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ABSTRACT. — Following ideas introduced by Beardon—Minda and by Baribeau—Rivard—Wegert
in the context of the Schwarz-Pick lemma, we use the iterated hyperbolic difference quotients
to prove a multipoint Julia lemma. As applications, we give a sharp estimate from below of the
angular derivative at a boundary point, generalizing results due to Osserman, Mercer and others;
and we prove a generalization to multiple fixed points of an interesting estimate due to Cowen and
Pommerenke. These applications show that iterated hyperbolic difference quotients and multipoint
Julia lemmas can be useful tools for exploring in a systematic way the influence of higher order
derivatives on the boundary behaviour of holomorphic self-maps of the unit disk.
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1. INTRODUCTION

The classical Schwarz—Pick lemma [6, 23, 24, 28] says that every holomorphic
self-map of the unit disk D C C is a weak contraction for the Poincaré distance
. More precisely, for every f € Hol(D, D) and z, w € D we have

o(f(2), /(W) < w(z,w),

with equality for some zy # wp if and only if there is equality everywhere if
and only if f is an automorphism of D. In particular, if f ¢ Aut(D) then we
have

(1) a(f(2), f(w)) < o(z,w)

for all z # w.
In the century following the appearance of this result many improvements of
(1) for non automorphisms have appeared; see, e.g., [3, 4, 10, 13, 15, 17, 18, 27].
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Surprisingly, in 2004 Beardon and Minda [5] found an elegant unified way to re-
cover all these results, and more.

Their idea is based on the hyperbolic difference quotient f* : D x D — C asso-
ciated to a holomorphic self-map f* € Hol(D, D), which is defined as follows:

%/% if z % w;

1-f
f(z) L ifz=w
RVCIE '

[(zw) =

It is clear that for every w € D the map z — f*(z,w) is holomorphic. Beardon
and Minda observed that (1) is equivalent to saying that, if f is not an auto-
morphism, then f*(-,w) is a holomorphic self-map of D for every w € D. But
then one can apply the Schwarz—Pick lemma to f*(-,w), obtaining the following
3-point Schwarz—Pick lemma:

THEOREM 1.1 (Beardon—Minda, 2004). Let f € Hol(D, D)\Aut(D). Then
o(f*(z,0), /7 (w,0)) < o(z,w)

for all z,v,w € D. Furthermore equality holds for some zy # wqy and vy if and only
if it holds everywhere if and only if f is a Blaschke product of degree 2.

Here a Blaschke product of degree d > 1 is a holomorphic self-map of D of the
form

where § € R and a4, ...,a; € D. In particular, the Blaschke products of degree 1
are exactly the automorphisms of D.

As mentioned above, Beardon and Minda showed how the apparently innoc-
uous Theorem 1.1 can be used to recover many inequalities improving the origi-
nal Schwarz—Pick lemma; we refer to their beautiful paper [5] for details.

A consequence of Theorem 1.1 is that if f is not a Blaschke product of degree
2 then f*(-,w) is not an automorphism of D; therefore its hyperbolic difference
quotient again is a holomorphic self-map of D, and hence we can apply the clas-
sical Schwarz—Pick lemma to get a 4-point Schwarz—Pick lemma — and then, iter-
ating the procedure, a n-point Schwarz—Pick lemma for any n > 2.

This idea has been explored by Baribeau, Rivard and Wegert [2] in the con-
text of the Nevanlinna—Pick interpolation problem, and by Cho, Kim and
Sugawa [8] in more generality; see also [25, 26]. To state their results, we need
some notations. Given f € Hol(D,D) and z,wy,...,wx € D we define the iter-
and Ay, v f(2) = Ay, (Ay, ,,..wf)(z). Then we have a multi-point Schwarz—
Pick lemma:
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THEOREM 1.2 (Baribeau-Rivard—Wegert, 2009). Given k >1, take f €
Hol(D, D) not a Blaschke product of degree at most k. Then

Ay S (2), Ao (W) < 0z, w)

for all z,w,wy,...,wi € D. Furthermore equality holds for some zy # wy and
Wi, ..., Wi if and only if it holds for all z,w,wy,... ,wi € D if and only if f is a
Blaschke product of degree k + 1.

Another way of expressing the Schwarz—Pick lemma consists in saying that
holomorphic self-maps of the unit disk send disks for the Poincaré distance into
disks for the Poincaré distance. Julia [14] in 1920 noticed that by moving the
centers of these disks toward the boundary one can get a boundary version of
the Schwarz—Pick lemma, nowadays known as Julia lemma:

THEOREM 1.3 (Julia, 1920). Let f € Hol(D, D) and ¢ € 0D be such that

i LG
ﬁ/(O') = lltpjglfw—a< 0.

Then there exists a unique © € 0D such that

Y ICPPNEr;
e <Py

for every z € D. Moreover, equality in (2) holds at one point if and only if it holds
everywhere if and only if f € Aut(D).

(2)

The number () € (0, +c0] is the boundary dilation coefficient of f at o, and
it is the absolute value of the angular derivative f'(o), the non-tangential limit
of f” at o, which is known to exist thanks to the Julia—Wolff-Carathéodory the-
orem. It is well-known that f,(a) > 0 always; furthermore, if (o) < +oo then
the point 7 appearing in the statement of Julia lemma is the non-tangential limit
of f at g, that we will denote by f(o).

The geometrical meaning of (2) is that if /(o) < +co then f sends horocycles
centered at ¢ in horocycles centered at f(o), where a horocycle E(a, R) of center
¢ € 0D and radius R > 0 is given by

2
E(o,R) Z{ze ID"U dl <R}.

1 —|z?

Geometrically, E(o, R) is an Euclidean disk or radius R/(R + 1) internally tan-
gent at dD in o.

The aim of this paper is to obtain a multipoint version of Julia lemma along
the lines of Theorems 1.1 and 1.2. The paper [5] contains a 3-point Julia lemma,
but its statement does not involve the hyperbolic difference quotient, and it is
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in a slightly different spirit. Closer to our aims is [19, Proposition 4.1]; but its
(Euclidean) statement is quite involved and not easy to use (see Remark 3.8).

Our idea then is to obtain a version of Theorem 1.3 involving the iterated
hyperbolic difference quotients. The main difference between the Schwarz—Pick
lemma and the Julia lemma is that the latter works only for maps with finite
boundary dilation coefficient. So the main result allowing our approach to start
is the following (see Proposition 3.4):

PrROPOSITION 1.4. Let f € Hol(D,D) and g € 0D be such that f(c) < +co.
Then

L= [fm)F 1= w?
1f(a) = fnI* |o—w]?

for all we D. In particular /)’Aw0 (o) < +oo for some woe D if and only if
Ba,r(0) < +co forall w e D if and only if f;(a) < +c0.

ﬁA‘,f(U) = ﬁf(a)

So if the boundary dilation coefficient is finite for f it remains finite for all the
iterated hyperbolic difference quotients of f. This allows us to obtain a multi-
point Julia lemma (see Theorem 4.2):

THEOREM 1.5. Given k > 1, take f € Hol(D, D) not a Blaschke product of de-
gree at most k. Let g € 0D be such that fi;(d) < +oo. Then

2
(3) | Wi yeers nlf( ) wk ..... nlf( )| SﬁAwk“_uwlf(O') |0' Z|2
1_| Wi yenny H]f( )| 1_‘Z|

forall z,wy, ... ,wi € D. Moreover, equality occurs for some zy,wi, ..., wi € D if

and only if it occurs everywhere if and only if f is a Blaschke product of degree
k+1

We now describe two applications of this theorem. We mentioned before that
the boundary dilation coefficient is always strictly positive. In some instances it is
useful to have a more explicit bound from below, like the classical one

1 1/0)
@ M= ror

In Section 4 we shall prove a much more precise estimate (see Theorem 4.3):

THEOREM 1.6. Given k >0 let f € Hol(D, D) be not a Blaschke product of
degree at most k. Take o € 0D with fi;(d) < +o0. Then

(5) ﬁf(O') > Z |Wj+1| H |AW1, ..... mf( )_ Whseors mf(Wh+1)|2

=0 |0' Wj+1| = 1_| Wi,y 1\1f(wh+l)|
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Sor every wi, ..., wii1 € D, where A, ., f = f when h = 0. Furthermore we have
equality in (5 )for some wi, ..., Wiy € D if and only if we have equality for all
Wiy...,Wiy1 € D if and only iff is a Blaschke product of degree k + 1.

In particular we have the following corollary (see Corollary 4.7):

COROLLARY 1.7. Given k >0 let f € Hol(D, D) be not a Blaschke product of
degree at most k. Take o € 0D with (o) < +co. Then

k1 — Ao, £(0)]
ACEDI Femyverrok

where Oy = (0,...,0) € D" is the origin of C", and Ao, f = f when h =0. Fur-
thermore we have equality if and only if f is a Blaschke product of degree k + 1
and Ao, f(0) = |Ao, f(0)|Ao, f (o) forall h =0, ... k.

These results when k& = 0 recover (4) and when k > 1 improve previous esti-
mates due to Unkelbach [29, 30], Komatu [16], Frovlova et al. [12], Osserman
[22] and Mercer [21].

When f(0) = 0 the estimate (4) implies that f,(s) > 1. In 1982, Cowen and
Pommerenke [9] proved that if moreover f (o) = o this estimate can be improved
to

L= (O)I2
- /1)

More precisely, they obtained a sharp estimate valid when f has a fixed point
inside and » fixed points on the boundary:

Brlo) =1

THEOREM 1.8 (Cowen—Pommerenke, 1982). Let f € Hol(D, D)\Aut(D) be such

that f(zo) = zo for some zy € D. Assume there exist a1, . ..,a, € 0D distinct points
with By (o) < +oo and f(o;) = a; for j=1,...,n. Then
~ 1 1 —|f"(z0)|”
(6) > e S )l
= 9;) 11— f"(z0)]

Furthermore, equality holds if and only if f is a Blaschke product of degree
n+ 1

In Section 3 we shall show (see Proposition 3.11) how to obtain this result as a
consequence of our Theorem 1.5 for kK = 1. More interestingly, in Section 4 we
shall generalize the estimate (6) to the case of multiple fixed points (see Theorem
4.12):

THEOREM 1.9. Let f € Hol(D, D). Given k > 1, assume that f is not a Blaschke
product of degree at most k > 1 and that there exists zy € D such that f(zy) = zy
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and f'(z9) = = fk=D) (Zo) =0. Take ay,...,0, € 0D distinct points such that
(2" + 20
f(G/) = 0_ ogi—zo \k’
1+ZO(1LZ_00'/)

for j=1,...,n Then

1 —

®)(z 2 k-1]?
. | LZE (1 — [z0) 4|
Z (a))

<
(f gj)Zo - K)o 1127
7 (1+2Re mif“)ﬁf(a,) k ‘1 e N

with equality if and only if f is a Blaschke product of degree n + k.

The proof in the general case is a bit delicate and requires the full force of our
multipoint Julia lemma. However, the case zp = 0 has a simpler statement, and
actually a much easier proof (see Corollary 4.13):

COROLLARY 1.10. Let f € Hol(D, D). Given k > 1, assume that f is not a
Blaschke product of degree at most k and that

£(0) = = FED(0) = 0.

Take o1, ...,0, € 0D distinct points such that B, (a;) < +co and f(g;) = o—;‘ for
j=1,....,n Then

®(0)]2

i . 1— fk!(0>‘
ks o2

= Bylay) =k ‘1 _%‘

with equality if and only if f is a Blaschke product of degree n + k.

Summing up, these applications show that iterated hyperbolic difference quo-
tients and multipoint Julia lemmas can be an useful tool for exploring in a sys-
tematic way the influence of higher order derivatives on the boundary behaviour
of holomorphic self-maps of the unit disk.

This paper is organized as follows. In Section 2 we shall collect a number of
preliminary definitions and results that we shall need later on. In Section 3 we
shall discuss 2-point Julia lemmas, proving in particular Proposition 1.4. Fi-
nally, in Section 4 we shall introduce our general multipoint Julia lemma and its
applications, proving in particular Theorems 1.5, 1.6, 1.9 and Corollaries 1.7 and
1.10.

REMARK 1.11. After completing this work I became aware of the recent paper
[11], containing a statement equivalent to Theorem 1.6. I thank Oliver Roth for
pointing this out to me.
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2. PRELIMINARIES

In this section we collect a few known results that shall be useful later on.
2.1. Blaschke products

DEerINITION 2.1. A (finite) Blaschke product B € Hol(D, D) is a holomorphic
self-map of D continuous up to the boundary with B(¢éD) C ¢D. Since a Blaschke
product B cannot vanish in a neighbourhood of dD it must have a finite number
d > 0 of zeroes in D, counted with respect to their multiplicity. The number d
is the degree of B. We shall denote by %, the set of Blaschke products of degree
d > 1, and by %, the set of constant functions of modulus 1.

LemMA 2.2, A function B € Hol(D, D) is a Blaschke product of degree d > 0 if
and only if there are 0 € R and ay, . .. ,a; € D such that

d _
(7) )=e H "/.

In particular, if y € Aut(D) then Boy and y o B are still Blaschke products of the
same degree d.

PrOOF. Since

c—a _o—a
— =g—— € 0D
1 —ao g—a

for all ¢ € D and a € D, it is clear that all maps of the form (7) are Blaschke
products of degree d, w1th zeroes in ay, ..., d,.

Conversely, assume that B is a Blaschke product of degree d > 0. If d =0
then the maximum principle applied to 1/B implies that |B| =1, and hence
B = ¢" for a suitable 0 € R.

Assume d > 1, let ay,...,a,; € D be the zeroes of B, listed accordingly to their
multiplicities, and put

d
s

Then B/ B is holomorphic without zeroes in D and |B/By| = |By/B| =1 on dD.
By the maximum principle we get |B/By|, |Bo/B| < 1, and thus B/B, is a con-
stant of modulus 1, as required.

If y € Aut(D) then Bo y obviously is a Blaschke product of the same degree.
On the other hand, clearly y o B is still a Blaschke product. Moreover, if a =
771(0) then (y o B)(z) = 0 if and only if B(z) = a if and only if

d
z—a] Hl—aj

m&
%
~.
I E&
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This is a polynomial equation of degree exactly d; thus y o B has exactly d zeroes,
counted with multiplicities, and we are done. |

In particular, the Blaschke products of degree 1 are exactly the automor-
phisms of D, that is 4, = Aut(D). If w € D we shall denote by p,, the automor-
phism

Z—w
’}JW(Z) - 1 o WZ.
Later on we shall need the following
LEMMA 2.3. Let ay,...,0, € 0D be distinct points, ai,...,a, € R" and B € %,

for somen>1andd > 0. If B# 1 defineh: D — C by

1+hz aj—l—z 1 + B(z)
h(z) z::]a]—z 1—-B(z)
Then h € %, 4.

PrROOF. A quick computation yields

2B(z) + (1 = B(2))S(2)

M) = T BE)SG)

where

Z" oj+z
O'] —

in particular 4 is a rational function of degree n + d because numerator and de-
nominator have no common factors.
When z € D we have

l+hz . gj+z 1+ B(z)
a;Re -2 + R
h(z) Z i —Z el—B(Z)

4 1 -1z l—Bz2
S 1= 1BE)

5> 0;
o — 2|’ U—B@ﬂ

this yields 4(z) € D, and hence #(D) C D.
If o € 0D is different from o; we have

g +0_ Py Im(acrj)

€ IiR;
gy —0 lo; — o
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thus if o # o1, ...,0, we have S(g) = ia € iR and hence setting B(c) = ¢ € oD
we have

2e + (1 — e)ia

, oD.
24 (1 —e")ia ©

h(o) =

To deal with o = g; we write

ai(g; +2)(1 = B(z)) + (9 — 2)(S;(2) + 2B(2))
aj(g) +2)(1 = B(2)) + (0; = 2)(S;(2) +2)
where Sj(g;) = 0; therefore we get /(g;) = 1, also when B(g;) = 1.

Summing up, we have proved that / is a Blaschke product; being a rational
function of degree n + d we get h € #,.,4, and we are done. O

h(z) =

2.2. The hyperbolic difference quotient

DEFINITION 2.4. Let f € Hol(D,D) be a holomorphic self-map of the unit
disk. The hyperbolic derivative f" : D — C of f is given by

h _ / 17|Z|2
e 1—If )I/ )1—|f()|

The hyperbolic difference quotient f* : D x D — C is given by

S-S / v s

f(z) if z=w.

It is easy to check that for every w € D the function z — f*(z,w) is holomor-
phic. Furthermore, the Schwarz—Pick lemma implies that |f*(z,w)| < | always,
and that there exists (zg,wp) € D x D such that |f™(zp,wp)| =1 if and only if
|/*| =1if and only if / € Aut(D). In particular, if y € Aut(D) is given by

n Z—d
D)=e —
»(2) "2
then it is easy to check that
ol —aw

y(z,w) =e =

This can be seen as a particular case of the following result:

PRrOPOSITION 2.5. Let f € Hol(D,D) and d > 1. Then f € %, if and only if
f(,w) € By for all w e D if and only if f*(-,wo) € By_1 for some wy € D.
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PrROOE. By definition we have

(8) yw(Z)f*(Z, W) = yf(w) (f(Z))

for all z,w e D. If f*(-,wo) € %41 for some wp € D then B =y, f*(-,wo) is a
Blaschke product of degree d, and thus Lemma 2.2 implies that /" = yﬂ}m) o Bis
a Blaschke product of degree d.

Conversely, if f is a Blaschke product of degree d, then for any w € D we
have that ys(,, o /" is a Blaschke product of degree ¢ vanishing at w. Therefore
7w is a factor of y,, o f, and (8) implies that /™ (-, w) is a Blaschke product of
degree d — 1. O

2.3. The classical Julia lemma

DEFINITION 2.6. The horocycle E(a, R) C D of center o € 0D and radius R > 0
is given by

9) E(O',R)Z{ZED‘|G_Z|2<R}.

1=z

Geometrically, E(a, R) is the euclidean disk of radius R/(R + 1) internally tan-
gent to dD in o.

DEerINITION 2.7. Given f € Hol(D, D) and ¢, 7 € D, set

f= G Jlo =z
(10) pilo,7) = sup{ .
! cen 1= 1f@)P/ 1- 2
The boundary dilation coefficient of f at o is given by
(11) ﬂf(o-) - rlerg[;} ﬂf(o-a T) € [Oa +OO]

REMARK 2.8. By definition
VR>0 f(E(O', R)) c E<Taﬁf'(aa T)R)

In particular, for every f € Hol(D,D) and ¢ € dD there is at most one point
v € 0D such that fi,(a,7) is finite. Indeed, if we had (g, 7;) < +o0 for two dis-
tinct points 71,7, € 0D we would get a contradiction choosing R so small that

E(TluﬁR) ﬁE(Tz,ﬂR) = Q)u
where § = max{f; (o, 1), B, (5,22},

The following well-known result gives us an alternative way to compute the
boundary dilation coefficient (for a proof see, e.g., [1, Proposition 1.2.6]):
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PROPOSITION 2.9. Tuke f € Hol(D, D) and o € 0D. Then

By(c) = liminf 1-f@l

S
Furthermore (see, e.g., [I, Lemma 1.2.4]):

LemMA 2.10. Let f: D — D be holomorphic. Then

L=/ 1= 1/(0)]
L=zl 1+ [7(0)]

(12) VzeD > 0.

In particular, for all o € 0D we have

1—/(0)]

Moreover, equality in (12) holds at one point zo # 0 (and hence everywhere) if and
only if f(z) = ez for a suitable 0 € R.

We can now state the classical Julia lemma [14]:

THEOREM 2.11 (Julia lemma). Let f € Hol(D, D), and choose o € 0D so that
Bs(0) < +o0. Let © € 0D be the unique point of 0D such that B (o,7) < +co. Then

t— /) o -2
14 —— = < fBi(o ,
o P =T
that is
(15) VR>0 f(E(o,R)) C E(t,Bs(0)R).

Moreover, equality in (14) holds at one point (and hence everywhere) if and only

if f € Aut(D).

As a consequence we have another way for computing the boundary dilation
coefficient:

COROLLARY 2.12. Take f € Hol(D, D) and o € 0D. Then

Bs(o) = lim 1-1/(ro)| _ . ﬂ'

P r—1- 1 =72
PrOOF. By Proposition 2.9 we have

e AGIIN

?

Br(o) < ligligf T,
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in particular the first equality is proven when (o) = +o0. Assume then that
Br(0) < +o0. An easy computation shows that ro € 0E ( g,1 +r) therefore Theo-
rem 2.11 yields f(ro) € E(z,f; (0 )1+r) for a suitable 7 € dD. Since E(z,R) is
an Euclidean disk of radius R/(R+ 1) internally tangent to 0D in 7 it follows
that

=110 = e = o) < 20
1+r
Therefore
1) _ %yo)  _
ey = T s e

and the first equality is proved.
To prove the second equality, first of all notice that

2 1-1fGo)| _ 1+1f(ro)| 1—|f(m)|:1—|f(m)|2
l+r 1—r = l+7 1—r j—

I 1-|/(9)]
14 1—r

(16)

From this the second equality immediately follows when f(o) = +oo. If
Bs(o) < +oo then |f(ro)| — 1 as r — 17, and thus the assertion follows again
from (16). O

DEFINITION 2.13. Given 7 € D and M > 0, the Stolz region K(t, M) of vertex
7 and amplitude M is

(17) K(T,M)—{Ze DH_|Z|| <M}

Note that K(z, M) =0if M <1, for [t —z| > 1 —|z|.

DEFINITION 2.14. We say that a function f : D — € has non-tangential (or
angular) limit ¢ € C at ¢ € dD if f(z) — ¢ as z tends to ¢ within K(a, M) for
any M > 1. When this happen we shall write

K-lim f(z) =

and denote ¢ by f(0).

We end this preliminary section recalling the famous Julia—Wolff—
Carathéodory theorem [7, 31]; for a proof see, e.g., [1, Theorem 1.2.7].
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THEOREM 2.15 (Julia-Wolff—Carathéodory; 1926). Let f € Hol(D,D) and
7,0 € 0D. Then

(18) Kelim Z=S) _ waB(a,7).

z—0 g—Zz

If this non-tangential limit is finite then B;(c) = f,(0,7) < +00, the function [ has
non-tangential limit t at o and

(19) K-lim f'(z) = 1Gf,(0).

ZI—0

3. 2-POINT JULIA LEMMA

As anticipated in the introduction, our 2-point Julia lemma will be obtained by
applying the classical Julia lemma to the function f*(-,w). To do so we need to
compute the boundary dilation coefficient of the hyperbolic difference quotient;
this is done in the next two results.

LEmMA 3.1. Let f € Hol(D, D) and o € 0D be such that f has non-tangential
limit f (o) € 0D at 6. Then

K-lim f*(z,w) = f(o);f(w) / - maf(@ — /() (:__ v e oD

B 1—fWf(e)/ 1o f(o) = f(w)
for all w e D.

Proor. It follows immediately from the definition of f*. O

DEerFINITION 3.2. Let f € Hol(D,D) and ¢ € dD be such that f has non-
tangential limit f(o) € 0D at o. Given w € D we set

f*(o-a W) = K_limf*(za W);

in particular, |f*(¢g,)| = 1.

REMARK 3.3. For the sake of completeness, we remark that

e @ S@) fimo _
Kw-l}(rynf (Z’W)_l—mf(z)/lﬁz = f(o)

for all z € D. Moreover, (18) yields

~

, — J(o)g _
K-lim f*(o,w) = f(6)0 =———— = f(0)d.
clim (o) = Fe 7 L= 110

ﬁf(o")
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PRrROPOSITION 3.4. Let f € Hol(D, D) and g € 0D be such that fy(c) < +o0.
Denote by f (o) € 0D the non-tangential limit of f at o. Then

| 2

= |f (W) L=l f))P 1w

S AT T T
=l V(ﬂ_ﬁﬂﬂ—fmﬂzla—ﬂj
(o) - [ L= lf )] /1=

for all w € D. Moreover, the left-hand side vanishes for some wy € D if and only if
it vanishes for all w € D if and only if f € Aut(D).

PRrROOF. First of all we have

<> s |? (1 @) =f(w) ) (1 |z 2)
1_|f*(Z,W)|2:1 Z( lf(;) _ —f(w) f(z )7 L wz
1—wz 1—inz
(If@RA= ) (A=) (A=)
T/ TE=E
N z—w |2
1—wz
-1/ i /@R 17|w\22

2\ |[1=f(w)f(z 1—|z|? [1—iwz|

(1~ [ofty DTG '
1—-wz

Recalling Corollary 2.12 and the fact that f has non-tangential limit f (o) € 0D
at ¢ we obtain

1|/ L— |/ U g () — AL
liminf M — liminf — |/ (ro, W) | _ 17w 11— i7a]
R I S e f?

—WwWa

L= f)l> 1w
(@) = fI* o —w*’

= ﬁf(a)

and (20) is proved.
Finally, by Theorem 2.11 the right-hand side in (20) vanishes at one point if
and only if it vanishes identically if and only if f € Aut(D), and we are done.
O

DEFINITION 3.5. Given f € Hol(D, D) and o € dD we put

L= |fw> 1= w?
f(@) = fn] Jo—w?

By (a;w) = fy(0) € [0, +o0]
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for all w e D. In particular, ﬁ}‘(a, wo) = +oo for some wy € D if and only if
B;(a;-) = +oo if and only if f,(c) = +o0, and 7 (a,wo) = 0 for some wo € D if
and only if B (0;-) = 0 if and only if / € Aut(D).

As a first hint of how it is possible to use this kind of results we show how to
improve (13):

COROLLARY 3.6. Let f € Hol(D,D) and o € 0D be such that B;(a) < +oo.
Then

T 1= v B
w2 = s | " 2
R F=TOY e
Sor all w e D\{0} and

2 |f(e) = f(0)] 2 1-|f(0)
Ch FO= e 1 o S TR0 10

ProOOF. If we apply (13) to f*(-,w) we get

Py (o)

/7 (0, w)|

. |-
Frlew) 2 7170 w)]

for all w e D. Since

S-S0 e
(0,w) = v e WY
£(0) ifw=0,

we immediately get the first inequality for w # 0. When w = 0 we get

L fOF 1ol 2
Fo)— fOF = 1m0 T T T )

and we are done. O

(22) Pr (o)

Notice that when f ¢ Aut(D) we have |f"(0)] < 1 and thus (21) is strictly
stronger than (13).

The inequality (21) was already known (see, e.g., [22]); however, in the next
section we shall substantially improve it (see Theorem 4.3 and its corollaries).

We can now state and prove our 2-point Julia lemma:

THEOREM 3.7. Let f € Hol(D, D)\Aut(D) and o € 0D be such that B;(o) <
+o0. Then

(o, w) = /7 (zw)|?
23
> L= 1f*@w)

jo — 2|’
I -z

< Br(osw)
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for all z,w € D. Moreover, equality in (23) occurs for some (zo, wo) € D x D if and
only if it occurs everywhere if and only if f is a Blaschke product of degree 2.

PRrROOEF. The inequality (23) follows from Theorem 2.11 applied to f*(-, w). If we
have equality in (23) for some (29, wp) € D x D again Theorem 2.11 implies that
f*(-,wo) € Aut(D), and then Proposition 2.5 implies that f € %,. Conversely,
f € %, implies that f*(-,w) € Aut(D) for all w € D, and thus we have equality
in (23) for all z,w € D. O

REMARK 3.8. It turns out that (23) implies a (not very illuminating) Euclidean
statement, originally proved by Mercer [19], that in our notations can be ex-
pressed as follows: let f € Hol(D, D) and ¢ € dD be such that f(o) < +c0.

Take w € D and set A = — Hz,b’ ﬂf(a W), ¢, (2) = == and

o—z| —z

FsGF
u— T (oG

Then for all z € D we have |f(z) — ¢,(z)| < r(z), where

e o ) j
O ) R e @) L+ A

+ m¢f(w) (f : (07 W) ¢w (Z) ) )

R b
11— F(w)f*(o,w)d,,(2)]> L+ A

This can be recovered as follows. Theorem 3.7 says that f*(z,w) belongs to
the horocycle of center f*(o,w) and radius */A, which is an Euclidean disk of
center /3— +.f*(o,w) and radius ﬁﬂ . Since ¢,,(z) f*(z,w) = ¢f w) (f(2)), it follows

that ¢, u ( (z)) belongs to the Euclidean disk D of center -2+ A + <~/ (o,w)¢,,(z) and
radlus +|4,,(2)]. Using the fact that ¢/7(L,) = ¢y We get that f(z) belongs to

the Euclldean disk ¢y, (D); computing center and radius of this latter disk we
get the assertion.

L:

rw(z) = 19(2)]

Applying Theorem 2.15 to f*(-,w) we get the next corollary:

COROLLARY 3.9. Let f € Hol(D, D)\Aut(D) and ¢ € 0D be such that B;(o) <
+0c0. Then

f*(O', W) _f*(zv"‘})

K;ll;n P = f"(a,w)ap;(a;w)
and
. of” . pe
K-lim ——(z,w) = f (0, w)5f; (o; w).
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As mentioned in the introduction, specializing Theorem 3.7 to the case
f(z0) = zp we can recover an estimate due to Cowen and Pommerenke. The
main step is contained in the following

COROLLARY 3.10. Let f € Hol(D, D)\Aut(D) and o € 0D be such that (o) <
+00. Assume that f(0) = 0. Then

fo) _ f(2)

(24) L S '1"_‘|;'§

if z # 0 and

25) frof o
L—lof T

In particular, if furthermore f (o) = o we get

(26) % < fy(o) - 1.

Moreover, equality occurs in (24) at some zy € D\{0} or in (25) if and only if it
always occurs if and only f is a Blaschke product of degree 2.

ProoOF. If £(0) = 0 then

19 itz 20,

27 Je0r= {f "0) if z = 0;

moreover, f*(c,0) = f(c)/o and f;(0;0) = () — 1. The assertions then fol-
low from Theorem 3.7. ' O

When f(g) = o (26) can be restated as

1 L= [0 . 1+ £'(0)
B =1 = 1= o 1=

Recalling that f"(o) = f,(s) when f(o) = o, where f'(o) is the non-tangential
limit of /' at o (see Theorem 2.15), using (24) we can now recover a result due
to Cowen and Pommerenke [9], saying that a similar estimate still holds when
there are several fixed points in the boundary:

ProposiTION 3.11 (Cowen—Pommerenke, 1982). Let f € Hol(D, D)\Aut(D)
be such that f(zy) =zy for some zy € D. Assume there exist ay,...,o, € 0D
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distinct points with B;(o;) < +oo and f(o;) = a; for j=1,...,n. Then

s L= |f"(z0)
DY) R T

(28)

Furthermore, equality holds if and only if [ is a Blaschke product of degree
n+ 1

PRrOOF. First of all, let ¢, (z) = (z0 — z)/(1 — Zoz). Then f = ¢, o f o ¢, satis-
fies £(0) =0 and f7(0) = f’( 0). Moreover if we put ; = ¢, (g;) then we have
f (6;) = 6; and ﬂf(o]) B¢ (a;). Therefore in the proof without loss of generality
we can assume zo = 0.

For j=1,...,n set f; = f;(0;). We would like to prove, by induction on n,
that

PO LG TR (CTE

1 f(2)/z]* —f(2)/z

1 - A I I
Zzﬂlee<o—;z)_Zﬂj 2

=1 =1 1 o — z|

for all z € D, with equality at one point (and hence everywhere) if and only if
f € By:1. Clearly, when z = 0 the expression f(z)/z is replaced by f’(0), and
thus the theorem follows taking z = 0.

Forn =1 (29) follows from Corollary 3.10. Assume it is true for n — 1. In par-
ticular we have

n—1
(30) Re Hfz Z GFE S,

f(2)/z —lo—z

with equality at one point (and hence everywhere) if and only if f € %,. There-
fore we can find 2 € Hol(D, C) with 42(D) C D so that

l—ﬁ—f(z)/z_"_1 1 o+z 1+h(z)
e YD Dy P w1

(31)

Notice that #(D) C D unless in (30) we have equality at one point (and hence
everywhere); in that case i = e’ for a suitable 0 € R.

If h = e, Lemma 2.3 shows that f(z) = zB(z), where B € %,_;. But then f,
being rational of degree n, can have at most n fixed points, whereas we are assum-
ing that it has n + 1 fixed points, contradiction. Thus / cannot be a constant, and
we have the strict inequality in (30).
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A quick computation shows that

where

with the usual convention of replacing f(z)/z by f/(0) when z = 0.
Put ¢(z) = zh(z). Then g € Hol(D, D), g(0) =0 and g(o,) = g,, because
h(o,) = 1. Furthermore we have

2-(1- ~1’(—Z>)S<z))2 E (re)- @> +o(1- @ﬂ ’

and thus

K-lim 7/ (z) = G,(B, — 1).

=0y

Since ¢'(z) = h(z) 4 zh'(z) we get g'(o,) = p,. Since & is not a constant we can
apply Corollary 3.10 to g obtaining

) Re(53) = g kel )

which recalling the definition of / gives exactly (29).

If we have equality in one point in (29) we must have equality in one point in
(32), and this happens if and only if g is a Blaschke product of degree 2, again by
Corollary 3.10. But this occurs if and only if # € Aut(D); putting this in (31) we
get that /' € 4,1 by Lemma 2.3.

To prove the converse, assume that f € %,,; with f(0) =0. Then f(z) =
zB(z), where B € %,, and a1, ..., 0, € 0D are the n distinct solutions of B(z) = 1.
Let F : C — C be defined by

1+BZ i o +z

B(z) la/—z

Then Re F|,, = 0; this implies that Re F(0) = 0, which is exactly

=1/ O & 1
1= 7107 =

and we are done. O
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4. MULTIPOINT JULIA LEMMAS

Our 2-point Julia lemma has been obtained by applying the classical Julia lemma
to the hyperbolic difference quotient (-, w), which is a holomorphic self-map of
D as soon as f is not an automorphism of D. But if we also assume that f is not
a Blaschke product of degree 2 then by Proposition 2.5 f*(-,w) is not an auto-
morphism of D, and so its hyperbolic difference quotient is a holomorphic self-
map of D to which we may apply the classical Julia lemma, obtaining a 3-point
Julia lemma.

Clearly this procedure can be iterated; to do so let us introduce some
notations.

DEFINITION 4.1. Given k > 1 and wy,...,w; € D the hyperbolic k-th difference
quotient A, ., f of f € Hol(D, D) is deﬁned by induction by setting A,,, f(z) =

f*(z,w) and

W/( ..... Wl,f( ) - \M((Awk,]7...,\'&‘1]')(2)
for k = 2.

Proposition 2.5 ensures that A,

_____ wf € Hol(D, D) as soon as f is not a
Blaschke product of degree at most k. Moreover, if ¢ € 0D is such that f,(g) <
+oo by applying repeatedly Proposition 3.4 we see that [)’A . 7(a) is finite.
More precisely, ff A /(o) can be recursively computed by

1 - |AW/<,1,...,W[f‘(m}k)|2 _ 1 B |M}k|2
|A Wk—17~---,wlf(o-) Ay wlf(Wk)‘z o — Wk|27

and the non-tangential limit A, f(o) is inductively given by

A oS (0) = Dy [ (Wk) G — W
Awk,l.,...,wlf(o-) - Awk,l,...,wlf(wk) 0 — Wk

In particular we have a multipoint Julia lemma:

Ba

@) =Ba, L r(0)

“1 Wh—1»

Awk,...,wlf(o-) - Awk,l,.“,wlf(o-)o-

THEOREM 4.2. Given k > 1, take f € Hol(D, D) not a Blaschke product of de-
gree at most k. Let o € 0D be such that B(a) < +oco. Then

2 2
(33) B O B SO ) 72
1 - |Awk ..... wlf(z)| g 1-— |Z|
for all z,wy,...,wr € D. Moreover, equality occurs for some zy,wi,...,wi € D if

and only if it occurs everywhere if and only if f is a Blaschke product of degree
k+1.

Proor. The inequality (33) follows from Theorem 2.11 applied to A, ., f. If
we have equality in (33) for some zo, wy, ..., w; € D again Theorem 2.11 implies
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that A, ,,f € Aut(D), and then Proposition 2.5 implies that /" € %;.;. Con-
versely, f € %By1 implies that A,, ., f € Aut(D) for all wy,...,w, € D, and
thus we have equality in (33) for all z,w;,...,w; € D. 0

The idea is that we can use this multipoint approach to improve known esti-
mates by involving higher order derivatives. We shall show two examples of this:
a strengthened version of Corollary 3.6 and a generalization of Proposition 3.11.

We begin with a reformulation of Theorem 4.2 which gives a far-reaching gen-
eralization of Corollary 3.6.

THEOREM 4.3. Given k >0, let f € Hol(D, D) be not a Blaschke product of
degree at most k. Take o € 0D with (o) < +co. Then

k
(34) > Z 1 - |W]+1| | Whyeons W]f(o-) - n/, ..... nlf<wh+1)|
j= |0 WJ+1| h= 1 - |Awh ..... w]f(wl1+1)|
or every wy, ..., Wiy € D, where A, when h = urthermore we have
S VWi Wip1 € D, where A, f = f when h = 0. Furth h

equality in (34) for some wy, ... ,wi1 € D if and only if we have equality for all
Wi, ..., Wir1 € D ifand only if f is a Blaschke product of degree k + 1.

PrROOF. One way to prove the assertion is to obtain by induction a formula for
Pa . /(o) applying repeatedly Proposition 3.4, and then to show that, with this

W yeees W

formula, (34) is equivalent to (33). For the sake of variety we shall describe a dif-
ferent proof, relying on the classical Julia lemma.
We proceed by induction on k. The case k = 0 is

L—wil® |f (o) = f(m)I®
o —wil* 1= 1f(w)]?

which is exactly the classical Julia inequality (14). In particular, we have equality
for some w; € D (and hence for all w; € D) if and only if /' € Aut(D).

Assume that (34) holds for k — 1, and take w; € D. Since f is not a Blaschke
product of degree at most k, by Proposition 2.5 A,,, f is not a Blaschke product of
degree at most k£ — 1. So by the inductive hypothesis we have

(35) Pr(o) =

ﬁA.‘.l.f(O') = il _ |W./'+l|2 L Aoy (D f)(0) = Ay (A wlf)(WhH)lz

2 2
j=1 o — w1 5 L= Av,, v (A /) (Wi

Z 1 - ‘W]+1| |Au/, ..... nlf(o-) - wh ..... \vlf(wh+1)|2

- 2

7|0 — Wj+1| h=1 1 - |AW/1 ..... wlf(Wh+1)|

for all wy, ..., wiy1 € D, with equality for some (and hence all) wy, ..., wx 1 € D

if and only if A, /" is a Blaschke product of degree k, that is, by Proposition 2.5,
if and only if f is a Blaschke product of degree k + 1.
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Now Proposition 3.4 yields
(@) = fw)* 1= w1 ”
Br(o) = +Ba,, r(0)
! L=l [lo—m? "™
therefore
|/ (0) = f(w)?
Brlo) =z ——————5—
L= 1)
ST e Y R S (V81 s
o—wil® Flo—wiali 1A, wlﬂwhmﬁ
_ |Wj+l| H |Auh ..... mf( ) wh ..... 1‘1f(wh+1)|2
j=0 |0' W]+l‘ h=0 1 - ‘Awh ..... )v]f(wh+1)|
with equality for some (and hence all) wy,...,w;, 1 € D if and only if f is a
Blaschke product of degree k + 1, and we are done. |

REMARK 4.4. Tt is easy to see that the estimate (34) becomes better and better as
k increases.

Theorem 4.3 has a number of corollaries that it is worthwhile to state.

COROLLARY 4.5. Given k >0, let f € Hol(D, D) be not a Blaschke product of
degree at most k. Take g € 0D with f;(c) < +co. Then

k

(36) Z 1 - |Wj+1 |2 |A“h """ Wlf(wh+l)|
J= |O- o W]+1| h= 1 + |Awh ..... wlf(Wth])|

for every wy, ... ,wis1 € D, where A, ., f = f when h = 0. Furthermore we have

equality in (36) if and only if f is a Blaschke product of degree k + 1 and wy, ..
Wwir1 € D are such that

*

Aw, ..... wlf(Wthl) |Anh ..... ulf(wh+l)|A\v/, ..... wlf( )
forallh=0,... k.

PrOOE. Tt follows from (34) using the standard estimate |t — z| > 1 — |z| valid
for all 7 € 0D and z € D, with equality if and only if z = |z]|z. O

REMARK 4.6. If take k =1 and w; = wp, = z and we assume o = f(g) = 1 then
(36) becomes exactly [21, Theorem 2.1].
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COROLLARY 4.7. Given k >0 let f € Hol(D, D) be not a Blaschke product of
degree at most k. Take g € 0D with f;(c) < +o0. Then

5> 3[R0 0 = Bo s O)F iH — A0,/ (0)
- |A f(O) 1+ 40, /(0)]
j=0 h=0 (0)3 =0 h=0 "

where Oy, = (0,...,0) € D" is the origin of C", and Ao, f = f when h = 0. Fur-
thermore we have equality on the left of (37) if and only if f is a Blaschke product
of degree k + 1, and on the right if and only if

Ao, f(0) = |Ao,/(0)|Ao0,f (o)

I\/

(37)

forallh=0,... k.
Proor. It follows from Theorem 4.3 taking w, =0forh=1,... k+ 1. O

REMARK 4.8. (37) for k = 0 is exactly (13), while for £k =1 it yields (21), be-
cause Agf(0) = f"(0).

COROLLARY 4.9. Let f € Hol(D,D) be not a Blaschke product, and o € 0D
with (o) < +o00. Then

o0 2
(38) ﬁf(o') > Z 1 - |Wj+1| ! |A Wiyeoos mf(a) A, .. ”lf(M}/‘l+l)|

2
=0 lo — wis1]” 720 1 —A,,... W1f(le+1)|

0 2
> i 1 - |W/'+1| Ll - |AW11 ----- Wlf(w/1+1)|
- 0 g — VV]‘+] |2 h=0 1 + |AW/1 ..... l\flf(”}/‘l+l)|

for any sequence {w,} C D, where A,, .

ticular,
17180, (0) = 8o, SO Al =180,/ (0)]
By(o) = . - = IR YOI VE
/ FZO,H 1 — |Ao, f(0)|? ;O,H)l + Ao, f(0)]
Proor. It follows from Theorem 4.3, Corollary 4.7 and Remark 4.4. O

A natural question, that we leave open, is whether the first inequality in (38)
actually is an equality, at least when f is an infinite Blaschke product.

To give an idea of the actual content of (34), let us reformulate it for small
values of k and particular values of wy, ..., wiy1.

For k = 0 we get (35), that we already noticed to be equivalent to the classical
Julia lemma.

For k =1 we get

f (@) = fw)]? 1—|W1|2+1—\W2|2 A (@) = Av f (w2)]°
L=1f0m)* lo=wil® o —wal> 1= Ay f(w2)]?

Brlo) =
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Since Ao f(0) = f(0) and

(39) Nof (o) = TTo >*M

putting w; = w, = 0 we obtain

/(0) SO H)ﬁ ”§° rof]
110

Prlo) =

L= 1£(0)

which is a slightly more precise version of (21). If moreover f(0) =0 we find

again (25).
The case k = 2 with w; = w, = w3 = 0 yields
1f(e) = f(O)?
40 (o) > —Fr—— 2
o) pylo) = L2
2
|, @R - o) (1+100/0) = oD Oy
1—[f"(0)]? 1= [(Aof)"(0)? ’

where we have used the equality Ag o/ (0) = (Aof)"(0). To compute (Agf)"(0)
first all we notice that

@)z —wo) = (f(2) = f(w)) 1 —woz

(AWOf)/<Z) =

(z = wo)’ 1= f(w0)f(2)
@) = S0w0) —o(1 = FOn0)f (2)) + (1= 2) [ (wo) S (2)
Z =W (1= fm0)f(2)? ’
and so
A, f h 1 f(wo) — £(0) — f'(0)wo 1
(B )" (0) |A1vof(0)| W(% 1 — f(wo)f(0)
LS 0n0) = 1(0) FTw0)f"(0) — wo(1 - f(m)f(@)]
wo (1— F0w0)/(0))*

In particular putting wy = 0 we get

1 [ /10 mﬂmz]

h _
(41) (Aof) (0>_1_|fh(0)|2 21 [£OP) (1= [£(0)P)>

1 S0 g hoz],
T lzu “irop T
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Applying (39) to A f we also get

f(0) = 7(0) Aof (o) — "(0)
f(o) = f(0) Ayf(a) — £7(0)
and we have all the terms appearing in (40). In particular,

v 1) PR el A /B
PO o0 | T 0 1T (o) 0)])

and thus if £(0) = 0 we obtain

Ao.0f (o) = [ (o)

)

2(1 = 17O

n 0
L+ 11700 + 5

Brlo) =1+

that improves (25). If moreover f”(0) = 0 we also get

2 >2

Pro) =1 o)) =

because 1| /”(0)] = [Ao,0./(0)| < 1.
As a final example, we record that a similar argument with k£ =3 and w; =
wy = w3 = wy = 0 yields

L=1£0)] [1=|£"0)] /1= |(Aof)"(0)] 2
Fr(@) 2 71 70) 1+|f’1(0)|(1+|(A0f)h(0)| 1+|(Ao,0f)h(0)|+l)+1 ’
where
B 1 (Aof)"(0) B2
(Moo f) (0)—1_|(A0f>,,(0)|2 2<1_W(O)'z)+f”(0)(Aof) (0) ]
with

(8o ) = 1 (370 + TS0 "0 + T A 077 0)]

We now proceed toward the promised generalization of Proposition 3.11. Let
us start with the following reformulation of the case k = 2 of Theorem 4.2 valid
when f(0) =0:

ProproSITION 4.10. Let f € Hol(D, D), not a Blaschke product of degree at
most 2, and o € 0D be such that (o) < +co. Assume that f(0) = 0. Then

2

#f@)o—r'0) _ HE2-r(0) 2 2
s T || 1-1£(0)] o—z
(42) NTERPPRYE o 5 (Brlo) = 1) =1 T
- o) 12— f(0)
1702
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for z #0, and

&/ (0)5—1"(0)) o |?

170 /()5 20|/ (0)P) 1—f'(0)
(43) L0 O] _ (Byla)—1) 1.
1— S"(0) M—f’(())‘
2(1-1£7(0)%) 4

Moreover, equality occurs in (42) at some zy € D\{0} or in (43) if and only if it
always occurs if and only f is a Blaschke product of degree 3.

ProOOF. We would like to apply Theorem 4.2 with £ =2 and w; = w, = 0.
First of all

VA S S FAL (U
Ao f (@) = Aof(0)] ‘@—f’(O)‘z

Paoor(@) = Paos (@) (B(o) = 1)~ 1,

where we used f(0) = 0 and Agf(0) = f7(0) = f'(0). Next recalling (27) we get

SE 4
z —f(O) 1 — lf z # 0’
Aoof(z) = Lo O
’ L0 __ if z=0
2(1-110))
where we used (41). The assertion then follows from Theorem 4.2. O

(
Notice that (26) is equivalent to saying that the right-hand side of (43) is non-
negative; so (43) is an improvement of (26).
If £(0) = f7(0) = 0 (42) and (43) simplify becoming

1o _ 1o

< (B0)-2)

jo ==

L -2

a? z2

1 — /@

2

z

for z # 0 and
2
E—170)
< (o) = 2.
2 f
1= [3/7(0)]

These formulas suggest the following

PROPOSITION 4.11. Let f € Hol(D, D) and o € 0D be such that f;(c) < +co.
Given k > 1, assume that [ is not a Blaschke product of degree at most k > 1,

and that f(0) = --- = f*=1(0) = 0. Then
10 _ 1@ )
(44 e
= g) —
16) 2 S 1 — |Z|2

1 —

-k
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for z # 0 and

2
fJ_A - klf ( )’
L= [hr®o)

Moreover, equality occurs in (44) at some zo € D\{0} or in (45) if and only if it
always occurs if and only f is a Blaschke product of degree k + 1.

(45)

ProOOF. By induction it is easy to prove that

s if z #0,
F®0) ifz=0,

(40) Ao, f(2) = {

/c‘

and that ﬂAokf(a) = B;(0) — k. The assertion then follows from Theorem 4.2.
O

In particular, if £ (o) = o* the left-hand sides of (44) and (45) become indepen-
dent of ¢. This suggests that we might obtain a generalization of Proposition 3.11
with multiple fixed points. It turns out that this is easy when the multiple fixed
point is the origin (see Corollary 4.13 below), but the statement and the proof of
the general result when the multiple fixed point is not the origin are considerably
harder:

THEOREM 4.12. Let f € Hol(D,D). Given k > 1, assume that f is not a
Blaschke product of degree at most k and that there exists zo € D such that
f(z0) =z0and f'(z9) = --- = f*V(z9) = 0. Take oy, ... ,0, € dD distinct points
such that B;(a;) < +o0 and

(P5) + 2

47 )= el T
7 sy

for j=1,....n Then

/¥ (z0) 2k-1]?
0 1 1 — == (1 = |zo]") ‘
@ 2 (1+2Re L)ﬂ (o) — k ) f®(z0) 24 k-1
= ( @)=zl /PN ‘1 — (L= 1zl%)

with equality if and only if f is a Blaschke product of degree n + k.

Proor. The fact that z; is a multiple fixed point of f of order k is equivalent to
saying that we can write

£2) = 20+ 75 /9 0)(z — )" + Oz — 200,
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We claim that then
1 - _ _
(49)  Ag,), f(2) = E ®)(20) (1 = |201*)" " (z = 20)* " + O((z — 20) )

for all h=1,...,k, where (29), = (20,...,20) € D". We proceed by induction.
For i = 1 we have

e e T AC) CEEN s BRCREN)

:% ®)(z0)(z — Zo)ki1 +O((z - Zo)k)’

as claimed. Assume that (49) holds for 1 </ —1 <k — 1. Then A, f(z0) =0
yields

Moo, /1) = 2T B 1z
= %f(k)(zo)(l — |20/ (2 = 20) 1 = |20)* + O(z — 20)]
:% ) (z0)(1 = |z0)))" 1 (z = z0)¥ " + O((z = z9)* ),
as wanted.

Now we claim that
(f(gj) —gj)=0
1 () — 20|

forall h=1,...,kand j=1,...,n. We again proceed by induction on 4. For
h =1 Proposition 3.4 yields

2
(50) ﬁA(,O)hf(Uj) =—5 (1 +2Re

)ﬁf(aj) - h]

) =Ly - L=l
’ |f(a7) — =0 |0; — zo|
) ﬁ(@(@ 0+ (7 |i0|;|2 i |Lj_—|zz(;||22)ﬁf(a)
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as claimed. Assume that (50) holds for 1 <& — 1 <k — 1. Using again the fact
that Ay,  f(z0) = 0 we get
1 —|z0]

ﬁA(Zo)hf<o-j) - ﬂA(Zo)/,flf(aj) |0'j _ ZO|2

(1 +2Re H)ﬁf(a/) —4,

and we are done.
We need one more preliminary computation. We claim that

= (7 —20\" f(g;) — 2o
51 A, o)) = f(o)eh (Z—20) 129
(51) and (@) =T} O =) 75—
for j=1,...,nand h=1,... k. As always, we argue by induction on /. For

h =1 we have

Af o) = L2 L2200 s, 50 [0 —

1-%/(g) 05— 20 "aj =20 f(0;) — %

as claimed. Assume that (51) holds for 1 <h—1<k—1. Recalling that
Az, f(20) = 0 we obtain

h—1

A, f(97) = Atw), /() L= R0y ]TU]‘)UJh (@ - Z_O>h flgj) — 20

g — 20 gj =20/ f(o;) — %

and (51) is proved. In particular, we have A, f(g;) = 1 if and only if

l—f(ffj)ZO_<0_;'—ZO)k
flo) -z N —Zg

if and only if

In other words, condition (47) is just another way of writing A, f(0;) = 1.
We can now apply Theorem 4.2. Recalling the assumption A, f(0;) =1 we
get
2
11— Ay, f(2)] _1- ENE
L= 1Ay, S oy = 20

(f(gj) —gj)Z

/() = =

(52)

(1+2Re

2
|oj — 2|

I — |2
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forallze D and j=1,...,n where
1 _
Aw) S (2) =75 ©(z0)(1 = [20/>)" + O(z = 20)

by (49). Furthermore, equality in (52) holds in one point (and hence everywhere)
if and only if f is a Blaschke product of degree k + 1.
We now claim that

1+Aq,), / '(Z)>
1- A(zo)kf(z>

n 2
\aj—zo| 1
=3 o

A (
S 1—l|z0” (1+2Re T

(53) Re(

o +z
)ﬂf(U/) k Re(a; — z)7

with equality in one point (and hence everywhere) if and only if f is a Blaschke
product of degree n + k.

We argue by induction on n. For n =1 (53) is exactly equivalent to (52).
Assume that (53) holds for n — 1. In particular we have

n—

(54)

—_ 7

1—|—gz ! o +z
i
J

l—gz i

with equality in one point (and hence everywhere) if and only if f € %,,4_1,
where g = A(,), f/ and

; |67 — zo|? 1 1
lj = -
1 - |ZO|2 ( + 2 Re W)ﬁf (Uj) k ﬁA(Zo)kf(o-j)

> 0.

Therefore we can find 4 € Hol(D, C) with #(D) C D so that

l+gz ! g t+z_ 1+h(z)
g(2) z;a]a] z —h(z)’

Notice that either 2(D) C D or h = e € 0D, and the latter case occurs if and
only if we have equality in (54).

If 4 = ¢ Lemma 2.3 implies that g € %,_1. So g is a rational function of de-
gree n — 1; but we are assuming that the equation g(z) = 1 has at least n distinct
solutions, contradiction.

So h € Hol(D, D). Since g(o,) =1, B,(0a) = al and ¢'(6,) = G,/a,, where
the latter equality follows from (19), a quick computation yields /4(g,) = 1 and

h'(o4) = Gy /an.
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Put /(z) = zh(z). Then we have A(0) = 0, A(c,) = o, and B;(a,) = ai +1. So
we can apply Corollary 3.10 to 4 obtaining

Re(} ) = anRe( )

with equality in one point (and hence everywhere) if and only if # € Aut(D). Re-
calling (54) and Lemma 2.3 we see that we have proven (53), with equality in one
point (and hence everywhere) implying that ¢ is a Blaschke product of degree n,
and thus that f is a Blaschke product of degree n + k, by Proposition 2.5.

In particular, (48) follows taking z = z in (53), and equality there implies that
f € gnﬂc-

To prove the converse, assume that /€ %k, so that g = Aw,) f € %4, and
a1, -.,0, € 0D are the n distinct solutions of g(z) = 1. Let F : C — C be defined
by

where ¢, (z) = (z0 — z)/(1 — Zyz); notice that g o ¢, is still a Blaschke product
thanks to Lemma 2.2. Then Re F|,; = 0; this implies Re F(0) = 0, which gives
exactly

R ST !
- J - G;)—0/)Z ’
11— g(zo)|2 = o — Zo|2 a (1 +2Re (U((fif“)ﬁf(a/) k

and we are done. O

COROLLARY 4.13. Let f € Hol(D, D). Given k > 1, assume that f is not a
Blaschke product of degree at most k and that f(0) = --- = f*=1(0) = 0. Take
gi,...,0, € 0D distinct points such that f(o;) = a}‘ and B;(gj) < +oo for j=
1,...,n. Then

o)

i 1 =15 ‘
= (k 27

= By(oj) —k ‘lfﬂ%ﬂ

with equality if and only if [ is a Blaschke product of degree n + k.

ProoF. It immediately follows from Theorem 4.12 applied with zy = 0.
Alternatively, we can apply directly Proposition 3.11 to g = Ao, _, /. Indeed,
(46) shows that g(z) = f(z)/zF"! for z # 0 and ¢(0) = 0; in particular, ¢’(0) =
%f“‘)(O). Moreover, g(o;) = o; and ¢'(g;) = ﬁf(aj) —(k—=1)forall j=1,...,m
hence the assertion follows immediately from (28). O
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Notice that when k& = 1 the condition (47) becomes

gj—Z0

+Zo

1-Zy0;
flo) =2 2 —q,
/ 1 + Zp 101_70% /

So (48) reduces to (28), and thus Theorem 4.12 for k = 1 recovers exactly Propo-
sition 3.11.

REMARK 4.14. We have seen that Proposition 3.11 for a generic fixed point z
followed immediately from the case zy = 0, just replacing the map f by the com-
position ¢, o f o ¢_ . Such an approach however does not allow to easily deduce
Theorem 4.12 from Corollary 4.13 because the boundary dilation coefficient de-
pends in a complicated way on the higher order derivatives, and so we need the
iterated hyperbolic difference quotients to keep everything under control.
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