢ = id if and
only if

in H'(S,Ng @ Ns @ (F7)*).

Proof. Let us first assume vy > 1 or f tangential. We then define local Og-morphism
Va1 Filu, — A by setting

(40) YalV] iy a) =7 ([(ga)’il...mf]zaizg)

where 7: TJ\‘Z sa) — A is the canonical projection, and then extending by Og-linearity.
Notice that the argument of 7 in (40) is not well-defined, but its image under 7 is. Since
6, o 1, = id, it suffices to show that the cocycle {mg,} is represented by 13 — 1,. But
indeed, recalling (39) and using either that f is tangential or that we are working with
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an atlas adapted to p, we have

¢,3 (Ugl...ruf,a) - ¢,3(U1?1...r,,f,a)

0z} 027 )
_ BB o — p —
= lﬁzgl aZ;Vf] 1wﬁ(vs1...s:/f,ﬂ) [(ga)rl...ryf]l’ﬂ (@Zg‘)

= [(9a)},..,, 1 {Z—Zﬂlw ( [g—jﬂ a%) —1(ga)r, i (a%)
L, i (5

0z} %z 0z 9
e p IB . IB o
[(go‘)”“”’”f]1 {025] 1 lazgﬁzg] ) {823] 17T ([%]282,2) 7

and we are done in this case.
If v/ =1 and f is not tangential we define v, by

ate) = (167 + G0 )

and the assertion follows as before. O

It turns out that in codimension 1 (assuming S comfortably embedded in Case 4) we
have m = O always:

Proposition 8.9. Assume we are in Case 3 or in Case 4 with S comfortably embedded,
and that S has codimension 1. Then m = O.

Proof. Let {(U,, z4)} be an atlas adapted to S, and also comfortable and adapted to p in
Case 4. We define a 0-cochain {z,} € H®(us, N ® Ns ® (F7)*) by setting

W) anlefan) =7 (A by ) = (|2 g )

(67

where in Case 3 we have p([(ga)} 1]2) = [(ga)i 1]2, and thus we do not need to assume
anything on the embedding of S into M. Notice furthermore that, since the codimension
of S is 1, the germ (g,)1 ; is well-defined as germ in Oy, and not only as germ in Og,
and so (41) is well-defined.
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To prove the assertion it suffices then to show that x, — xg = mg,. Now we have

(o = 20T =7 (3t ) ~ [52] wat.00

(%

- w<{ﬁ<[<ga>;..112>— ] At [g—ﬁ] };)

If vy > 1 from

ozt .
v 8
(%)%1(2;) o= f,é - Zé = _323;( 5=z + R2uf
0zk ,
_ B 1\v
- azé (ga){...l(za) T+ R2Vf’

where Ry, € I;Vf , we get

2] o= (2] Mokl [f] e

Since we are working with a comfortable atlas, ﬁ([@zé /0z]5) = O; therefore applying (in
Case 4) p to the previous formula we get

2] ot = [52] Atetit) + [52]. Tl

Remarking that
Pz ozt ozl [0%5 02!
020024 || | 024 X o Oz X 0za ], | 0250z 1’

we obtain the assertion if vy > 1 or f is tangential.
If instead vy = 1, recalling that we are using a comfortable atlas, we have

(go)lzh = fb— ! 0z j ; 182% ho ko R
9phzs = fz— 2= (f ) + 5Dk (fr = 20)(fa —28) + Rs
0z} 02z}
= )iz +azpail URHUSHEN

where R3 € Z3, and so

0z} 0z} 0z}
B 1 1 B 1
] et = [52] et |55| (Lot
Applying p and arguing as before we obtain the assertion in this case too.

We are now ready for our most general index theorem for holomorphic maps:
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Theorem 8.10. Let S be a compact, complex, reduced, irreducible, possibly singular,
subvariety of codimension m of an n-dimensional complex manifold M, and assume that
S has extendable normal bundle. Let f € End(M,S), f # idy, have order of contact vy
with S, and such that { = (mt/”ff*l) < dim S. Assume that there exists an analytic subset

Y of S containing S5 such that, setting S° = S\ ¥, we have either

(1) f is tangential to S°, X|go: Sym" (N&,) — Tso is injective, Tgo /(Fy|se) is locally
free, and
(1.a) S has codimension m = 1, or, more generally,
(I.b) m = Oy
(2) S° is comfortably embedded in M with respect to a first order lifting p which is
f-faithful outside of 3, and
(2.a) S has codimension m = 1, or, more generally,
(2.b) m = 0.

Then S has the Lehmann-Suwa index property of level £ — |€/2]| on ¥ with respect to f.
Proof. 1t follows from Theorem 6.8 and Propositions 8.8 and 8.9. U

Remark 8.11. Theorems 8.10.(1.a) and (2.a) are contained in [2]. Theorems 8.10.(1.b) and
(2.b) are, as far as we know, new.
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