Skew Carleson Measures in Strongly
Pseudoconvex Domains

Marco Abate & Jasmin Raissy

Complex Analysis and Operator
Theory

ISSN 1661-8254

Complex Anal. Oper. Theory
DOI 10.1007/s11785-018-0823-4

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer
Nature Switzerland AG. This e-offprint is

for personal use only and shall not be self-
archived in electronic repositories. If you wish
to self-archive your article, please use the
accepted manuscript version for posting on
your own website. You may further deposit
the accepted manuscript version in any
repository, provided it is only made publicly
available 12 months after official publication
or later and provided acknowledgement is
given to the original source of publication
and a link is inserted to the published article
on Springer's website. The link must be
accompanied by the following text: "The final
publication is available at link.springer.com”.

@ Springer



Complex Analysis and Operator Theory Complex Analysis
https://doi.org/10.1007/s11785-018-0823-4 and Operator Theory

@ CrossMark

Skew Carleson Measures in Strongly Pseudoconvex
Domains

Marco Abate'® - Jasmin Raissy?

Received: 26 January 2018 / Accepted: 4 July 2018
© Springer Nature Switzerland AG 2018

Abstract

Given a bounded strongly pseudoconvex domain D in C" with smooth boundary, we
give a characterization through products of functions in weighted Bergman spaces of
(A, y)-skew Carleson measures on D, with A > OQandy > 1 — ﬁ
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1 Introduction

Carleson measures are a powerful tool and an interesting object to study. They have
been introduced by Carleson [6] in his celebrated solution of the corona problem to
study the structure of the Hardy spaces of the unit disc A C C. Let A be a Banach
space of holomorphic functions on a domain D C C"; given p > 1, a finite positive
Borel measure i on D is a Carleson measure of A (for p) if there is a continuous
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inclusion A < L” (), that is there exists a constant C > 0 such that

Vi fDIfI”dusCllfIIZ-

In this paper, we are interested in Carleson measures for Bergman spaces, that is
spaces of L?” holomorphic functions, usually denoted by A? (relationships between
Carleson measures for Hardy spaces and Carleson measures for Bergman spaces can
be found in [5]). Carleson measures for Bergman spaces have been studied by several
authors, including Hastings [10] (see also Oleinik and Pavlov [21] and Oleinik [20])
for the Bergman spaces A”(A), Cima and Wogen [8] in the case of the unit ball
B" C C", Zhu [24] in the case of bounded symmetric domains, Cima and Mercer [7]
for Bergman spaces in strongly pseudoconvex domains A” (D), and Luecking [18] for
more general domains.

Given D CC C" a bounded strongly pseudoconvex domain in C" with smooth
C® boundary, a positive finite Borel measure ;x on D and 0 < p < +00, we denote
by L”(w) the set of complex-valued p-measurable functions f: D — C such that

1/p
1l = [ i If(z)l”du(z)} o

If @ = 6%v for some & € R, where 6(z) = d(z, 9D) is the distance from the boundary
of D and v is the Lebesgue measure, the weighted Bergman space is defined as

AP(D, a) = LP(8%v) N O(D),

where O(D) denotes the space of holomorphic functions on D, endowed with the
topology of uniform convergence on compact subsets. Together with Saracco, we
gave in [3] a characterization of Carleson measures of weighted Bergman spaces in
terms of the intrinsic Kobayashi geometry of the domain.

It is a natural question to study Carleson measures for different exponents, that is
the embedding of weighted Bergman spaces A? (D, «) into L? spaces. Given, 0 < p,
q < +oo and @ > —1, a finite positive Borel measure w is called a (p, g; o)-skew
Carleson measure if A”(D, o) < L7(u) continuously, that is there exists a constant
C > 0 such that

/D @I du() < Cllf 1

for all f € AP(D, «). Investigation on (p, g; «)-skew Carleson measure has been
started by Luecking in [19] and recently extended by Hu et al. in [13], where these
measures are called (p, g, ) Bergman Carleson measures. It turns out (see [13] and
the next section for details) that the property of being (p, ¢; o)-skew Carleson depends
only on the quotient ¢/p and on «, allowing us to define (X, y)-skew Carleson mea-
sures for A > Oand y > 1 — nlﬁ Roughly speaking, a measure is (A, y)-skew
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Carleson if and only if itis a (p, g; (n + 1)(y — 1))-skew Carleson measure for some
(and hence any) p, g such that g/p = A (see Definition 2.17).

The main result of this paper gives a characterization of (X, y)-skew Carleson
measures on bounded strongly pseudoconvex domains through products of functions
in weighted Bergman spaces.

Theorem 1.1 Let D CC C" be a bounded strongly pseudoconvex domain, and let |
be a positive finite Borel measure on D. Fix an integer k > 1, and let0 < pj, q; < 00
and 1 — ”1? < 0; be given, for j =1,..., k. Set

Then w is a (A, y)-skew Carleson measure if and only if there exists C > 0 such that

k k
fD [T1/i@1% dp@ < CTTIAG, wene,-n (1.1)
j=1 j=1

forany f; € APJ (D, n+ 1D — l)).

This result generalizes the analogue one obtained by Pau and Zhao in [22] on the
unit ball of C". The proof relies on the properties of two closely related operators. The
first one is a Toeplitz-like operator Tf [see (3.1)], depending on a parameter 8 € N*
and on a finite positive Borel measure w, and the main issue consists in identifying
functional spaces that can act as domain and/or codomain of such an operator. The
second operator, Sf; [see (3.2)], depends on u and three positive real parameters r, s,

t > 0, and its norm can be used to bound the norm of the operators Tf , under suitable
assumptions. In particular, the key step in the proof of the necessity implication in the
case 0 < A < 1 consists in finding criteria for a measure to be (1, y)-skew Carleson.
These criteria are expressed in terms of mapping properties of the two operators T,f
and ;7 in the technical Propositions 3.4 and 3.6.

The paper is structured as follows. In Sect. 2 we shall collect the preliminary results
and definitions. In Sect. 3 we shall study the properties of the operators Tf and qu’;
and prove our main result.

2 Preliminary Results

In this section we collect the precise definitions and preliminary results we shall need
in the rest of the paper.

From now on, D CC C" will be a bounded strongly pseudoconvex domain in C"
with smooth C*° boundary. Furthermore, we shall use the following notations:

e §5: D — R will denote the Euclidean distance from the boundary of D, that is
8(z) =d(z,9D);
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e given two non-negative functions f, g: D — R* we shall write f < g to say
that there is C > 0 such that f(z) < Cg(z) for all z € D. The constant C is
independent of z € D, but it might depend on other parameters (r, 6, etc.);

e given two strictly positive functions f, g: D — RT we shall write f ~ g if
f < gand g < f, that is if there is C > 0 such that C~'g(z) < f(2) < Cg(2)
forall z € D;

e v will be the Lebesgue measure;

e O(D) will denote the space of holomorphic functions on D, endowed with the
topology of uniform convergence on compact subsets;

e given 0 < p < 400, the Bergman space AP (D) is the (Banach if p > 1) space
LP(D) N O(D), endowed with the L?-norm,;

e more generally, if u is a positive finite Borel measure on D and 0 < p < +00 we
shall denote by L? (u) the set of complex-valued p-measurable functions f: D —
C such that

1/p
1l = [ [ lf(z)l”du(z)} e

If u = 8P v for some B € R, we shall denote by A” (D, ) the weighted Bergman
space

AP(D, B) = LP(8Pv) n O(D),

and we shall write || - [| g instead of || - ||, 55,3

e K: D x D — C will be the Bergman kernel of D;

e for each zo € D we shall denote by k;,: D — C the normalized Bergman kernel
defined by

ko (2) = K(z, z0) _ K(z,z0)
0 VK 0,200 K 202

e givenr € (0, 1) and zo € D, we shall denote by Bp(zo, r) the Kobayashi ball of
center zo and radius § log .

We refer to, e.g., [1,2,14,15], for definitions, basic properties and applications to geo-
metric function theory of the Kobayashi distance; and to [11,12,16,23] for definitions
and basic properties of the Bergman kernel.

Let us now recall a number of results we shall need on the Kobayashi geometry of
strongly pseudoconvex domains.

Lemma 2.1 ([17, Corollary 7], [4, Lemma 2.1]) Let D CC C" be a bounded strongly
pseudoconvex domain, and r € (0, 1). Then

v(Bp(-, 1)) ~ &,

(where the constant depends on r).
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Lemma2.2 ([4, Lemma 2.2]) Let D CC C" be a bounded strongly pseudoconvex
domain. Then there is C > 0 such that

1—r

8(zp) <6(z) <

)
C T (z0)

forallr € (0,1), z0 € D and z € Bp(20, ).
We shall also need the existence of suitable coverings by Kobayashi balls:

Definition 2.3 Let D CC C" be a bounded domain, and r > 0. A r-lattice in D is a
sequence {ax} C D suchthat D = | J; Bp(ax, r) and there exists m > 0 such that any

point in D belongs to at most m balls of the form Bp(ak, R), where R = %(1 +r).

The existence of r-lattices in bounded strongly pseudoconvex domains is ensured
by the following result:

Lemma 2.4 ([4, Lemma 2.5]) Let D CC C" be a bounded strongly pseudoconvex
domain. Then for every r € (0, 1) there exists an r-lattice in D, that is there exist
m € N and a sequence {ay} C D of points such that D = U/fio Bp(ay,r) and no

point of D belongs to more than m of the balls Bp(ak, R), where R = %(1 +r).

We shall use a submean estimate for nonnegative plurisubharmonic functions on
Kobayashi balls:

Lemma 2.5 ([4, Corollary 2.8]) Let D CC C" be a bounded strongly pseudoconvex
domain. Givenr € (0, 1), set R = %(1 +r) € (0, 1). Then there exists a constant
K, > 0 depending on r such that

r

I x dv
v (Bp(z0,7)) JBp(z0.R)

Vzo € D Vz € Bp(z0,1) x(z) <

for every nonnegative plurisubharmonic function x : D — RT,

We shall also need a few estimates on the behavior of the Bergman kernel. The first
one is classical (see, e.g., [11]):

Lemma 2.6 Let D CC C" be a bounded strongly pseudoconvex domain. Then

IK (-, z0)ll2 = V'K (z0, 20) & 8(20)""TV/2 and |kl = 1

forall zo € D.
A similar estimate but with constants uniform on Kobayashi balls is the following:

Lemma 2.7 ([17, Theorem 12], [4, Lemma 3.2 and Corollary 3.3]) Let D CcC C" be a
bounded strongly pseudoconvex domain. Then for every r € (0, 1) there exist ¢, > 0
and &, > 0 such that if zo € D satisfies §(z9) < &, then

C

—r < K <
5oyt = 1K@l = e
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and

< Ik, @) W

cr
5( )n+l -
forall z € Bp(zo, 7).

Remark 2.8 Note that in the previous lemma the estimates from above hold even when
8(zo) = &, possibly with a different constant c¢,. Indeed, when §(zg) > §, and
z € Bp(z0, r) by Lemma 2.2 there is 8, > Osuchthat8(z) > §,;asa consequence we
can find M, > 0 such that |K (z, z9)| < M, as soon as 6(z9) > 8, and z € Bp(zo, 1),
and the assertion follows from the fact that D is a bounded domain.

A very useful integral estimate is the following:

Proposition 2.9 ([17, Corollary 11, Theorem 13], [3, Theorem 2.7]) Let D cC C"
be a bounded strongly pseudoconvex domain, and zo € D. Let 0 < p < 400 and
—1l<B<m+1)(p—1). Then

[ 1K (z, w)|”8(w)? dv(w) < §(z)f~FDP=D
D
and
/ |kz(w)|p5(w)/3 dv(w) < S(Z)ﬂ_(n+l)(§_l)_
D

Finally, the normalized Bergman kernel can be used to build functions belonging
to suitable weighted Bergman spaces:

Lemma 2.10 ([13, Lemma 2.6]) Let p > O and 6 > 1 — n;—&-l be given, and let
a=m+1)0 —1) > —1. Take B € N such that Bp > max{6, (p — 1)# + 60} and
put

r—(n+1)[é—9]
)4

For each a € D set f; = 8(a)rk5. Let {ay} be an r-lattice and ¢ = {ci} € £P, and
put

00
= chfak~
k=0

Then f € AP(D, a) with || fll p.e = ll€]l p-

We also need to recall a few definitions and results about Carleson measures.
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Definition 2.11 Let0 < p,g < +ooanda > —1. A (p, g; a)-skew Carleson measure
is a finite positive Borel measure u such that

/le(Z)l” dp@) <11«

forall f € AP(D, «). In other words, u is (p, q; a)-skew Carleson if A?(D, o) —
L9 (1) continuously. In this case we shall denote by |||l 4o the operator norm of
the inclusion A? (D, a) < L9(w).

Remark 2.12 When p = g we recover the usual (non-skew) notion of Carleson mea-
sure for A?(D, ).

Definition 2.13 Let 0 € R, and let u be a finite positive Borel measure on D. Given
r € (0,1),let i, 9: D — R be defined by

w(Bp(z,r))

ﬂr,@(z) = s
v(Bp(z, r))g

we shall write 1, for i, 1.
We say that u is a geometric 6 -Carleson measure if i, 9 € L*°(D) for all r €
(0, 1), that is if for every r > 0 we have

0
w(Bp(z,r)) = v(Bp(z,r))
for all z € D, where the constant depends only on r.

Notice that Lemma 2.1 yields
firg ~ 8~ DED 4, 2.1

In [3] we proved (among other things) that, if p > 1, a measure u is (p, p; o)-skew
Carleson if and only if it is geometric 6-Carleson, where « = (n 4+ 1)(6 — 1). Hu,
Lv and Zhu in [13] have given a similar geometric characterization of (p, g; «)-skew
Carleson measures for all values of p and g; to state their results we need another
definition.

Definition 2.14 Let 1 be a finite positive Borel measure on D, and s > 0. The Berezin
transform of level s of w is the function B*u: D — R* U {400} given by

BSM(Z)Z/DIkz(w)ISdM(wl

The geometric characterization of (p, g; «)-skew Carleson measures is different
according to whether p < g or p > g. We first state the characterization for the case

pP=q.
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Theorem 2.15 Let D CC C" be a bounded strongly pseudoconvex domain. Let 0 <

p<qg<+tooandl — # < O;seta = m+ 1)@ — 1) > —1. Then the following

assertions are equivalent:

(1) wisa (p,q;a)-skew Carleson measure;
(1) w is a geometric %Q-Carleson measure;

(iii) there exists ro € (0, 1) such that ﬁro 49 € L®(D);
2
@iv) foreveryr € (0, 1) and for every r-lattice {ay} in D we have

w(Bp(ar. 1) < v(Bplag. r) s

(V) there exists ro € (0, 1) and a ro-lattice {ay} in D such that

M(BD(C”(’ r())) j V(BD(ak, ro))%a’

(vi) for some (and hence all) s > 9% we have

n q4_s
B (@) < 5a)" V5 73),

(vii) there exists C > 0 such that for some (and hence all) t > 0 we have

f K )57 du(z) < 8a)™.
D

Moreover we have

A

w03

_ 9 1) A
‘5 (DGO

~|s Bul .02

© 00

lellpgia ~ | 20|~ |
oo

Proof The equivalence of (i)—(vi), as well as the equivalence for the norms, follows
from [13, Theorem 3.1] (and the equivalence of (ii)—(v) was already in [3]).
Now, by Lemma 2.6, (vi) is equivalent to

[ Ko ) < 5(@) "0 5),
D

Setting t = (n + 1) (s — 9%), which is positive if and only if s > 0%, we see that
(vi) is equivalent to

/ K@) du) < 5@,
D

that is to (vii). m]

The geometric characterization of (p, ¢; o)-skew Carleson measures when p > ¢
has a slightly different flavor:
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Theorem 2.16 Let D CC C" be a bounded strongly pseudoconvex domain. Let 0 <
q<p<-+4ooandl — m <O;puta = (n+1)(0 — 1) > —1. Then the following
assertions are equivalent:

1) pisa(p,q; oz) skew Carleson measure;
(i) .68 —ep € LP 4 (D) for some (and hence any) r € (0, 1);
(iii) firp € Ll’ 7 (D, a) for some (and hence any) r € (0, 1);
@iv) ﬁr,e% € Lﬁ(D, —(n+ 1))f0r some (and hence any) r € (0, 1);
(V) for some (and hence any) r € (0, 1) and for some (and hence any) r-lattice {aj}
in D we have {[Lr’g%(ak)} € lra;

(vi) for some (and hence any) r € (0, 1) and for some (and hence any) r-lattice {ay}

in D we have {/lr(ak)é(ak)(n+ )(1 0% )} € EP qa;

(vii) for some (and hence all) s > 9% Tam) (1 — %) we have

—(n+l)(9%—%

) )BSMeLn'T’cz(D,—(nJrl));

(viii) for some (and hence all) s > 9% ) (l — %) we have

5= D=3 Bs € 1759 (D, a):

(ix) for some (and hence all) s > 9% + n"? (1 — %) we have

—+ ) (04 -5+ 252

q ) s _r
g P /B e Lra(D);

8

(X) for some (and hence all)t > (n + 1) ( — —) (m — 9) we have

t O+ L
) [K(, w)]"" T du(w) € Lr=1(D, ).
D

Moreover we have

Hg—(n+l)(9—%)Bs ~ H(S—(nﬂ)w—l)% .

fir

(2.3)

”l/«”p,q;ot ~ P

Proof The equivalence of (i), (ii), (vi) and (ix), as well as the equivalence of the norms,
is in [13, Theorem 3.3].

Recalling that, by Lemma 2.1, i, 9 ~ Q2,80 TDU=0) Hit is easy to see that the
equalities

—(n+ 1) — 1)2L m+DA—0)—L @+ DE-1
PpP—q pP—q

=(n+1)<1—92>i—(n+1)
) p—q
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yield the equivalence of (ii), (iii) and (iv).
The fact that i, 9 ~ [1,6""TDU=9 immediately yields the equivalence between
(v) and (vi).
The equalities
s\ P

49 __ _S\_P _
—(n+1)(9;—5>m—(n+1)_ (n+1)(9 2)p_q+(n—|—1)(9 1

:_(n+1)<91_£+ﬂ>L
p 2 P P—q

yield the equivalence of (vii), (viii) and (ix).
Finally, by Lemma 2.6, (viii) is equivalent to

§=nFDO=s) / IK(.w)|* dp(w) € L77(D, &),
D

t

n+1° o

and this is equivalent to (x) via the substitution s = 0 +

A consequence of these two theorems is that the property of being (p, g; o)-skew
Carleson actually depends only on the quotient ¢/ p and on «. We shall then introduce
the following definition:

Definition2.17 Let . > Oand y > 1 — ﬁ A finite positive Borel measure pu is
(A, y)-skew Carleson if either

— A > land fiy, € L% (D) for some (and hence all) o € (0, 1); or,

- A<land iy, € Lﬁ(D, n+D(y — l)) for some (and hence all) ry € (0, 1).

Thus Theorems 2.15 and 2.16 say that u is (p, g; @)-skew Carleson if and only if
itis (¢/p, y)-skew Carleson, where « = (n + 1)(y — 1). In particular, we shall write

”M”q/p,y instead of ||,U«||p,q;(n+1)(}/—1)'
We end this section with the following easy (but useful) consequence of this defi-
nition:

Lemma 2.18 Let D CC C" be a bounded strongly pseudoconvex domain, A > 0 and

y>1-— # Let  be a (A, y)-skew Carleson measure, and § > (n"? — y). Then

ng = §tHDB isa (h, y + g)-skew Carleson measure with || g, S4B I,y -
’ A
Proof First of all, remark that using Lemmas 2.1 and 2.2 it is easy to check that

(p)r ~ 8P .

Assume 0 < A < 1. By Theorem 2.16, we know that /1,8~ +D¥—D* ¢ Lﬁ (D).
Therefore

(@)r s~ O HE-Dr & g s=GiDG=Dr ¢ o),
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and again Theorem 2.16 implies that ug is (A,y + g)-skew Carleson with
||Mﬂ||)hy+§ ~ e,y -
If A > 1, again Lemmas 2.1 and 2.2 yield

(n+DGy+B-1) (n+D Oy =1

(B)r ay+8 ~ (Mp)r8™ 8~ X firay

and Theorem 2.15 yields the assertion. O

3 Proof of the Main Result

The proof of the main result will use two closely related operators. The first one is a
Toeplitz-like operator A , depending on a parameter § € N* and on a finite positive
Borel measure p, defined by the formula

TP f(z) = fD K (z, w)? f(w) dp(w) 3.1)

for suitable functions f: D — C; part of the work will exactly be identifying func-
tional spaces that can act as domain and/or codomain of such an operator. We need
to be a natural number because the Bergman kernel in general might have zeroes and
D is not necessarily simply connected.

The second operator S;; depends on p and three positive real parameters r, s,
t > 0 and is defined by

Sy f (@) =68t /D Ik, ()" f ()" dp(w), (3.2)

again for suitable functions f: D — C. This time the exponents do not need to be
integers. Notice that Lemma 2.6 yields

r
S f (@) & 8(z)FDET) / Kz, w)['| f ()" dpe(w). (3.3)
D
Therefore it is not surprising that, under suitable hypotheses we can use the norm of

the operators S},

/i to bound the norm of the operators Tf . We start with a preliminary
lemma:

Lemma3.1 Let D cC C" be a bounded strongly pseudoconvex domain, and p a
positive finite Borel measure on D. Then for every B >t > 0 we have

f IK (z, w)|P dp(w) < 8(z)~TDE=D f K (z, w)|" dpu(w).
D D
Proof Letz € D. Then

/ K zow)lf d(w) < sup |K (. w>|ﬁ—’/ K o w) [ dp(w),
D D

weD
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and the assertion follows from the known estimate

sup |K (z, w)| < 8(z)~ D,
weD

We then have the following estimates.

Lemma3.2 Let D CC C" be a bounded strongly pseudoconvex domain, and | a
positive finite Borel measure on D. Chooser > 1, s,t, p,qg > 0,0, 601 > 1 —
and B € N*. Then:

1
n+1

G) ifr=1,q > p, B>tand b, §q[%+%—%+%—ﬂ—s]wehave
B 5,1 H .
”Tﬂf”p,(m)(o—l) = ‘S’“f g.(n+D@ -1
@Gi) ifr > 1,q = p/r, B > t/r, we have
I 71 <[5 t-9 e I 1"
el p +o—1) = I wtd g (n+1)6,-1)
LD y—1)

where 1’ is the conjugate exponent of r and

Proof (i) Lemma 3.1, applied to the measure | f|u, and (3.3) yield

P
ITf f(2)] < [fD K (z, w)l’slf(w)ldu«(w)]

P
< 8(z)~ntDBE=p [ f 1K (z, w)|'| f (w)] du(w)}
D

< 8(x)"HDE=EEOP g5 £ (2)]P
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Therefore using Holder’s inequality we obtain

J.

r q _ ot (1-0) p/q
[D sibr@ s e-s e Pq]dv(z)}

_ s, 1 ”p
N _
HE g g 5+ -]
P
¢+ D)@ -1

IA

1T 712 oo = [ |Sitr@| s llE=tndraize] gy

IA

= [s5i]

where the last step follows from [3, Lemma 2.10].
(ii) Writing B = % + %, using Holder’s inequality and recalling the definition of
the Berezin transform we obtain

p/r p/r’
|Tff<z>|”s[/D|K<z,w>|’|f<w>|fdu<w>] [/Dm(z,w)wcm(w)}

t r P —lthep oy p/r’
=< Kz, w)['|f)["dp(w) | 8) 2" [B ()" .
D
Therefore, recalling that o /r’ = B —t/r and using again Holder’s inequality, we have

p/r , ap
||Tff“z,<n+1><a_1)f/D[/D|K(z,w>|’\f(w>|"du<w>] 1B @) 5" 015
</
D
<[ /
“L/p

. 1-£Z

pqr 7

> |:/ |B(XM(Z)|,.’(qr7p)B(Z)(n"'l)('[—l) dv(z)] E
D

p/r'

sn 1| 1B @ s ) g

r/ar

S;Lrt f(z)‘q(g(z)(n-%—l)(ﬁl —1) dv(z):|

S,r

q.(n+1)(01—1)

=Dy —1)

where A and y are as in the statement and

]

Corollary 3.3 Let D cC C" be a bounded strongly pseudoconvex domain, and (1 a
positive finite Borel measure on D. Forr > 1,s5,t >0, p,g >0, >0, y € R and
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01 > 1 — — assume that

t o r 1
B=-+—-€eNad r=1+—-—-—-<1,
ror P q

where v’ = r/(r — 1) is the conjugate exponent of r. Then

" 1/r
ITE 5] rinyo ) = Ha—mn(y—z) B

1/r

Ss,r
| ‘ et H (n+1) O —1)
D=1 e !

where

andifo > 1 — +1’ we have

e (a3
o=T1 + — (61 +q|s+ = . (3.4)
r 2

Proof The assertion is a consequence of Lemma 3.2.(ii) applied with p = 7. Indeed
first of all, since A < 1, we have p > rq; from this it follows that

1—r 1—r

1
— > = 1l-A+->— q>E
p qr p qr
as needed. Furthermore
1 1 r’ , ,orr ! ! r 1
14| ——=—-[=1+ —r+r+—=-——==14=-—--=2A
qr T q p P g

The mapping properties of the operators T and S, 1« can be used to give criteria

for a measure u to be (A, y)-skew Carleson, Wthh is partlcularly useful when A < 1.
We start with Tf :
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Proposition 3.4 Let D CC C" be a bounded strongly pseudoconvex domain, and |1
a positive finite Borel measure on D. Take 0 < g < p < 00,01, 0, > 1 — n’—frl and
B € N such that

1
B > —max{l,0;, p—1406}.
p
Put

1 1 1
A=1+———<1 and y:—<ﬁ+——_>,
P q A
Assume that Tf is bounded from AI’(D, (n+ 1), — 1)) to A4 (D, (n+ 1) — 1)),

with operator norm || T,f Il. Then w is (A, y)-skew Carleson, and

< T

HS—(n+1)(y—‘;) Ba/L
D (y=1)

foralla > Ly + 27 (1—21).

Proof Let {a;} be an r-lattice in D, and {ry} a sequence of Rademacher functions (see
[9, Appendix A]). Set

t=(n+1)|:§—%l],

and, for everya € D, put f, = cS(a)’kéS . Then Lemma 2.10 implies that

fi =) () fu,

k=0

belongs to AP(D, (n+1)(6; —1)) foralle = {cx} € €7, and || f llp,(nr 1y —1) = ll€llp-
Since, by assumption, T,f is bounded from A? (D, (n+ 1)) — 1)) to A4 (D, (n+
1)(62 — 1)) we have

00 q
B 4 — B (n+1)(02—1)
17250 s = 2 anOTL fu @) 56 dv(2)
< NTZNNSNE ryorny = NTE NNl

Integrating both sides on [0, 1] with respect to ¢ and using Khinchine’s inequality (see,
e.g., [18]) we obtain

00 q/2
/D (Z |ck|2|T,ffak<z)|2> 8@ vy < 1T e )
k=0
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Set Br = Bp(ag, r). We have to consider two cases: ¢ > 2 and 0 < g < 2.
If ¢ > 2, using the fact that ||a||, > < [la||; for every a € 2! we get

o0
Slalt [ 1T g @115 v
k=0 Bi

00 q/2
< f (Z|ck|2|T,ffak<z)|2ka<z)) 8(z)" D@D gy (z)
D

k=0

[e9) q/2
< fD (Z |ck|2|T,ffak(z>|2> ()" gy (z).
k=0

If instead 0 < g < 2, using Holder’s inequality, we obtain

(o 0]
Z|Ck|q/ 1T fu (D198 " TV qu(z)
k=0 Br
q
2

00 4 /o 1-
< f (Dcuzwffak(z)ﬁ) (Zm(z)) §(z)" D@D gy (z)
D

k=0 k=0

00 q/2
< f <Z|ck|2|T,ffak(z)|2> ()" V@D gy (g),
D \r=o0

where we used the fact that each z € D belongs to no more than m of the B.
Summing up, for any ¢ > 0 we have

o0

> lexld f TP fu )178() "D duz) < TP |19 c]l).
k=0 B

Now Lemmas 2.1, 2.2 and 2.5 (see also [4, Corollary 2.7]) yield

TP fu (@)|? < 8(ap)~ "D / TP fu ()198(2) "D du(z),
By

and so we get

o0
D el ?8a) " IITE fo (@)l < ITE 19 el
k=0
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On the other hand, using Lemmas 2.6 and 2.7, we obtain

T fucar) = 8(a)* fD K (ar, w)Pkay (w)P dpu(w)
> 8(ap)THDE / K (ax, w)|*P dp(w)
D
> 8(%)’“’””9/ IK (ax, w)|[*? du(w)

Bp(ag.r)

_ 3 _ oL
= 8(ar) """ DT w(Bp(ax, r) = 8a)” "R W(Bp(ar, ).

Putting all together we get

00 q
Z k|2 M < ||Tﬁ||q||c||q'
g(ak)(n-H))»y — p

k=0

Set d = {d}}, where

_ w(Bpla, 1))
k= S(ak)(nﬂ)ky :

Then by duality we get {dZ} e (P/(P=9) with ||{dZ}||p/(p_q) =< ||T,f||‘1, because

p/(p — q) is the conjugate exponent of p/q > 1. This means that d € ¢P7/(P=0 =
€Y1 with

il < 1771
Since
di ~ fir ()8 (a) "I
the assertion then follows from Theorem 2.16. O

Remark 3.5 Note that a similar result holds also for A > 1 and can be strengthened to
give yet another characterization of skew Carleson measures. Since such result is not
needed in the present paper, we prefer to omit it here, and to present it in a forthcoming

paper.
We can now prove a technical result involving the operators S;rt that will be crucial
for the proof of our main theorem.

Proposition 3.6 Let D CC C" be a bounded strongly pseudoconvex domain, and (. a

positive finite Borel measure on D. Fixq > 1, p > 0,01,0, > 1 — L andr,s >0,

n+1
andt > %max{],éb,p— 146>} > 0. Set
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1

T and that there exists K > 0 such that

Assume that . > Oandy > 1 —

|

forall f € AP(D, (n+ 1) — 1)). Then w is a (7, y)-skew Carleson measure with
leelln, < K.

S, r
Su’tfH%(nJrl)(Glfl) = K7Wy e )

Proof Let us first consider the case A > 1. Given a € D and o € N such that
po > 6,

set

£2(2) = ka(2)?,

for z € D. By Proposition 2.9 we have

ro

NG
LEEN sty = @3, (3.6)

Now fix p > 0.Clearly, thereisa p > 0depending only on p suchthatz, w € Bp(a, p)
implies w € Bp(z, p) for alla € D. By Lemma 2.2 we can find §; > 0 such that if
d(a) < 8y then 8(z) < §; forall z € Bp(a, p), where ;5 > 0 is given by Lemma 2.7.
Then if §(a) < 81 using Lemmas 2.1, 2.2 and 2.7 we have

|
a.e+Do-1)  Jp

)
Bp(a.p)

> S(Q)(ﬂ+1)(9]—l)f a(z)(n+l)qs
Bp(a.p)

S,r
S}L,t fag

q —
S fa @[ 8@ due)

q
sihte @[ 8@V av)

q
[/ lkez ()" £ (w)]" du(w)] dv(z)
D
- g(a)mm(el—wm/
Bp(a.p)
> S(Q)(n+1)(91—l+qs—%orq)/ (S(Z)IH{I[Q

Bp(a,p)

q
[/ IK (z, )l dM(w)] dv(z)
Bp(a,p)

1 1
= 8(a) DIzt / 8@~ u(Bpa, ) dv(2)
Bp(a,p)

q
[/ Ikz(w)\’\ff(w)lrdu(w)] dv(z)
Bp(a.p)

> 8(a)(n+1)(01+qs—%arq—%tq)M(BD(a’ p))ll_
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Recalling (3.5) and (3.6), we get

oryt_o %
w(Bp(a, p)) < Ks(@" 2270

)
||ff||;7 +1) (-1
< Ko(@) "V E g

t_ 0 r
< KV(BD(Cl,p))§75771+927

p .
Since u is a finite measure, a similar estimate holds when §(a) > §;. Then Theo-

rem 2.15 implies that p is (A, y)-skew Carleson with [|i|l5,, = K_as claimed.
Now let us assume 0 < A < 1. Assume first 7 = 1. Choose 8 € N with 8 > ¢ and
set

t
0:01+q(,3—§+s>>1—n+1.

We can apply (3.5) and Lemma 3.2.(i) with p = ¢ to get

1Ty s yony = KN lp.arne--

Therefore Proposition 3.4 implies that w is (A, y)-skew Carleson with

N 1 6 o 1/t 6, 6
R PCSA W (S
k( P q A\2 p g
and [|/t]l,y < K as claimed.

Assume now r > 1, and choose o > 0 so that

t 1
B=-+—>—max{l,6, p—1+06:}
r r P

and B € N. We also require that & is such that @ > Ay + ;25 (1 — A) and

[a—ky
oi=1

1 t
r qr 2

. 1
=
1—)»—i-17

’

n+1
where

Assume for a moment that u has compact support. Then |5 ("H)( %)
Bull L D1 is finite; therefore (3.5) and Corollary 3.3 applied with p = p
—
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imply that Tf is bounded from A?(D, (n + 1)(6, — 1)) to A™(D, (n + 1)(o — 1)),
with

o 1/r
1T/l < K H”’“)(”)Baﬂ

LD (y=1)

Proposition 3.4 then yields that 1 is (%, 7)-skew Carleson with

Furthermore, we also have

1/r

”5—(n+1)(y—‘;)BaM <K H(S—(Hl)(y—g)Baﬂ

LD (=) & (D=1

and thus

< K.

"8—(11-‘4-1)()/—%)301“ <
Dy =1

An easy limit argument then shows that this holds even when the support of w is not
compact, and then, by Theorem 2.16, u is (A, y)-skew Carleson with ||, < K.
We are left with the case 0 < r < 1. Choose R > 1 and set u* = 84, with

A=t B0

First of all, fix ro € (0, 1) and set Ry = %(1 + rg). Then, for any z € D, Lemmas 2.1,
2.2 and 2.5 yield

@7 = Lf )|” dv(w)

1
v(Bo(z,r0)) /BDu,Ro)

< §(z)~(n+De: / £ )18 ()™ DD gy (1)
Bp(z,Ro)

—(n+1
< 8@ "RYFID 1)
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Then (3.5) yields

q
g, (n+1)(01—1)

suf]
q
= / (6(z><"+”‘ / Ikz(w)lllf(w)lrlf(w)lR_’du*(w)) 8() VO gy (z)
D D

19 (R— X A (R=1)0) q
<16y /(a(z)“’“”f Iz )] f )8 (w)* =D du(w))
D D

5(2)("+1)(9'_1)dl)(1)

_ q(R—r)
- ”f”p-(nﬂ)(@rl)

o H‘I
Al PREES IR

qR
< KAl g @—1)

for all f € AP(D, (n + 1)(f2 — 1)). Arguing as before, we can prove that u* is
(X, y*)-skew Carleson with [|*||; ,+ < K, where

1/t 6R 6 R —1r)6

A \2 )4 Ap
—(n+1) &% S :
Butu =46 r— u*; then Lemma 2.18 implies that u is (A, y)-skew Carleson
with [|u|l5,, < K, and we are done. O

We finally have all the ingredients to prove our main result.

Proof of Theorem 1.1 Assume that w is (A, y)-skew Carleson. For k = 1 the assertion
is just the definition of (X, y)—ske_w Carleson; so we can assume k> 2.
Forj=1,...,kputB; = AZ—;. Then we have 8; > 1, %ﬁf = X, and

k
— =1
= Pi
Now define ; € R as
I T B p;
in particular
1
)/+X,3j77j=9j. 3.7

It is easy to check that 7y + - - - + nx = 0; then Holder’s inequality yields

k k 1/B;j
/D []1r@I% dM(Z)SH[ /D | £ (2)1Pi9 8 (2)Pins du(z)} SR
Jj=1 j=1



M. Abate, J. Raissy

Now, Lemma 2.18 implies that 8P M is (A, y + %,3 i1 )-skew Carleson, that is,

(A, 0;)-skew Carleson, by (3.7). But A = q;—é-’; hence Theorems 2.15 and 2.16 imply
J

that 8% 1 is (pj,qjBj; aj)-skew Carleson, with o; = (n + 1)(6; — 1). Therefore

1/B; _
[ /D |15 @)1Pi418 ()P du(z)} = Wil e, (3.9

for j=1,...,k,and (1.1) is proved (see also Remark 3.7 below).
Assume now that (1.1) holds for any f; € A?i(D, (n + 1)(6; — 1)) with j =
1, ..., k; we would like to prove by induction that it is a (1, y)-skew Carleson measure
with [|u|l5,,, < C.If k = 1 there is nothing to prove, so we can assume k > 2.
Assume first A > 1, and let «; = (n + 1)(¢; — 1) for j = 1, ..., k. Choose
o1, ...,0r € N* such that

pjoj > max{l,0;}

forall j =1,...,k, and

k
Zq‘/q/ > AY,
j=1
and set

o; 6;
R Dl - 2L
rji=n+ )[2 Pj]

forall j =1,...,k.
Foranya € Dand j =1, ..., k, consider

fia@) =ka(2)%8(a)".

Then, since a; < (n+1)(pjo; — 1) by the choice of o, applying Proposition 2.9 we
obtain

- » Ll —(nt1y (L2~ .
K s = Wl s < 8@ 7L D] gy,

pPjoj.&j —
and hence
<1

”fj,a”pj,aj =

for j =1,...,k. Thus (1.1) yields

k k
/D [11752@1 du) < € [T 1fsall o, < C. (3.10)
j=1 j=1
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Now recall that
k
[11£1.a@1% = lka(2)| %5 97 §(a)=i 977
j=1

We have

k k k

qjo;j qj n+1
qurj:(n+l)z ]—]—Gj—] = quaj—(n+l)ky,
= =1 2 Pj 2 =1

so, setting s =} ; 0;¢;, (3.10) becomes
5(n+1)(%7)»y)BsM <C.
and Theorem 2.15 implies that u is (A, y)-Carleson with
Il =~ 18 FDCT) B p)log < C.

We are left with the case 0 < A < 1. We argue again by induction on k. If k = 1,
it is the definition of skew Carleson measure; so assume the assertion holds for k — 1.
Set

Fix a function g € APk (D, (n+1)(6r — 1)), and set iy = |g|% u. Then (1.1) yields

k=1 k—1
. qk qj
/; 1_[ |fj(Z)|qj dug(z) < C”g”pk,(n+l)(9k—l) 1_[ ”fj”p{/,(n-i-l)(@j—l)
j=1 j=1

forall f; € APJ (D, (n+1)O; - 1)) with j = 1, ..., k— 1. By induction, this means

that py is a (X, ¥)-skew Carleson measure with | uex|l5 7= C||g||?f]'C (1)@ —1)" Since

A<A<landy > 1— nlﬁ, Theorem 2.16 implies that 8_(”“)(77_%)8’“1( €

LYOD(D, (n+ 1)(F — D) forall 1 > A7 + ;2 (1 — &), with

—(+1)(F—5%) pt Gk
”5 B = Cligly, e n@—1-

M H1/(177\),(n+1)(;771) -
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Writing explicitely the previous formula we obtain
1/(1=7) wtot) ) 1=4
f [ / lka(2)I' 18 (2)|% du(Z)} 8(@) 15772 8(a) "D du(a)
p LD

K
= Cliglly, (4 1)@—1)°

that is

S,qk qk
IS5 8l /-3y v 1y—1) = CNENp v y@—1)0

where s = % —9.Choosing t > ﬁ max{l, 6k, pr —1 —6} suchthats > 0, we deduce
from Proposition 3.6 that y is a (A*, y*)-skew Carleson measure with || |3+« < C,
where

. 1 .
=14+ _1-% =2 and y*=—*<9kq—"+m>=y,
Pk A Dk

and we are done. O

Remark 3.7 If 1 is a (A, y)-skew Carleson measure, we can estimate the constant C
in (1.1). Fix r € (0, 1). Then Lemmas 2.1 and 2.2 yield

(&Pmi ), ~ §EDPNI B,
If » > 1 we can now use (2.2) to get

”(Sﬂjn'i“'”;?j,q/ﬂj;aj ~ H8_(n+l)(k9j_l)(S'B'jn'/ﬂ)rHOO

r”oo ~ ”M”A,)ﬁ

~ HS—(’l-i'l)()»@j—l—ﬂjﬂj)ﬂr

‘OO — |5 HDGy=D 5

Analogously, if 0 < & < 1 we can use (2.3) to get

IISﬂf”/Mllp,,qjﬂj;aj ~ H(S—(n+1)(9jfl))u(8ﬂj'ljM)r H 1
-

~ Hsf(nﬂ)(wjixfﬂ,nj) s—+Dy =Dy

fir

=] e
- ==

Therefore in both cases (3.8) and (3.9) yield

Zj qj

C~ i
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