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Preface

The aim of this thesis, as the title suggests, is the study of periodic orbits in La-
grangian dynamics. The class of Lagrangian systems that we shall consider is given
by the so-called Tonelli Lagrangian functions on closed (i.e. compact and with empty
boundary) configuration spaces. These are Lagrangian functions that, when re-
stricted to the fibers of the tangent bundle of the configuration space, have positive
definite Hessian and superlinear growth. The Tonelli class is particularly impor-
tant in Lagrangian dynamics: in fact, whenever a Lagrangian function is fiberwise
convex, its Legendre transform defines a diffeomorphism between the tangent and
cotangent bundles of the configuration space if and only if the Lagrangian function
belongs to the Tonelli class. In other words, the Tonelli Lagrangians constitute the
broadest family of fiberwise convex Lagrangian functions for which the Lagrangian-
Hamiltonian duality, given by the Legendre transform, occurs. Furthermore, the
Tonelli assumptions imply existence and regularity results for action minimizing or-
bits joining two given points on the configuration space. Most of the Lagrangian
functions that are of interest in mathematical physics turn out to be Tonelli.

By the Lagrangian-Hamiltonian duality, all the results that we obtain for Tonelli
Lagrangian systems can be rephrased in the Hamiltonian formulation as results on
Tonelli Hamiltonian systems on the cotangent bundles of closed configuration spaces.
Here, a Hamiltonian is called Tonelli when it is the dual of a Tonelli Lagrangian, and
it turns out that this is equivalent to asking that the Hamiltonian, when restricted
to the fibers of the cotangent bundle, has a positive definite Hessian and superlinear
growth, in complete analogy with the Lagrangian case.

The motivation of our work comes from a celebrated conjecture formulated in the
1980s by Charles Cameron Conley. This conjecture, in its original form, states that
every l-periodic Hamiltonian system on the standard symplectic torus has infinitely
many integer periodic orbits. The conjecture was soon confirmed, in 1984 by Conley
and Zehnder [CZ|, for Hamiltonian systems with only non-degenerate orbits. The
significantly more complicated general case was proved by Hingston [Hi| in 2004. The
existence of infinitely many periodic orbits has also been established for Hamiltonian
systems on closed symplectically aspherical manifolds (i.e. closed symplectic mani-
folds whose symplectic form and first Chern class are cohomologically annihilated by
pull-back with elements of the second homotopy group of the manifold). This was
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iv PREFACE

done in 1992 by Salamon and Zehnder [SZ| under a non-degeneracy assumption on
the periodic orbits, and in 2006 by Ginzburg [Gi] in full generality. Other related
results are contained in [FS| |GGl [Gid, [Sc2l [Vi2]. Nowadays, people refer to the state-
ment about the existence of infinitely many periodic orbits of Hamiltonian systems
in a certain setting as the Conley conjecture in that setting.

The main result of this thesis (theorem [V.9) confirms the Conley conjecture for
Tonelli Hamiltonian systems on the cotangent bundle of closed configuration spaces.
It might be more appropriate, due to our approach, to describe the result in the
Lagrangian formulation: we shall prove that the Euler-Lagrange system of a smooth
1-periodic Tonelli Lagrangian, over a closed configuration space, admits infinitely
many integer periodic solutions with a priori bounded mean action. Moreover, if the
system under consideration admits only finitely many 1-periodic solutions, then it
must admit periodic orbits of arbitrarily high period (and a priori bounded mean
action as before). Here, the mean action which we are referring to is the usual
Lagrangian action divided by the period of the involved periodic orbit.

The existence of infinitely many integer periodic orbits, in the particular case
of fiberwise quadratic Lagrangian functions with the configuration space given by a
torus, was proved, in 2000, by Long [Lo]. More recently, in 2008, Lu [Lu] extended
Long’s result in many directions, in particular to a general closed configuration
space. Other related results are contained in [LL2, LWIl [LW2]|. These proofs are
based on the Morse theory for the Lagrangian action functional, combined with the
iteration theory for the Conley-Zehnder index, a symplectic invariant of periodic
orbits known to coincide with the Morse index. This approach is far from being
immediately extendable to the general Tonelli case. In fact, a functional setting in
which the action functional of Tonelli Lagrangians is both regular and satisfies the
Palais-Smale condition, the minimum requirements for a critical-point theoretical
treatment, is not known.

In 2006, Abbondandolo and Figalli [AF| showed how to apply Morse theory to
the Tonelli action functional by means of convex quadratic modifications of the in-
volved Lagrangian. Basically, their idea consists of modifying the Tonelli Lagrangian
outside a given neighborhood of the zero section of the tangent bundle, making the
modified Lagrangian fiberwise quadratic there. With a suitable a-priori estimate,
they proved that the two Lagrangian functions, the original Tonelli one and the
modified one, share the same periodic orbits on a given action sublevel, provided
the modification was performed sufficiently far from the zero section. This allows
the application of Morse theoretic methods to the action functional of the modified
Lagrangian, for which a suitable functional setting is well-known, in order to prove
the existence of periodic orbits of the Lagrangian system associated to the original
Tonelli Lagrangian. In particular, if the loop space of the configuration space has
rich homology (for instance whenever the configuration space is simply connected),
this analysis allows to assert the existence of an infinite sequence of 1-periodic orbits
with action that goes to infinity.

As for Long’s one, the approach of convex quadratic modifications is not im-
mediately applicable to give a proof of the Conley conjecture: in fact, the above
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mentioned a priori estimate and consequently all the forthcoming strategy work in a
prescribed period, while, in order to prove the existence of infinitely many periodic
orbits, we need to look for orbits with different, possibly arbitrarily high, periods.
Our recipe for the proof of the Conley conjecture is a combination of these two
approaches.

In a first part of the thesis, chapter [[II, we consider the class of Lagrangian
functions on close configuration spaces that have uniformly positive definite fiberwise
Hessian and fiberwise quadratic growth (throughout the manuscript, we informally
refer to this class as to the class of convex quadratic growth Lagrangians). These
Lagrangians are in particular Tonelli, and their action functional is well known to
be C! on the space of W12 loops and to satisfy the Palais-Smale condition there.
This is sufficient to apply most of the results of Morse theory, for instance the Morse
inequalities. However, it is not enough to obtain information on the local homology
groups of the periodic orbits (that are, with the terminology of Chang [Ch], the criti-
cal groups of the functional). In fact, a characterization of the local homology groups
is provided by the Morse lemma together with the theory developed by Gromoll and
Meyer [GM], but both require to deal with a C? functional. Motivated by this fact,
we develop a discretization technique for the Lagrangian action that is a general-
ization of the classical broken geodesics approximation of the path space, described
for instance in [Mi, section 16] or [KI, section A.1]. Roughly speaking, what we do
consists in restricting the action functional on the spaces of continuous loops that are
broken smooth solutions of the FEuler-Lagrange system of the involved Lagrangian.
As the number of portions in which the loop is broken (i.e. the discretization pass)
grows, we obtain bigger and bigger loop spaces that, in some sense, approximate
the W12 loop space. We prove that each of these spaces is a finite dimensional
manifold over which the action functional is smooth, and its closed sublevels are
compact (provided the discretization pass is big enough), implying the Palais-Smale
condition. Moreover, we show that the critical points of the unrestricted action func-
tional (namely the periodic orbits) correspond to the critical points of the restricted
action functional and have the same local homology groups (again, up to choosing
a sufficiently big discretization pass). On the one hand, this allows us to recover all
the abstract results on the local homology groups that require C? regularity. On
the other hand, the machinery that we have developed is general, and hopefully may
have other applications.

In view of the Conley conjecture, a property that needs to be established is
the persistence of the local homology groups of periodic orbits (for systems defined
by a convex quadratic growth Lagrangian) under iteration, whenever the iteration
leaves the Morse index and nullity pair of the orbit unchanged. In chapter V],
this result is obtained as a particular case of a general abstract principle: for an
arbitrary C? functional defined on an open set of a Hilbert space with a Fredholm
Hessian at a given critical point, the local homology groups at the critical point
do not change under restriction to a Hilbert subspace provided this subspace is
gradient-flow invariant and the Morse index and nullity pair does not change under
the restriction. The application to the C'!' Lagrangian action functional is obtained
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by means of our above discussed discretization technique.

In the last part of the thesis, chapter [V] we come back to consider the class
of Tonelli Lagrangian functions and their convex quadratic modifications. We show
that we can still recover a homological invariant for a periodic orbit in a Tonelli
system in the following way. The periodic orbit is a critical point of the action func-
tionals associated to all the suitable convex quadratic modifications of the original
Tonelli Lagrangian. Each of these action functionals can be discretized as explained
above, and it turns out that all the obtained discrete action functionals have the
same germ at the considered periodic orbit. Therefore, their local homology at the
orbit is an invariant associated to the original Tonelli Lagrangian. Once this prelim-
inary is established, we can prove the Conley conjecture by contradiction: assuming
that the Euler-Lagrange system of a Tonelli Lagrangian admits only finitely many
integer periodic solutions, we show that there must exist a periodic orbit whose local
homology is non-trivial and, satisfying the hypothesis of the theorem proved in chap-
ter [V persists under iteration, a contradiction to a homological vanishing property
that we establish (an extension of a principle for the geodesics action functional, due
to Bangert and Klingenberg [BK]).

We have tried to make this thesis accessible even to non-specialists: to this
end, we have added two preliminary chapters and an appendix. In chapter [l we
briefly introduce the Lagrangian and Hamiltonian formalisms, trying to emphasize
the variational and dynamical systems aspects of these theories. We also define and
characterize the Tonelli systems and the index pairs of periodic orbits that we will
make use of in the forthcoming chapters. In chapter [Il we introduce the W12
functional setting for the action functional of convex quadratic growth Lagrangians.
In appendix [A] we review the main results of classical Morse theory for functionals
defined over infinite dimensional Hilbert manifolds, having possibly degenerate crit-
ical points. None of the results contained in this preliminary part are original, and
throughout the text we try to provide complete references.
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Chapter 1

Lagrangian and Hamiltonian
systems

This chapter might be considered as a sort of informal introduction to the subject
of Lagrangian and Hamiltonian dynamics, from the point of view that is relevant
in this thesis. Everything we will discuss can be found, even if not in this form,
in the literature. In section [[1] we give the basic definitions and we briefly review
the duality between Lagrangian and Hamiltonian systems. Even though these topics
come from mathematical physics, we almost avoid to mention it. We rather insist
on the variational and dynamical systems flavors of these theories. In section [[.2] we
introduce the important class of Tonelli Lagrangians and Tonelli Hamiltonians. The
main results about the existence of periodic orbits, that we will prove in chapter [V]
will be valid for Tonelli systems. Here, we will try to motivate the importance of
the Tonelli assumptions, as they naturally give broad families of Lagrangians and
Hamiltonians for which the above mentioned duality occurs. In section[[.3]we discuss
the Conley-Zehnder-Long index pair for periodic orbits of Hamiltonian systems, that
is essentially a homotopic invariant for paths in the symplectic group. Our interest
in this index pair is due to its relation with the Morse index and nullity of the
Lagrangian action, as it will be discussed in section [[4l

I.1 The formalism of classical mechanics

Classical mechanics describes the motion of a mechanical system in a configuration
space. In this section we briefly review its language, in particular we introduce the
Lagrangian and Hamiltonian formalisms. Of course this note does not attempt to be
a comprehensive introduction to the subject. For that purpose, we refer the reader
to one of the many textbooks of mathematical physics (e.g. [Ar, [AM2]), dynamical
systems (e.g. [Fa, [HZ]) or symplectic geometry (e.g. [Cal, [MT]).

Lagrangian mechanics treats the description of the motion of a mechanical system
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constrained on a configuration space. For us, the configuration space will be a
closed manifold M of dimension m. A Lagrangian on the configuration space is
meant to be a smooth function .Z : R x TM — R. In general, the points in
the domain R x TM will be denoted by (¢,q,v), ie. t € R, v € TgM. The R-
component in the domain of . must be interpreted as a time dependence, and if the
Lagrangian happens to be independent of ¢ it is called autonomous. A point (g, v)
in the tangent bundle TM of the configuration space is interpreted in the following
way: ¢ gives the position of the mechanical system, while the vector v in the tangent
space of ¢ gives the velocity of the mechanical system.

Consider a bounded real interval [tg,t1] C R. We define the action functional
o/t associated to the Lagrangian . as

t1
(L) 0t = [ 2t 0.50) at
to

where v : [tg,t1] — M. For the moment, we do not discuss a functional setting for
the action 7%, We just consider it defined on some space of curves v as above
such that the function t — Z(t,~v(t),%(t)) is integrable on the interval [to, 1], for
instance we might consider 7%t defined on the space C? curves 7 : [tg,t1] — M.
A C? map ¥ : (—¢,¢) x [to,t1] — M is called a variation of v when X(0,-) = v,
Y(-,to) = y(to) and X(-,t1) = v(t1). The curve 7 is a motion in the Lagrangian
system defined by .Z when, for each variation ¥ of v, we have
4 /"M (%(s,-)) = 0.
ds|,_q ’
Namely, a curve on M is a motion when it is an extremal of the action functional.

Now, let us fix a finite atlas 4 = {¢y : Uy — R | = 0,...,u} for the compact
manifold M. This has associate atlases for the tangent and cotangent bundle of M,
i.e. the atlases TU = {T¢, : TU, — R™ x R™ |a = 0, ...,u} and T*U = {T*¢, :
T* Uy — R™ x (R™)*|ae=0,...,u} , where

Toalq,v) = (9a(q),dda(q)v), Vge M, veTM,
T*$a(q, ) = (¢alq),p o déy  (¢ala))), Vge M, pe TiM.

We denote the components of the introduced charts by

Pa = (das - a'),
Toa = (qa: - dh's Vas - V),
T*Go = (das s G0's Par s ++0s Pasm )
We define the fiberwise derivative of the Lagrangian .2 : Rx TM — R at (¢, q,v)
as the covector 9,Z(t, q,v) € T, M given in local coordinates as

m
0y Lt q,v) Z tq7 ) dgl,.
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Notice that this definition does not depend of the chosen local coordinates, in fact,
it ¢ € Uy NUg, then

‘o1 Ova
(0L ol dqh
- ZZ<5 7 (t.0.v) —2(,0) dgh(q) + PPACKIL) —2(g,v) %((ﬁ)
j=lh=1 "0 Ova s dva
qu =0

=S 9L 4 0.v) dqfi(q).

Extremal curves of the action functional can be characterized as follows. Assume

v : [to, t1] — M is a C? extremal curve, and consider a subdivision tg = 79 < 71 <

. < rp = t1 such that the support vy([rg,7k+1]) is contained in some coordinate

domain U,, of the atlas &, for each k = 0,...,n — 1. Then, for each variation X of v,
if we denote by o the section of v*TM given by

(>

O’(t) = g(o,t), Vt € [to,tl],
we have
0= 2| (s )
ds s=0 ’
n—1 m Tk+1 0% ) 0.7 '
=> > —(t,7,%) o, (t) + ——(t,7,7) 62, (t) | dt
; o} ovl,
k=0 _]:1 Tk (&2 g
n—1 m Tht1 8$ d 8$ ‘
= Z/ ( ; (t,7,7) — T g (t,v,%) Ug[k(t)dt
k=0 j=1"7Tk 8(10% 8?)0%
n—1
+ Z <8v$(7"k+177(7°k+1)a Y(rke1)) 0(Th41) — 0u L (T, y(rE), Y (k) U(rk)>
k=0
S e [0y d 0.2 |
= Z/ <—j (v, %) — a—j(t,’}/,’ﬂ/) Uék(t)dt,
k=0 j=1"Tk 0qay, v}y,

where we have adopted the common notation o, (t) := d¢(y(t))o(t). By the fun-
damental lemma of the calculus of variations, the above expression is zero for each
variation ¥ of the curve 7 (that is, for each C'! section o of the vector bundle v*T M)
if and only if  satisfies in local coordinates

doZ ) 0L

1.2 ——= - = (t,7,7) = i=1,..,m.
(L.2) 3 907 01N T 5 1Y) =0, Vi=1..m
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The above system of second order ordinary differential equations is known as the

Euler-Lagrange system associated to the Lagrangian .Z. Hence, we have a second

characterization of motion curves as solutions of the Euler-Lagrange system (L2)).
Now, for each (t,q,v) € R x TM, consider the quadratic form on T,M given by

m
Rk -
w Z ——_(t,q,v)wwh, Vw—Zw]— e T,M.
7j=1

Notice this quadratic form is independent of the local coordinates used to define
t (by the same argument that we gave to show that the fiberwise derivative is
intrinsically defined). We say that the Lagrangian . is non-degenerate when the
above quadratic form is non-degenerate on the whole domain of .Z, i.e. for each
(t,q,v) € R x TM and for each nonzero w € T;M there exists z € T,M such that

m 2

<z .
D Guigi (b a0 £ 0
j,h=1

Equivalently, the Lagrangian . is non-degenerate when the m x m real matrix

Wi(t v)
uiguh P ih=1...m

is invertible for each (¢,¢,v) € R x TM. If this condition is fulfilled we can put the
Euler-Lagrange system ([2) in normal form as

[aaf ’W} _ (?Z( Z aif ,wwa)) ,

M

In other words, the non-degeneracy condition allows us to define a smooth time-
dependent vector field X ¢ on TM as

m -1 m 2
0¥ 0°Z 1y 0
t »q,V E < aq] hE ‘ |:ava :| in <aqh (t7Q7v) - E aqlavh (t7q7 ’U)U ) avj> )

for each (t,q,v) € R x TM. This vector field is called Euler-Lagrange vector
field associated to .Z, and its integral curve are precisely the solutions of the Euler-
Lagrange system associated to .Z. By the Cauchy-Lipschitz theorem, X ¢ can be
locally uniquely integrated. In other words, there exists a continuous function € :
R x TM — (0,00) such that, for every (tg,qo,v9) € R x TM and for every t; € R
with [t; — to| < e(to,qo,vo), there exists a unique smooth solution v : [tg,t1] — M
of the Euler-Lagrange system ([2) with v(¢o) = go and (t9) = vo. This defines a
partial flow ® » on TM, the Euler-Lagrange flow associated to .Z, as

'L (v(t), 4 (to)) = (v(t1), 5 (tr)),
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where v : [tg,t1] — M is a solution of the Euler-Lagrange system. We say that ® ¢
is global when, for each ty € R, it defines a function

0 R x TM — TM, Vto € R,
(t.q,v) — ®2°(q,v).

So far we have recalled the language of the Lagrangian formulation of classical
mechanics. As we already stated at the beginning of this section, there is another
point of view for describing classical mechanics that is given by the Hamiltonian
formulation. Quoting Vladimir Arnold [Ar, page 161|, Hamiltonian mechanics is
“geometry in phase space”. The phase space is the ambient of the considered
mechanical system, and it has the structure of a symplectic manifold. We will only
consider phase spaces that are cotangent bundles over a smooth closed manifold M.
In these cases, the Hamiltonian formulation is, in some sense, dual to the Lagrangian
one.

A Hamiltonian on the cotangent bundle T* M is meant to be a smooth function
JC : R x T*M — R. In general, the points in the domain R x T*M will be
denoted by (t,¢,p), ie. t € R, p € T;M. As for the Lagrangian case, the R-
component in the domain of 5 must be interpreted as a time dependence, and if
this dependence is missing the Hamiltonian is called autonomous. A point (g, p)
in the cotangent bundle T*M is interpreted in the following way: ¢ still gives the
position of the mechanical system, while the covector p in the cotangent space of ¢
gives the momentum of the mechanical system. The cotangent bundle T*M has a
canonical symplectic structure, that is a two form w over T*M that is closed
(i.e. dw = 0) and nondegenerate (i.e. w(v,-) # 0 for each non-zero v € T(T*M)).
This two-form w can be defined as follows. At first, we define the Liouville form
of T*M, that is a one-form A on T*M given in local coordinates by

A= pidg.
j=1

It is easy to verify that the above expression gives an intrinsic definition for X (i.e.
a definition that is independent of the chosen local coordinates). Moreover, the
Liouville form can also be characterized as the unique one-form A on T*M such
that, for each one-form p on M, we have u*A = . Then the canonical symplectic
form of T* M is defined as w = —dA\. In local coordinates we have

m
w = quj A dpj,
j=1

and it is immediate to verify that the above expression gives a non-degenerate two-
form, that is clearly closed (being exact by its definition). A Hamiltonian J# as
above defines a smooth time-dependent vector field X 5 on T*M given by

Xﬁf(taqap)Jw = d(%(ta )) (qvp)7 V(t,q,p) € R x T*Ma
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where “_” stands for the interior product between vectors and forms, i.e. X piw =

w(X,-). Inlocal coordinates we have

0 _ox t,q,p) 9 Y(t,q,p) € R x T*M.

o
Xf(t7q7p) - a—(ta Q7p) ap7
J

D; gy g (
By the Cauchy-Lipschitz theorem, this vector field can be locally integrated around
any point of R x T*M, and therefore it defines a partial flow ®_» on T*M as

o' (D (ty)) = (D(t1)),

where T': [tg,t1] — T*M is an integral curve of X . If we write I" as (v, p), where
v : [to, t1] — M and p is a section of v*T*M, then in local coordinates (v, p) satisfies
the Hamilton system

(13) 59 (t) = %@,w),p(t», (6) = =5 (090 (1)

Vi=1,..,m.

We call X 5 the Hamiltonian vector field associated to J#, and ® 4 the corre-
spondent Hamiltonian flow. The integral curves of X ,», or rather their projection
onto the base manifold M, are the motions of the Hamiltonian mechanical system
defined by 7.

Now, consider a Lagrangian function .Z : R x TM — R as before. We define the
Legendre transform given by .Z as the map

(1.4) Legy :RxTM — R x T*M, Leg & (t,q,v) = (t,q,0,-Z(t,q,v)).

Let us assume that, for the considered Lagrangian ., the Legendre transform is a
diffeomorphism of R x TM onto R x T*M (conditions on .Z under which this is
true will be discussed in the next section). Notice that this condition implies that
% is non-degenerate. Then we can define the Hamiltonian J# : R x T"M — R
Legendre dual to the Lagrangian . as

A oLeg y(t,q,v) == 0,Z(t,q,v)v — ZL(t,q,v), Y(t,q,v) € R x TM.

Actually, this sets up a duality between the Lagrangian system of .Z and the Hamil-
tonian system of JZ. In fact, an easy computation shows that

d(7T2 © Leg.i”)(ta 4, U) (ch (t7 q, U)) =X o Leg.i” (t7 q, U)7 V(t, q, U) € RxTM,

where 7y : R x T*M — T*M is the projection onto the second factor of R x T*M.
Therefore the Lagrangian and Hamiltonian flows are conjugated by the Legendre
transform. In other words, a curve 7 : [tg,t1] — M is a solution of the Euler-
Lagrange system ([2)) if and only if the curve (v, p) : [to, t1] — T*M, where p(t) :=
0y L (t,7(t),7%(t)), is a solution of the Hamilton system (L3)).
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As for the Lagrangian case, the motion curves of the Hamiltonian system asso-
ciated to a smooth 7 : R x T*M — R admit a variational characterization. If
[ : [to,t1] — T*M is a C? curve, we define its Hamiltonian action as

AN (T) = /

to

t1

(F*A - %(t,l‘(t))) dt.

An easy computation shows that the solutions of the Hamilton system of J# are
precisely the extremal curves of @71, Moreover, this Hamiltonian action is related
to the Lagrangian one of equation (LIl in the following way: if J# and & are
Legendre dual and I' = (v, p) : [to,t1] — T*M is a solution of the Hamilton system
of A (so that v : [tg,t1] — M is a solution of the Euler-Lagrange system of %),
then the Hamiltonian action of I' coincides with the Lagrangian action of -, for

t1

/ " (0a - T () di - | (o650 = #2000 pt00)

0
t1

= | ZL(t,(1),7(1)dt.

to

I.2 Tonelli systems

Let us fix, once for all, a Riemannian metric (-,-). on the closed manifold M, i.e. for
each ¢ € M we will denote by (-, ) q the Riemannian inner product on T,M and by
| - |4 the corresponding norm. We say that a smooth Lagrangian .2 : R x TM — R
is Tonelli when

(T1) the fiberwise Hessian of .Z is positive definite, i.e.

Ovi vl

m
iYL -
> (t, g, v)ww" >0,
=1

for all (¢,q,v) € R x TM and w = Z;”Zl wj% € T,M with w # 0;

(T2) £ is fiberwise superlinear, i.e.

llm "g(t7 q? U)

= OO7
wlg—oo  |v]g

for all (¢,q) € R x M.

Notice that the convexity condition (T1) implies that each absolutely Continuou
curve ( : [to,t1] — M has a well defined action
t1 X

AN = [ L(t,¢(t),C(t) dt € RU {+00}.

to

1'We recall that absolutely continuous curves can be characterized as those curves having inte-
grable weak derivative.
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An absolutely continuous curve v : [tg, 1] — M is an action minimizer with respect
to the Lagrangian . when every other absolutely continuous curve ( : [tg, 1] — M
with the same endpoints of « satisfies @0t (y) < @741 (). The Tonelli assumptions
guarantee the existence and regularity of action minimizers, as given by the following
statement that is essentially due to Tonelli (see [Fa), theorem 3.7.2] or [BGH] for a
modern treatment).

Theorem 1.1 (Existence and regularity of action minimizers). Let .Z be a
smooth Tonelli Lagrangian.

(i) For each real interval [to,t1] C R and for all qo,q1 € M there exists an action
minimizer (with respect to L) v : [to, t1] — M with y(tg) = qo and y(t1) = q1.

(ii) Every action minimizer (with respect to .£) is a smooth solution of the Euler-
Lagrange system of Z.

Now, let us consider a fiberwise convex (but not necessarily Tonelli) smooth
Lagrangian .Z : R x TM — R. We want to show how the geometric requirement of
the Legendre transform Leg o being a diffeomorphism can be translated into fiberwise
requirements for .Z. First of all, notice that the Legendre transform Leg o is a fiber
preserving smooth map between R x TM and R x T*M. Hence, asking that it is
a diffeomorphism is equivalent to ask that, for each (¢,q) € R x M, its fiberwise
restriction

vi(t,q, ) = d("g’{t}XTqM) : TQM - T;M

is a diffeomorphism. Hence, all we have to do is characterize convex functions on
R™ whose differential is a diffeomorphism onto (R™)*.

Proposition I.2. Let L : R™ — R be a convex smooth function. Then dL : R™ —
(R™)* is a diffeomorphism if and only if L is superlinear, meaning

L
lim ﬂ = o0,
v]—o00 |0

and its Hessian is positive definite.

Proof. Assume that L is superlinear with positive definite Hessian. Consider an
arbitrary pp € (R™)* and define LP° : R™ — R as LP9(v) = L(v) — po(v). This
function is superlinear, as well as L, hence it reaches its minimum at some vy € R™.
In particular dLP°(vg) = 0, and dL(vg) = po. This shows that dL is surjective.
Moreover, every v € R™ such that dL(v) = pp must be a critical point of LPY. Since
the hessian of LP° is positive definite, the function is strictly convex and it cannot
have critical points other than vg, and therefore dL is bijective. By the positivity
of the Hessian, we can apply the inverse function theorem to assert that dL is a
bijective local diffeomorphism, i.e. a global diffeomorphism.
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Conversely, assume that L is convex and dL is a diffeomorphism. Hence the
Hessian of L must be non-degenerate and, by the convexity assumption on L, even
positive definite. Moreover, since L is convex, we have

(I.5) L(v) — L(vg) > dL(vg)[v — v, Vg, v € R™.

For each real constant k& > 0 we define the compact set S := {v € R™ | |[dL(v)| = k}.
For each v € R™, there exists a unique vy = vo(v) € R™ such that

AL(0p) = - (0.}

[l

where we have denoted by (-,-) the standard inner product in R™. Notice that
dL(vg) € S and dL(vg)v = k|v|. Hence, by (L3]), for each v € R™ we have

L(v) 2 dL{un(0))v + L(eo(v)) — dL(wo(0))un(v) = klol + inf {L(w) —dL(w)w} .
w k
This shows that L is superlinear. [

For a smooth function L as in the above statement we can define a Legendre-dual
smooth function H : (R™)* — R by

H odL(v) = dL(v)v — L(v).

Proposition 1.3. Consider a smooth function L : R™ — R that is superlinear with
positive definite Hessian, and its Legendre dual function H : (R™)* — R. Then

(i) L and H satisty the Fenchel relation L(v) + H(p) > p(v), and the equality
holds true if and only if p = dL(v);

(i) dH = (dL)~": (R™)* — R™ ~ (R™)*;
(iii) H is superlinear with positive definite Hessian.

Proof. Take arbitrary v € R™ and p € (R™)*. By the assumptions on L, dL is a
diffeomorphism and in particular p = dL(w) for some w € R™. Therefore

L(v) + H(p) — p(v) = L(v) = H(dL(w)) — dL(w)v
= L(v) — L(w) — dL(w)(v — w) > 0,
where the last inequality follows by the convexity of L. Moreover, since L is strictly

convex, equality holds if and only if v = w, that is if and only if p = dL(v). This
proves (i). By the Fenchel relation, for each po,p; € (R™)*, we get

H((1 = A)po + Ap1) = max {(1 = A)po(v) + Ap1(v) — L(v)}
< max {(1 = A)po(v) — (1 = A)L(v)} + max {Ap1(v) = AL(v)}
< (1= XA)H(po) + AH (p1),
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therefore H is convex. Now, let us fix an arbitrary py € (R™)*. Then, for vy =
(dL)"Y(pg), we have po(vo) = H(po) + L(vg). By the Fenchel relation, for any
p € (R™)*, we have

p(vo) < H(p) + L(vo) = H(p) — H(po) + po(vo).

Hence, for any p € (R™)* we have (p — po)vo < H(p) — H(po), and this is possible if
and only if vg = dH (po) (we are making the canonical identification between (R™)**
and R™). This proves (ii), and in particular that dH is a diffeomorphism. Applying
proposition [[2] to H in place of L we obtain that H is superlinear with positive
definite Hessian, hence (iii) holds. [ |

If ¢ :RxTM — R is a fiberwise convex Lagrangian, by proposition [[2]
the Legendre transform Leg is a diffeomorphism if and only if . is a Tonelli
Lagrangian. Now, we say that a Hamiltonian J# : R x T*M — R is Tonelli when

(T1’) the fiberwise Hessian of /¢ is positive definite, i.e.
m
O*H
Z 7h(t7Q7p)rjrh > 07

for all (¢,q,p) € R x T*M and r = Z;”Zl ridg’ € Ty M with r # 0;
(T2’) 7 is fiberwise superlinear, i.e.

I (t,q,p)

lim ————= = o0,
pla—oo |Plg

for all (¢,q) € R x M (here, by a common abuse of notation, we write |- |, also
for the norm in T; M induced by the Riemannian metric of M).

By proposition [3] the Tonelli Hamiltonians are precisely the Hamiltonian functions
that are dual to Tonelli Lagrangians. Namely, the Legendre duality sets up a one to
one correspondence

Z:RxTM — R - H RxT*M — R
Tonelli Tonelli ’

This discussion should have motivated the importance of the Tonelli class in the
study of Lagrangian and Hamiltonian systems.

Remark I.1 (Uniform fiberwise superlinearity). It turns out that the Tonelli
assumptions, both for Lagrangians and Hamiltonians, imply that the fiberwise su-
perlinearity of conditions (T2) and (T2’) is uniformid, which means that the limits
in (T2) and (T2’) are satisfied uniformly in (t,q) € R x M. In fact, if £ is a

2For a non-compact configuration space M, we would only get locally uniform fiberwise super-
linearity.
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Tonelli Lagrangian with dual Tonelli Hamiltonian 7, by the Fenchel relation (cf.
proposition [.3(i)) we have

g(ta%v) > max {p(v) - ‘%ﬂ(taQap)}

Iplq<k
> max {p(v)} — max {J(t,q,
> ‘p‘ék{p( )} |p|q§k{ (t.q,p)}

> kfv]q — max {2, ¢, p) | (t',q,p)) € R x T*M, |p'|y <k},
for each k € IN and (t,q,v) € R x TM. Analogously
H(t,q,p) > klplg —max { L', ¢',v') | (t',¢',v) e Rx TM, ||y <k},
for each k € N and (¢,q,p) € R x T*M. [ |

I.3 The Conley-Zehnder-Long index pair

The Hamiltonian flow ® - defines symplectic transformations of T*M. In fact,
assume that there exists an open set (to,t;) x U C R x T*M such that @%\U is
a well defined diffeomorphism onto its image, for each t,t' € (¢g,t1). Then, this
diffeomorphism is symplectic, meaning

(@) w = w.

t ¢

This follows elementarily by the Cartan formula, since (¢, )*w = (idy)*w = w and
d . T £\
E(q)f) w= (@, )" Liex ,w = () (d(Xpw) + X dw) =0,
=dA# =0

where Liex ,, denotes the Lie derivative with respect to X ;. The symplectic diffeo-
morphisms that are constructed by means of a Hamiltonian flow as above are called
Hamiltonian diffeomorphisms.

Now, assume that the Hamiltonian .77 is 1-periodic in time, namely that it is a
function of the form .7 : R/Z x T*M — R. For n € IN, we consider a periodic orbit
I': R/nZ — T*M of the Hamiltonian system of 7, i.e. I'(t) = @;’2@(0)) =T'(t+n)
for each t € R. Then the differential dfb%(F(O)) is a linear symplectic automorphism
of the symplectic vector space (TF(O)T*M ,w). Moreover, by means of a symplectic
trivialization of the pull-back vector bundle I'*TT*M, we can view the map t —
d@;’g(I’(O)) as a path in the symplectic group Sp(2m), which is the group of linear
symplectic transformations of R?™. In this section we want to recall the definition
and the properties of a classical invariant for paths in the symplectic group, and
then we show how to associate this invariant to periodic orbits I' independently of
the chosen symplectic trivialization of I'*'TT* M.

We recall that the standard symplectic structure of R?” is given by the
skew-symmetric bilinear form wg : R?™ A R?™ — R defined by

wo(v, w) = (Jov,w) , Vo, w € R*™.
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Here, (-, ) is the standard inner product of R?™, while Jg is the standard complex
structure of R?™, given in matrix form by

0 —I
=047,

The symplectic group Sp(2m) is defined as the subgroup of GL(2m) given by the
automorphisms A such that A*w = w, or equivalently

Sp(zm) = {A € GL(2m) ‘ A*JOA = JQ},

where A* denote the adjoint of A (i.e. the transpose of the matrix defining A). We
denote by Sp’(2m) the subgroup of Sp(2m) consisting of automorphisms having 1
as an eigenvalue, and by Sp*(2m) the complementary subspace of Sp(2m), i.e.

Sp°(2m) = {A € Sp(2m) | det(A — I) = 0}, Sp*(2m) = Sp(2m) \ Sp°(2m).

The space Sp*(2m) is the disjoint union of the two connected components Sp™(2m)
and Sp~(2m) given by

SpT(2m) = {A € Sp(2m) | & det(A —I) > 0} .

Every symplectic automorphism A admits a unique polar decomposition A = PQ,
where P = (AA*)Y/2 is a symmetric and positive definite automorphism in Sp(2m),
while Q = (AA*)~1/2A € Sp(2m) N O(2m). Moreover, the map A — (AA*)"1/2A is
a retraction r : Sp(2m) — Sp(2m) N O(2m) coming from the deformation retraction
re : Sp(2m) — Sp(2m) given by

(1.6) ri(A) = (AA*)7H2 4.

In particular r is a homotopy equivalence. Moreover, if we consider the general linear
group of C™ as a subgroup of GL(2m) via the embedding
. X -Y .
X+2Yr—>[Y X ], VX 4+ 1Y € GL(m,C),
then Sp(2m) N O(2m) is identified with the unitary group U(m). We denote by
detg(M) : Sp(2m) N O(2m) — S' C C the complex determinant function, that is

detc ([ )}f _;,/ D = det(X +1iY), VM = [ if e } € Sp(2m) N O(2m).

Let & be the space of continuous paths ¥ : [0,1] — Sp(2m) such that ¥(0) = L.
This space is the disjoint union of the subspaces &* and #° given by the U’s such
that (1) € Sp*(2m) and ¥(1) € Sp°(2m) respectively. We want to introduce an
index for paths that belongs to 2. At first, we do it for paths ¥ € &7*. Since
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Sp™(2m) and Sp~(2m) are path connected, there exist a (non unique) path T
[1,2] — Sp*(2m) such that ¥(1) = ¥(1) and ¥(2) € {W+, W™}, where

Wt =—I€Spt(2m),
- -
-1

75 € Sp™ (2m).

Since

detZ or o (¥ e W)(0) = detd o r(I) = 1 = det o (W) = det o7 o (¥ @ ¥)(2),

the composition det%oro(\I’o\i’) can be considered as a map of the form R/27Z — S*,
namely a map between two topological circles. We define the Conley-Zehnder
index ((V) of the path ¥ € &7* as the Brouwer degree of the above composition,
i.e.

L(¥) := deg (det% oro(Ue \Tl)) €.

It turns out that the integer computed by the above formula is independent of the
chosen extension W of the path W, hence ¢(¥) is well defined. We refer the reader to
the celebrated papelﬁ of Salamon and Zehnder [SZ, section 3| for the proofs of this
fact and of the following statement.

Proposition 1.4. The Conley-Zehnder index satisfies the following properties:

(Naturality) For each path ¥ € 22* and for each symplectic automorphism A €
Sp(2m) we have ((¥) = 1(A"1WA).

(Homotopy) IfV:[0,1]x[0,1] — Sp(2m) is a homotopy in &7*, i.e. ¥ is continuous
and V(s,-) € P* for each s € [0,1], then «(¥(s,-)) = ¢(¥(0,-)) for each
s €10,1].

3In [SZ], Salamon and Zehnder call “Maslov indexz” the Conley-Zehnder index of a path in the
symplectic group. In the classical literature, people call Maslov index an integer invariant for loops
in the symplectic group (and also for paths in the Lagrangian Grassmannian of (R*™,wp)).
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Following Long [Lo2, page 143|, The Conley-Zehnder index of paths in £2° is defined
by lower semicontinuity extension as

(L.7) (W) ;= liminf o(¥), YU e 2°
v -0
v e p*

For each ¥ € &, we denote by v(V¥) the algebraic multiplicity of 1 as an eigenvalue
of ¥(1), i.e.

v(¥) :=dimker(¥(1) —I).

Notice that the paths ¥ with non-zero v(¥) are precisely the ones in Z°. We
refer to the pair of integers (¢(¥),v(V¥)) as to the Conley-Zehnder-Long index
pair of ¥ € &. By (1), it is immediate that the Conley Zehnder index satisfies the
naturality property of proposition [4even for paths ¥ € &°. The general homotopy
invariance property is the following (see [Lo2l, page 145| for a proof).

Proposition 1.5 (Homotopy). Let ¥ : [0,1] x [0,1] — Sp(2m) be a continuous
map such that ¥(s,-) € & and v(¥(s,)) = v(¥(0,-)) for each s € [0,1]. Then
L(¥(s,-)) = (¥(0,-)) for each s € [0,1].

Remark 1.2. So far we have introduced the Conley-Zehnder-Long index pair for
paths parametrized on [0, 1]. This invariant, by its definition, is independent of the
parametrization of the involved path. Hence, we can also define the Conley-Zehnder-
Long index pair of the path ¥ : [a,b] — Sp(2m), with ¥(a) = I, as the index pair of
a reparametrization of ¥ on the interval [0, 1]. n

Before going back to consider periodic orbits of a Hamiltonian system, we want
to discuss the behavior of the Conley-Zehnder-Long index pair under “iteration” of
a path. If ¥ € 2, we define its n'* iteration as the path ¥ : [0,n] — Sp(2m)
defined by

UG+ 1) = () W(1)... 9 (1), Vj € {0,..,n—1}, t € 0,1].
N———
J times
The following statement, due to Liu and Long (see [LL, theorem 1.1] for a proof),
shows that the the Conley-Zehnder index grows linearly with respect to the iteration
exponent n € IN.

Theorem 1.6 (Iteration inequality). For each ¥ € &, the following limit exists
and it is finite:

(L8) A(T) = lim oz

n—00 n

Moreover, the following inequality holds:

n(W) —m < (VM) < n W) +m — p(h), Vn € IN.
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The real number 7(¥) given by (L) is called mean Conley-Zehnder index of V.

Now, let us consider a 1-periodic Hamiltonian " : R/Z x T*M — R. Following
Abbondandolo and Schwarz [AS], we want to show how to assign a Conley-Zehder-
Long index pair to a periodic orbit I' : R/nZ — T*M of the Hamiltonian system of
. We will assume that the pull-back bundle v*TM is trivial, where v = 7% o I":
R/nZ — M and 7" : T*M — M is the projection of the cotangent bundle onto the
base manifold. This assumption is verified if the orbit « is contractible, or whenever
the manifold M is orientable (in fact, in this latter case, v*TM would be an oriented
vector bundle over the circle and therefore it must be trivial). For the general case,
that is not relevant for our purposes, we refer the reader to Weber [We].

In order to simplify the notation, let us assume that n = 1, so that I' is a
1-periodic orbit (then everything will go through word-by-word in any integer pe-
riod, see remark [.2). We denote by TV T*M the vertical subbundle of TT*M,
ie. TV'T*M = ker(T7*). It is straightforward to verify that this vector bundle is
isomorphic to the pull-back of TM by the map 7*. Therefore, the pull-back bundle
*TV'T* M is trivial, being

*TVT*M ~T*(r*)*TM ~ ~*TM.
Consider an almost complex structure J on T*M compatible with the canonical

symplectic structure w of T*M. This means precisely that w(-,J-) is a Riemannian
metric on T* M. With respect to this metric, we can fix an orthogonal trivialization

¢ :R/Z x R =5 T*TVT* M,
and then we can extend (]3 to a trivialization
¢:R/Z x R*™ = T*TT* M,
as
¢(t,-) = (=T o §(t,-) 0 Jo) B B(t, ), vVt € R/Z,

where Jg is the standard complex structure on R?™ introduced previously. By
construction, the obtained trivialization ¢ sends the vertical Lagrangian subspace
V™ := {0} x R™ c R?™ diffeomorphically onto the vertical subbundle I'*TVer'T* M,
i.e.

(1.9) Olr/zsvm : R/Z x V™ =T T " T* M.
Let €1, ..., em, f1, .., fm be the standard symplectic basis of R?"™, which means that
€1, ...,em 1s an orthonormal base of R™ x {0} and fi, ..., fi, is an orthonormal base

of V" = {0} x R™ with f; = Jpe; for each j € {1,...,m}. Then, for each t € R/Z,
if we put

fi o= o(t, fj) = ot f;), & = d(t,ej) = —J o §(t,") o Joej = —J f},
Vje{l,..,m},
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it is straightforward to verify that €y, ..., Em, f1,..., fm i a symplectic basis of the
tangent space Tp)T*M, which means

w(éj,én) = w(fj, fr) =0, W(E;, fn) = { (1) j ;Z:
Vi h € {1,...,m}.
This shows that the trivialization ¢ is symplectic, in the sense that
(1.10) é(t, )" w = wo, Vvt € R/Z,

and therefore the differential of the Hamiltonian flow along I' defines a path I'y :
[0,1] — Sp(2m) as

Ty(t) = o(t,-) ™t 0 dB"LT(0)) 0 (0, -), vt e [0,1].

Notice that I'4(0) = I, hence I'y, € &. We will use this path to define the Conley-
Zender index pair of the periodic orbit I'. At first, we need some preliminaries.

We denote by Sp(2m, V™) the subgroup of Sp(2m) consisting of those automor-
phisms that preserve the vertical Lagrangian subspace V™ C R?™ i.e.

Sp(2m, V™) = {A € Sp(2m) | AV™ =V}

A 0 . . x
:{[A; AJ ‘A1A3:I, AIAQ:AQAl}

Lemma 1.7. Consider the inclusion j : Sp(2m,V™) < Sp(2m) and the induced
fundamental group homomorphism m1(j) : m1(Sp(2m, V™)) — m1(Sp(2m)). Then
m1(j) is the zero homomorphism.

Proof. The deformation retraction of equation (L6]) restricts to a deformation re-
traction of Sp(2m, V™) onto

Sp(2m, V™) NU(m) = {[ 1(1)2 }0% } ‘R € O(m)}
Therefore, we know that in the following diagram of inclusions

J

Sp(2m, V™M) ¢ Sp(2m)
Sp(2m, V™) N U(m) ——~ U(m)

the vertical arrows are homotopy equivalences, and in order to conclude we just need
to show that h induces the zero homomorphism between fundamental groups. The
complex determinant detg induces a fundamental group isomorphism

71 (dete) : m (U(m)) — m1(SY) ~ Z.
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Then, consider an arbitrary [J] € m(Sp(2m, V™) N U(m)), i.e.
9¥:(R/Z,0) — (Sp(2m, V™) N U(m),I).

Since detg o ¢ = 1, we have 71(detg) o 71 (h)[¥] = [detg o 9] = 0, and we conclude
m1(h)[¥] = 0. [

Lemma 1.8. The Conley-Zehnder-Long index pair (¢(I'y),v(I'y)) is independent of
the trivialization ¢, provided ¢ satisfies (L9) and (L10).

Proof. Let ¢ : R/Z x R*™ = T*TT*M be another symplectic trivialization that
satisfies (L9). Consider the loop ¥ : R/Z — Sp(2m, V™) defined by

9(t) = p(t,-) "L o(t,-), vt € R/Z.

Notice that
Ty(t) = 9(t) " o Ty(t) 0 ¥(0), vt € R/Z.

By lemma[[. 7l there exists a homotopy © : [0, 1] x R/Z — Sp(2m) such that ©(0,-) =
9, ©(s,0) = ¥(0) for each s € [0,1], and ©(1,:) = ¥(0). Hence we can build a
homotopy Q : [0,1] x [0,1] — Sp(2m) as

Q(s,t) = O(s,t) "t o Ty(t) 0 ¥(0), V(s,t) €[0,1] x [0,1],

such that (0,-) = Ty, Q(1,-) = 9(0)~! 0 Ty 0 9¥(0), Q(s,0) = T'y,(0) and Q(s,1) =
Iy (1) for each s € [0, 1]. Since the homotopy €2 fixes the endpoints of the homotoped
path, we have that v(Q(s,-)) = v(I'y) for each s € [0,1], hence by the homotopy
invariance of the Conley-Zehnder index (proposition [L3]) we conclude

(D) = UQs, ), v(Dy) =v(Q(s,)  Vse 0,1,
and in particular
(Ty) = ¢ (9(0) 1 0Ty 0 9(0)), v(Ty) = v (9(0) "1 0Ty 0 9(0)).
Finally, since 9(0)~! o I'; 0 9(0) and Ty, are conjugated paths we immediately get
v(ly)=v (19(0)*1 oy 09(0)) = v(Ty),
and, by the naturality property of the Conley-Zehnder index, we conclude

WD) = ¢ (0(0) " 0 Ty 0 9(0)) = 1(T'). n

By the above lemma we can define the Conley-Zehnder-Long index pair of the
periodic orbit I' as the integers («(,I"),v(,I")) := (1(I'y),v(I'y)), where ¢ is any
trivialization satisfying (L9) and (L.10]).

As we did before for paths in the symplectic group, we define the n'? iteration of
the periodic orbit T': R/Z — T*M as the closed curve T'™ : R/nZ — T*M defined
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by the composition of I" with the n-fold covering map of the circle R/nZ — R/Z,
ie.

rrG+1) =1(@), Vje{0,..,n—1}, t € R/Z.

If ¢ is any trivialization satisfying (LI0) and (L9), we denote by I’E;L] : [0,n] —
Sp(2m) the path given by

r@) = ot ) 0d®P 0 6(0,1),  VEe(on].
With this notation, the Conley-Zehnder-Long index pair of T is

(u(22, T, v, Ty = (T, w(rlh).

Since S is 1-periodic, we have @f;li,lto = @?gfl’to*l for each tg,t; € R such that the
left hand side is defined and, for each 7 € IN and t € R/Z, we have
j+t,0 +t,j jj—1 j—1,j—2 1,0
A@%,"(1(0)) = @7, (0(0)) A% (D(0)) A%, (1 (0))...d@ 7 (1(0))

= d®%)(1(0)) d®L2(T'(0))...d® 2 (1(0)) .

7 times

Therefore, for each j € {0,...,n — 1} and ¢ € [0, 1], we have Fgﬂ (J+t) =Tu(t)Cp(1)™.
By theorem [L6l we readily obtain the following iteration inequality for the Conley-
Zehnder-Long index pair of a periodic orbit I':

(1.11) (A, T) —m < (2, Ty <7, T) +m — v(s2, M),
Vn € IN,

where 7(I') :=7(I'y) € [0, 00) is called the mean Conley-Zehnder index of I'.

I.4 The Morse index and nullity pair

Let us consider a 1-periodic Tonelli Lagrangian .Z : R/Z x TM — R with associated
action .o/ defined on some space of closed curves v : R/Z — M by

() = /0 L(t,4(1),5(1)) dt.

Assume furthermore that a closed curve v : R/Z — M is an extremal of this
functional, namely it is a smooth periodic solution of the Euler-Lagrange system
of .Z. We want to define a quadratic form that, euristically, represents the second
variation of the functional &7 at the extremal . Hence, let us consider a smooth
section ¢ of the pull-back bundle v*TM. Notice that ¢ is 1-periodic, being a map
of the form o : R/Z — ~*TM. We can use this section to define a homotopy
Y:(—e,e) x R/Z — M of v as

X(s,1) := exp,y (so(t)), V(s,t) € (—e,e) x R/Z,
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where € > 0 is a sufficiently small real constant and exp is the exponential map
associated to an arbitrary Riemannian metric on M. Then, the section ¢ is obtained
by differentiating the homotopy ¥ in the s direction at s = 0, for

9
0s |,

Y(s,t) = dexpy (0)(e(t)) = o(?) vVt € R/Z.

If we consider a finite atlas U = {¢4 : Uy — R™ | a = 0,...,u} for M, as in section[L1]
we can find a subdivision 0 = g < r; < ... < 1, = 1 such that the support
Y([rk, rk+1]) is contained in some coordinate domain U,,, for each k = 0,...,n — 1.
We define

5.(0) = | 206.0)
n—1 m ;
-4 szo;ﬂ;ﬁ““ [;;i (t 25,0, 2 s, t)) %?gg (5,1)
+ gq—&c (t,E(s,t), %—f(g,t)) a?ﬁ‘k (s,t)] dt
(RN 2L
:kOj;1/”kkH [f%gka zjxk( MR
+2%<m V)b, o, + a(zz%(t V4o, ak]dt € R.

Notice that %, (o) is independent of the particular choice of the homotopy X, and
for each r € R we have %, (ro) = r2%.(o). This shows that %, is a well defined
quadratic form, and by polarization we can define the symmetric bilinear form

(112) B,(0,6) = [,(0 +) ~ By(0 ~ €]

n—1 m Th41 82$ 829g
. .9 'h . . .h
Z [ h g (t,’y,’y)a&k{ak + ﬁ(ta v 'Y)U(jxkfak
k=0 j,h=1""k 8?}0% Dvay, avak g,
>z : P2

(t, v, %6l &+ (t,v,%)od, €h | dt

+ - - - -
dgh, Ovh, dqh, Oqly,

where o and £ are smooth sections of v*TM. The above expression still makes sense
if we only require that ¢ and & have W12 regularltyﬂ and actually %4, extends to a
continuous symmetric bilinear form

By W TM) @ WH(y*TM) — R,

where we denoted by W12(y*TM) the Hilbert space of W12 sections of v*TM

4See section [Tl for the background on W'? sections of the pull-back bundle v*TM.
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We define the nullity v(%,) of %, as the dimension of its null-space, i.e.
v(#,) = dim {¢ € W (y*TM) | %,(C,-) = 0}.

Then, we define the Morse index «(%4,) of %4, as the supremum of the dimensions
of the vector subspaces W C W1H2(y*TM) such that the restriction %,|wew is
negative definite. Notice that, for now, we are not claiming that ¢(%,) is the Morse
index of the functional & at . In fact we have not introduced any functional setting
for the functional <7, and it does not even make sense to speak about its critical
points.

The Morse index «(4,) and the nullity v(4,), a priori, might be infinite. How-
ever, this is not the case as long as the involved Lagrangian . is Tonelli, as a
consequence of the following fundamental result.

Theorem 1.9 (Index theorem). Let 7 : R/Z x TM — R be the Hamiltonian
that is Legendre-dual to £, and I : R/Z — T*M the Hamiltonian periodic orbit
corresponding to v, i.e. T'(t) = (v(t), 0,-L(t,y(t),¥(t))) for each t € R/Z. If v*TM
is a trivial bundle, then the Morse index and nullity pair of %, concides with the
Conley-Zehnder-Long index pair of I'; i.e.

(L(‘@’Y)ﬂ/(‘%“/)) = (L(%7F)7V(%7F))'

The above result, in this generality, is due to Long and An [LAl [Lo2|, and it is
based on previous results by Duistermaat [Du] and Viterbo [Vi] (see also [ADb] for a
functional analytic proof). The choice of period 1 that we have made so far is only
for syntactic convenience, but all the arguments go through for periodic orbits of
any period that is a multiple of the period of the considered Lagrangian function .Z.



Chapter II

Functional setting for the
Lagrangian action

In order to apply the machinery of critical point theory to study periodic solutions
of Tonelli Lagrangian systems on a closed manifold M, one is tempted to find a
nice functional setting for the Lagrangian action functional: a suitable free loop
space on M with a (infinite dimensional) manifold structure, over which the action
functional is regular, say at least C', and such that its sublevels satisfy some sort of
compactness, such as the Palais-Smale condition. For the special case of the geodesic
action functional, a suitable free loop space is known to be the Hilbert manifold
WY2(R/Z; M), see [KI, chapter 1]. In the general case of a Tonelli Lagrangian, a
functional setting over which the action functional fulfills the above requirements
is not known. However, W%2(R/Z; M) is still a good choice for the subclass of
Lagrangians that are fiberwise convex with fiberwise quadratic-growth: the fact
that a Lagrangian grows at most quadratically guarantees that the action functional
is regular on the W12 free loop space, while the fact that the Lagrangian grows at
least quadratically implies the Palais-Smale condition.

In section [LI] we recall how to construct a Hilbert manifold structure on the
W12 free loop space. In section [[I.2] we briefly discuss some topological properties
of this free loop space that will be useful in the forthcoming chapters. Finally, in
section [[L3] we introduce the class of “convex quadratic-growth” Lagrangians and,
following [Ben| and [AS2], we discuss the regularity of the action functional and we
prove that it satisfies the Palais-Smale condition.

II.1 A Hilbert manifold structure for the free loop space
Let M be a smooth closed manifold of dimension m. The free loop space of M is,
loosely speaking, a set of maps from the circle T = R/Z to the manifold M. It may

be the set of all the continuous maps C°(T; M), as it is common in topology, or the

21
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smaller set of all the smooth maps C*°(T; M), as it is often considered in differential
geometry. Each of these spaces is endowed with the corresponding topology, i.e. the
one induced by the uniform convergence for C°(T; M) and the one induced by the
uniform convergence of all the derivatives for C*°(T; M). In nonlinear analysis it is
rather useful to consider an intermediate loop space, as W12(T; M), that has the
structure of an infinite dimensional Hilbert manifold.

A possible way to define W12(T; M) is the following. By the Whitney embedding
theorem, there exists a smooth embedding M < R?*™*! and we define

W2(T; M) == {y € WY(T; R* ) |¢(T) ¢ M},

where W1H2(T; R?™+1) is, as usual, the Sobolev space of L? maps v : T — R2™*!
whose (weak) derivative is in L2. Notice that the above is a good definition, since
by the Sobolev embedding theorem we know that the maps in W12(T; R?™*!) are
continuous, and therefore it makes sense to talk about the image of these maps.

The maps in W12(T; M) can be approximated by smooth maps in the topology
of the uniform convergence. In fact, consider a tubular neighborhood N C R?>™*! of
M, with retraction r : N — M. If vy € WH2(T; M), by the density of C°°(T; R?™+!)
in W12(T; R?>™*1) there exists a sequence {7} C C°°(T; R?™*1) that converges to
v in WH2(T; R?>™+1) and in particular uniformly. Hence the sequence {r o7} C
C°(T; M) still converges to « uniformly.

Now, following [KI, chapter 1], we want to show that W12(T; M) can be endowed
with the structure of Hilbert manifold. At first, we put a Riemannian metric (-, ). on
M, for instance the pull-back of the flat metric on R*™*! via the embedding M —
R?™+1 and we denote by | - |. the corresponding norm. For each v € W12(T; M),
we denote by W12(y*TM) the space of W12 sections of v*TM, namely the space
of continuous sections & of v*TM that are weakly differentiable and such that the
following quantity is finite:

1
|l + 19161

Here, V; denotes the covariant derivative induced by the Levi-Civita connection of
the Riemannian manifold (M, (-,-))). It turns out that WH2(4*TM) is a separable
Hilbert space, with inner product given by

1
(€, C)n o= / (€0, CO) ) + (Vi i)y At VECE W2 TM),

It is in some sense analogous to the Sobolev space W1h2(T;R™), since for each
¢ € WH2(y*TM) and t € T the point £(t) belongs to the m-dimensional vector
space T ;M.

Now, let us fix v € C°°(T;M). For each ¢ > 0 we denote by U. the e-open
neighborhood of the zero section of TM, i.e. if 7 : TM — M denotes the projec-
tion onto the base, U, = {v € TM ||v|,(,) < e}. Then, we denote by Wh?(y*U;)
the subspace of W12(y*TM) consisting of those sections that take values in the
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neighborhood U.. If ¢ is less than the injectivity radius of M, we know that the
exponential map exp, : U: N T;M — M is a diffeomorphism onto its image. By
means of the exponential map, we can define an injective map

exp, : WH(y*Us) — WH(T; M)

as

exp, (§)(t) := exp ;) (§()), vE € WH(y'Ue), t € R/Z.
We denote by %, C W12(T; M) the image of the map exp,,. It is easy to see that
7., is an open set in WL2(T; M), hence the map exp,, is a homeomorphism onto it.
By the density argument given above, the family {%, |y € C°°(T; M)} is an open
cover of the loop space W12(T; M). Moreover, if we consider 7,72 € C* such that
U, N U, # 2, it turns out that the composition

-1 .
CXPy, ©€XPn, ‘expﬂ/2 (Ueyy ) + CXPryq (%’Yl N %72) — €XPny, (%’YI N %72)

is a diffeomorphism between open subsets of the Hilbert spaces W12(y3TM) and
W12(y#TM). With this in mind, we can endow the free loop space W12(T; M) with
a Hilbert manifold structure given by the atlas {(%,,exp;')|y € C°(T;M)}. The
tangent space of WH2(T; M) at a point v is given by T,WL2(T; M) = W2(y*TM),
and ((,-)). is a Hilbert-Riemannian metric on W12(T; M). By means of this met-
ric, W5H2(T; M) turns out to be a complete Hilbert-Riemannian manifold (see the
definition in section [A.3)).

Remark II.1. An analogous Hilbert-Riemannian manifold is the path space
WEHI M) = {x € WH(ILR?™) | x(I) € M},
where I is the interval [0,1] C R. An atlas for the path space is given by charts of the
form (73, exp) '), where %, C W12(I; M) is an open neighborhood of A € C>(I; M)
and exp, : WI2(A\*U.) — 7, is still defined by
exp) (9)(t) = expy ) (V(2)), v € WH2(\'U) C WH2 (W' TM), t € 1.
Since the interval I is contractible, the pull-back bundle A*TM admits a smooth

trivialization ¢y : A*TM — I x R™. This trivialization induces an isomorphism of
Hilbert spaces

Wh2(gy) : WEENTM) = WhH2(I; R™)
given by
W2(h2) () () = m2 0 Pa(£,E(1)), vE e WHA(N'TM), t €1,

where o : I x R™ — RR™ is the projection onto the R™ factor of I x R". This shows
that the path space W12(T; M) also admits an atlas {(#}, ®,) |\ € C*°(I; M)} with
charts of the form ®) : 73 — W12(I; R™) given by

@y =W (gx) o expy .

The free loop space W12(T; M) is a smooth Hilbert submanifold of the path space
WL2(I; M), as well as WE2(T; R™) is a Hilbert subspace of W12(I; R™). [ |
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Remark II.2. In computing expressions involving local coordinates, it is often use-
ful to work with other charts of the loop space W12(T; M) that are compatible with
the ones in the introduced atlas { (%, exp;l) |y € C(T; M)}. This charts are ob-
tained as follows. Consider v € C°°(T; M), and denote by 7 : I — T the quotient
map that sends the interval onto the circle T ~ I/{0,1}. As we have already dis-
cussed in the previous remark, the pull-back bundle (v o 7)*TM admits a smooth
trivialization ¥, : (yom)*TM — I x R™. Now, let mp : I x R™ — R™ denote the
projection onto the R™ factor of I x R™. We introduce the m-dimensional vector
subspace V, C R™ x R™ given by

V, = {(71—2 ° 19’7(0’”)’77-2 ° 19’7(1’2})) v € T’*/(O)M = T'y(l)M} )

and we denote by W%,f(]l; R™) the Hilbert subspace of W12(I; R™) consisting of
those loops whose pair of endpoints belongs to V., i.e.

W (GR™) = {x € WH(LR™) | (x(0), x(1)) € V,}.
The trivialization v, induces an isomorphism of Hilbert spaces
Wh2(9,) : W (5" TM) = Wy (T R™)
given by
WE2(0,)(€)(t) = m2 004 (t,£(1)), vE € WH(y*'TM), t € [0,1].
Now, if we put
0, :=Wh¥,)o exp;1 c Uy — W%,’f(]l; R™),

the family of charts {(%y,©,) |y € C°°(T; M)} is another smooth atlas, compatible
with the one introduced above, for the free loop space W12(T; M). Notice that,
whenever the bundle v*TM is trivial (e.g. if v is contractible), we immediately get
a chart ©) : %, — W‘I/’f(]l; R™) with V., = {(v,v) |[v € R™}, so that W‘I/’f(]l; R™) =
WL2(T; R™). |

Now, let us consider a non-zero positive integer n € IN. If we denote by T the
n-periodic circle R/nZ, the n-periodic free loop space W2(T[; M) is diffeomor-
phic to the 1-periodic one W2(T; M) simply by the map 7 ~ 7, where 5(t) = y(nt)
for each t € [0,1]. On WH2(T; M) we can put the rescaled Hilbert-Riemannian
metric given by

66 =5 [ [0 0O+ (716 91010

n

vy € WHA(TI M), €,¢ € WH2(y TM).
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As we already did in section [[3 for loops in cotangent bundles, we introduce the n'®
iteration map [ : W2(T; M) — WH2(TM; M) defined by

Pl () = 4, Yy € WH(T; M),

where v is the composition of v with the n-fold covering map of the circle T — T.
We can easily show that the iteration map [ is smooth. In fact, if we con-
sider two correspondent charts (%, exp;') and (%V[n],exp;[}b]) of Wh2(T; M) and
W1’2(T["}; M), the composition exp;[}b] 01/1["} oexp, is simply the analogous iteration
map between the Hilbert spaces Wh2(y*TM) and Wh2(y[M*TM). This latter, in
turn, is a linear continuous map and in particular it is smooth, hence 9™ is smooth
as well.

For each v € Wh2(T; M), the differential of the iteration map at
dyll(y) : W (y*TM) — WH2 (a1 1)

is still the iteration map between the above Hilbert spaces, i.e. dyl™ ME=¢ ] for
each & € WH2(4*TM). By our choice of the Hilbert-Riemannian metrics on the loop
spaces, we have

(€, €0y = (e, elrly ), Ve € WHA(y*TM).

This shows that ¥ is an isometry, and we can consider W2 (T; M) as a submanifold
of WH2(T: M) with the pulled-back Hilbert-Riemannian metric.

II1.2 Topological properties of the free loop space

In terms of homotopy type, the free loop spaces C*°(T; M), W12(T; M) and C°(T; M)
are indistinguishable. The fact that the inclusion W12(T; M) C C%(T; M) is a ho-
motopy equivalence follows from an abstract theorem of Palais [Pa2l, page 5| about
dense inclusions of infinite dimensional vector spaces, and can be found in [KI, page
15]. Here, we give a proof that the inclusion C>°(T; M) C W2(T; M) is also a
homotopy equivalence, by means of a simple convolution technique.

Proposition I1.1. The continuous inclusion C*®(T; M) c WY2(T; M) is a homo-
topy equivalence.

Proof. We will prove the statement building a continuous homotopy
7 :[0,1] x WHA(T; M) — WhH(T; M)
such that _# (0,-) is the identity on WLH2(T; M), and _# (1,) is a map of the form

F(1,-) : WHT; M) — C(T; M) that is continuous with respect to the topologies
of WH2(T; M) and C°°(T; M).
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At first, we define a smooth function £ : R — R as

k(1) = Cexp(ﬁ), if | <1,
0, if |t| > 1,

where C > 0 is a constant such that

/]Rk:(t) dt = 1.

For each ¢ > 0 we define a smooth function k. : R — R as k.(t) = e 1k(te™1).
Notice that

/ ke(t)dt = 1, Ve > 0,
R

and k. tends to the Dirac delta as ¢ — 0, in the sense of distributions. The func-
tions in the family {k. | > 0} can be used as convolution kernels to regularize W12
maps (in the convolution literature, this family is sometimes called approximate
identity, see for instance [Rul, page 157]). We define

(I1.1) H 2 (0,00) x WE(T; R?*™ ) — Co°(T; R*™ )

as A (g,¢) = k- * ( for each € > 0 and ¢ € WL2(T; R?™H1) i,

H (e, C)(t) = / ke(t — s)((s)ds vt € R.
R

Notice that .#" is in fact a map of the form (ILI]) (since the convolution of periodic

maps is still periodic) and it is a continuous map. Moreover .#  can be continuously

extended to a continuous map

K :]0,00) x WHA(T; R*™ L) — wh2(T; R*™H)

by setting .#(0,() = ¢ for each ¢ € WH2(T; R2™+1).

Recall that, by the Whitney embedding theorem, we may assume that M is a
closed submanifold of R?™*!. Consider a tubular neighborhood N C R?™*! of M,
and a corresponding retraction r : N — M. This retraction induces a smooth map

Wh2(r) : WH(T; N) — WH2(T; M)

given by W12(r)(¢) = r o ¢, for each ¢ € WH2(T; N). Moreover, W12(r) restricts
to a smooth map

C®(r): C*(T;N) — C*(T; M).
Notice that W12(T; N) and C*°(T; N) are open subsets of W12(T; R*"*!) and
C°(T; R?*™*1) respectively.

Now, for each v € C*°(T; M) we choose a real €, > 0 and an open neighbor-
hood #,, C WH2(T; M) of v such that 2 ([0,e0] x #,) C WH2(T; N). The family
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QW = {#, |y e C>®(T;M)} is an open cover of WL2(T; M), and since this latter
is a Hilbert manifold (in particular, it is paracompact) there exists a partition of
unity {py |y € C°°(T; M)} subordinated to the open cover 20. We define a smooth
function & : WH2(T; M) — (0, 00) by

() = Z ey (C)-

yeC(T;M)

Notice that % (£(¢),¢) € C>®(T; N) for each ¢ € WH2(T; M). A homotopy # as
claimed at the beginning can be built by setting

I (5,¢) =W (r) o X (s2(C), () -

This concludes the proof. [

In literature there are several results concerning the richness of the homology
and homotopy of the free loop space under certain conditions on the manifold M,
see for instance [VPS|. For our purposes, we only need to remark that the free loop
space contains all the homology and homotopy of the manifold M. We denote by
t: M — WhH2(T; M) the map that sends a point to the constant loop at that point,
i.e. 1(q)(t) = q for each ¢ € M and t € T.

Proposition II.2. The homotopy and homology homomorphisms induced by ¢ are
injective.

Proof. Let ev: Wh2(T; M) — M be the evaluation map defined by ev(y) = (0)
for each v € WH2(T; M). This map is easily seen to be continuous (and even
smooth), since it is the restriction of the bounded linear map ev : W12(T; R?"1) —
R2?™+1 defined analogously. We obtain the following commutative diagram of con-
tinuous maps

Wh2(T; M)

The homotopy endomorphism 7, (idys) : m(M) — (M) is the identity, and in
particular it is group isomorphism. By functoriality, we have m,(idys) = m.(ev) o
m(¢), and therefore m,(¢) is a monomorphism. The same argument goes through for
the homology functor. [

I1.3 Convex quadratic-growth Lagrangians

Let M be an m-dimensional closed manifold, over which we fix a Riemannian metric
(-,-). and a finite atlas (so that every expression that involves local coordinates will
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be implicitly understood with respect to some chart of this atlas). We will consider
smooth Lagrangian functions .Z : [0,1] x TM — R that satisfy the following two
conditions:

(Q1) there is a positive constant £y such that

N A

L~ oyt (%j(
2,j=1

L v)wind > folwl?,

for all (t,q,v) € [0,1] x TM and all w € T M;
(Q2) there is a positive constant ¢; such that
*Y
vt vl
02
0q* OvJ
>
9q' O¢?

for all (¢,q,v) € [0,1] x TM and 4,5 = 1,...,m.

(ta q, U) S 617

(ta Qav) < gl(l + |’U|q),

(t,q,0)| < (1 + [vf2),

If we integrate the inequalities in (Q2) along the fibers of TM we obtain, for some
positive constants £3, ¢4 > 0,

0%
(112) ‘W(t’q’v) S 63(1 + |U|q)a
0%
(11.3) ‘8—qi(t,q,v) < L3(1+ Jof3),
(IL.4) |2 (t,q,v)] < La(1 + [0]2),

for all (t,q,v) € [0,1] x TM and i = 1, ..., m. Analogously, integrating the inequality
in (Q1) along the fibers of TM we get, for some positive constants 5, {g > 0,

0L
‘ W (t, q, U)

g(t,q’v) > 66(|v|2 - 1)’

> f5(|v|q - 1)5

for all (¢,q,v) € [0,1] x TM and ¢ = 1,...,m. Notice that the Euler-Lagrange system
is unchanged if we add a constant to the Lagrangian Z. Therefore, adding 5 to &
and putting £ := {g and £ := {4 + {g we infer

(IL5)  Lfo]; < ZL(t,q,0) < L(Jo[; + 1), ¥(t,q,v) € [0,1] x TM.

From these bounds we readily obtain that . is a Tonelli Lagrangian. In the follow-
ing, we will informally refer to the class of smooth Lagrangian functions that satisfy
(Q1) and (Q2) as the class of convex quadratic-growth Lagrangians.
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Apparently, conditions (Q1) and (Q2) depend on the choice of the Riemannian
metric and of the finite atlas on M. However, this is not the case, as stated by the
following.

Proposition I1.3. Up to changing the constants ¢y and {1, conditions (Q1) and

(Q2) are independent of the choice of the Riemannian metric and of the finite atlas
on M.

Proof. Let Y = {¢q : Uy — R™|a = 0,...,u} be the previously fixed atlas on
M, and consider another finite atlas U’ = {¢g : Uy — R™[B = 0,...,u'}. As

in section [[1l we denote by T = {T¢, : TU, — R™ x R™|a = 0,...,u} and
W= {T¢g: TU;z — R™ x R™| B =0,...,u'} the associated atlases on the tangent
bundle of M. We denote the components of the introduced charts by

¢O{ - (qé77q£¢n)7 ¢5 - ( B 7qﬁ )
Too = (g, ..., g™ vl .., 0™), Tog = ( 3 45 Uﬁ’ VG

Notice that, whenever the domains of two charts ¢, € i and ¢ € LI’ intersect, on
the intersection we have

=Y Oy _ Ot

= Y43 vy Ogp

(%é[ =Zm:v§ azqfl 8?@3 _Zm: i a3qg
or, (= 0q,od  on,oq) (= o 0d;00)

Vi, j,h e {1,...,m}.

By the compactness of M, there exists a constant ¢ > 0 such that, for each ¢, € U
and ¢g € W with Uy NUp # @ and for each ¢ € Uy NUj, v € T¢M and i,j €
{1,...,m}, we have

8 7 82 7
Hag) <, (g <,
9q5 9q5 045
(%’ 62 z
+(q,v) §c]v]q, ' (q7 v) Sc\v\q.
0 é 0q J 8

This, together with (Q2), implies that

a?.z ‘

(9 8qa
(% (% Z (%h (%k ) 5 2(a) =% (q)| < e'm?,

J
hok=1 Oq " o)
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and, by ([L2) and ([L3]), we have

0*Z
: 3 (t7 q, U) =
8q26 8%

m 2 _h
> (5t )

=1 9qj5 Oqg

R gk oqh
+Z(akw )a%(q) i

0?L ok ogh
+ m(t,qav) qi (q) —~(Q)>>'

j
8qﬁ

Z(eg(uw c—{—z (1 + |l + 62 vl, ))
h=1 k=1

< (mlsc + 2m% ) (1 + |vl,),

o (I (oy agh 0% ol
o, (Z (361@ (t,q, )a ] (9) + a—%(t,q,v)a—qé(@»'

h=1
f: <a,s,ﬂ 0%¢h 0.5 o2l

0
043 g

(t,q,v) ‘

—(t,q,v e + —(t,q,v - -
2 aq{;( q )azaqg(q) %g( q )8%3%

m Ry ot g
+z(akah 0:0) ) 50

n loaR A (t ) 81)2( )
a1 a b ’q’/l) Z q 5
vk Oql 8(]5 aqé

P agk ol
—(t,q & —a
+ ok avg( V) o4 (9) o, (9)

2 ’U
+ %(t q,v) g (q) Zqﬁ (q)>> '

Z(eg (14 [v]2)e + €3(1 + [v]g)elv]q

h=1

NE

) (G + )+ (1 + Jvlg)?|vlg

b
Il
—

L0 Polg)Plol, + flc2|v|2>>
< (3mlzc + 6m21c®) (1 + |v|g)

These estimates prove that condition (Q2) still holds with respect to the atlas I,
up to replacing the constant ¢; with (3mfsc+6m?2¢1c?). Condition (Q1) holds with
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respect to the atlas ', even without changing the constant £3. In fact, for each
(t,q,v) € R x TM and w € T,M, we have

m m
0?Z oo d? 92 o
g —— (L, v)waw), = ——|  ZL(tg,v+sw) = E ———(t,q,v) wpw},
=1 0vg, i O ds? ] ij=1 9vg Oug o

which implies that condition (Q1) is coordinate independent. Finally, the fact that
conditions (Q1) and (Q2) still hold with respect to a different Riemannian metric
follows from the compactness of M, together with the fact that all the Riemannian
metrics on it are locally equivalent. Namely, if ((-,-)). is another Riemannian metric
on M with correspondent norm || - ||., there exists a constant d > 1 such that

d_l‘v‘q <l < dvlg, V(q,v) € TM. |

In [Ben|, Benci showed that the action functional of convex quadratic-growth
Lagrangians is continuously differentiable and satisfies the Palais-Smale condition on
WL2(T; M). In the remaining of this section, we will prove these results following
[AS2]. Let us fix a smooth Lagrangian . : [0,1] x TM — R. If £ satisfies (Q2),
the action functional

1
o (x) = /0 LKD) A, Yy € W M),

is a well defined function <7 : WH2(I; M) — R on the path space of M. In fact, the
inequality in ([L4) readily implies that every W2 path has finite action. Moreover,
we have the following.

Proposition I1.4. If the smooth Lagrangian £ : [0,1] x TM — R satisfies (Q2),
then its action functional <7 : W12(I; M) — R is C!. Its differential d.</ is Gateaux-
differentiable and locally Lipschitz-continuous.

The proof of this statement makes use of the following elementary fact about con-
vergences in metric spaces.

Lemma IL.5. In a metric space, a sequence {x;} converges to x as j — oo if and
only if every subsequence {x )} has a further subsequence {x ;) } that converges
to x as h — o0.

Proof. The “only if” part is trivial. For the other implication, assume that {x;}
does not converge to x as j — oo. This means that there exists € > 0 such that, for
each k € IN, there exists j(k) > k such that dist(x(), ) > €. Hence the subsequence
{7} has no subsequences that converge to z. [

Proof of proposition [I[.4. Since the statement is of a local nature, we can work
in the image of some chart

Dy : W — WH(LR™),
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see section [l for the notation. Let U be a sufficiently small neighborhood of the
origin in R™, so that the open set W12(I;U) ¢ WL2(I;R™) is contained in the
image of the chart ®,. We put

Iy == & ey : WHAILU) — 74

and we define an embedding 7y : I x U x R™ — I x TM by

m(t,q,v) = (t,exp)\(t) o9y (t,q), d(expy) © 79)_\1)(t,q)(0,v)> ,
V(t,q,v) eI x U x R™.

The pulled-back Lagrangian £ oy : [0,1] x U x R™ — R is again convex quadratic-
growth, since conditions (Q1) and (Q2) are invariant with respect to coordinate
transformations of the form 7 (up to changing the constants ¢y and ¢; in conditions
(Q1) and (Q2)). The pulled-back functional o/ o II) turns out to be the action
functional associated to the Lagrangian .Z o my, i.e.

o oIl\(0) = /01 ZLom\(t,o(t),o(t))dt, Yo € WYL U).

Therefore, without loss of generality, we can prove the statement for the action
functional < : WH2(I; U) — R of a convex quadratic-growth Lagrangian .Z : [0, 1] x
U x R™ — R, where U is an open subset of R™.

Consider A € WI(IU), 0 € WH(I;R™) and e € R with sufficiently small
absolute value so that A 4+ o belongs to W2(I; U). We have

A (N +ea) — (N

1,1
_ / / (0,28, X + 560, 3+ 526),0) + (DL (1, + 520, + 526), 5)] dt d,
0J0

where we denoted by 0,2 and 0,2 the gradients of .Z" with respect to the ¢ and v
variables respectively. By (IL2) and ([L3) we can apply the dominated convergence
theorem to assert that, for € — 0, the above quantity tends to

o — o 1 . .
Ao/ (A) o = lim A+ ”6) W) _ / [(aqz(t, AR, o) + (8,2 (A V), d>] dt.
E— 0

The functional d.7(\) : WH2(I; R™) — R is the Gateaux differential of the action o7
at A, being a bounded linear functional on W2(I; R™). Now, we want to prove that
the map do’ : WL2(I;U) — WH2(I; R™)* is continuous, namely we want to prove
that, for an arbitrary sequence {\;} C WH2(I; U) converging to some A € WH2(I; U),
we have

sup  {d(\j)o —d(N\)o} — 0.

lolly1,2=1 J=ee
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Thus, let us assume that the sequence {)\;} converges to A in WH3(I;U). This

implies that {\;} converges to A uniformly and {)\;} converges to A in L?, and in

particular there exists a curve f € L(I; U) such that |\;| < f almost everywhere for

all j. The L? convergence implies that, for every subsequence {j\j(k)}» there exists

a further subsequence {j\j(k(h))} converging to A almost everywhere. Therefore, by

(L2) and ([L3]), we can apply the dominated convergence theorem as before to get
Bq.,%(-, )‘j(k(h))a )\](k(h))) hjc:o 8(1.,2”(', )\, )\) in Ll(]L Rm),

OuL (s Nj(k(h))s Aj(k(h))) e 0y L (- A, A) in L*(I; R™).

These convergences, in turn, imply that {d/(\;m)))} converges to de/()\) in
WL2(I; R™)* as h — oo. By lemmal[L5lwe conclude that the full sequence {d./();)}
converges to d.7(\) in WH2(I; R™)* as h — oo, and by the total differential theorem
the functional <7 is C'! with Fréchét differential d.or.

Now, consider A € WLYA(I,U), o,p € WE(I;R™) and ¢ € R with sufficiently
small absolute value so that A + p belongs to W12(I; U). We have

do (AN +ep)o —dd(N) o
€

1,1
=//[@azwx+%@A+%mam+«&zWA+%@A+%mmm
0J0

+ (8§v$(t, A+ sep, A+ sep)a, p) + <3q2q.$(t, A+ sep, A + sep)o, p) | dt ds.

By (Q2), we can apply the dominated convergence theorem to assert that the above
quantity converges, as € — 0, to

Hesso? (\)[p, o] := lir% der/ (A + 5/))60' —d(N)o
£—s

- / 1 [<a§vz(t, NG, p) + (02 L (t A Mo, p)
0

+ (02, L (6, N\, )6, p) + (02,2 (t, A\, Mo, p) | dt.
Since Hesse/ ()\) : WH2(I; R™) @ WL2(I; R™) — R is a bounded symmetric bilinear
form on W12(I; R™), the bounded linear map
A2/ (\) : WAL R™) — WH(I; R™)*
given by
(@ (No)p = Hess/ (Vo pl,  Vo,p € WHILR™),

is the Gateaux differential of d.o7 at A. By (Q2) there exists a continuous increasing
function w : [0,00) — [0, 00) such that

>/ (N)lo, p] < w(lIMwr2)llollwzlpllwsz,
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For each R > 0 and for each \,x € WH2(I;U) with || Allw1z2,[x]wi2 < R, this
bound readily gives

1
d
|de? (x) — dsz%()\)H(Wl,z)* = H/o Edﬂ((l —r)A+ry)dr

B ‘ (W1,2)*
< wmax{||[Mllw2, [[xllw2 Dlix = Mllwr
< w(R)[Ix = Mlwr2,

(WI,Q)*

/1 A2/ (1 =X +rY)(x — N dr
0

therefore do7 is locally Lipschitz-continuous. [ |

Remark I1.3. It turns out that the action functional &/ of a Lagrangian .Z that
satisfies (Q2) is C? if and only if the restriction of .Z to the fibers {t} x T,M, for
each (t,q) € [0,1] x M, is a polynomial of degree at most 2. Namely, if and only if
Z has the form

L(t,q,v) = alt,q)v,v] + B(t,q)v — V(t,q),

where « is a time-dependent bilinear form on M, § is a time dependent one-form on
M and V : R x M — R is a function, see [AS2, proposition 2.3|. In this case, & is
even C'°. In physics, Lagrangians of this form are called electro-magnetic: « is
the kinetic tensor of the system, § is the magnetic form and V is the potential
energy. |

Let £ : R/Z x TM — R be a 1-periodic smooth Lagrangian that satisfies (Q2).
From now on, we will denote by o the restriction of the action functional of .Z to the
free loop space W12(T; M). Since this latter space embeds as a Hilbert submanifold
in the path space W12(I; M), as a consequence of proposition [L.4] we immediately
obtain that & : WL2(T; M) — R is C%! and twice Gateaux differentiable. The
critical points of &7 are extremal closed curves 7 : R/Z — M and, by our discussion
in section [[I] they are smooth periodic solutions of the Euler-Lagrange system of
Z. We denote by «(«7,7) and v(</,v) the Morse index and the nullity of the
action functional & at the critical point « (see appendix [Al for the general definition
of Morse index and nullity of a functional). By definition, the Gateaux Hessian of
4/ at -y coincides with the symmetric bilinear form %, defined in (L12), i.e.

Hesse/ (7)o, €] = B,(0,€),  Vo,& € WY2(y*TM).

In particular the Morse index and nullity pair of &/ at - coincides with the Morse
index and nullity pair of the form %.,. Let 5 : R/ZxT*M — R be the Hamiltonian
that is Legendre dual to £ and ' : R/Z — T*M the Hamiltonian periodic orbit
corresponding to 7. By the index theorem (theorem [L9)), if the pull-back bundle
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~*TM is trivial, the Morse index and nullity pair of &/ at 7 is also equal to the
Conley-Zehnder-Long index pair of I i.e.

(H'G) (L(%77)7V(%77)) = (L(‘%“/)vy(‘@v)) = (L(%7F)7V(%7F))'

Now, consider the iteration map 1™ : W12(T; M) — W12(T[; M) introduced in
section [L1l By this map we interpret the 1-periodic free loop space W12(T; M) as
a Hilbert submanifold of the n-periodic free loop space Wl’z(’]I‘["]; M). A natural
extension of the action functional & : WY2(T; M) — R to WH2(TM; M) is given
by the mean action functional [" : WH2(TI"; M) — R defined by

Q) =+ [" 2o dana, veewaaiia),

This is in fact an extension as claimed above, since &7 o M = 7.

The critical points of 71" are smooth n-periodic solutions of the Euler-Lagrange
system of .Z. This implies that the n''-iteration of a critical point of <7 is still a
critical point of <™. In other words, the critical points of the restricted functional
o = oMoyl = g7l lw.2(m;ar) are also critical points of the unrestricted functional
7" Moreover, the Hamiltonian orbit associated to 4™ is T, and by the analogous

of (ILE) in period n we get
WD) (e, w4 = (o, ), (o, i,

provided that v*TM is a trivial bundle. We define the mean Morse index ©(.<7, )
of &7 at =y as the mean Conley-Zehnder index of the associated Hamiltonian orbit T",
i.e.

[n] ]
W) = T T) = Tim L) g

n—oo n

By the above discussion on the regularity of the action functional, equation (L)
and the iteration inequality (L11]), we conclude the following.

Proposition I1.6 (Iteration inequality for the Morse index and nullity).
The mean action functionals 7™ : W2(TW; M) — R, for each n € IN, are C' and
twice Gateaux differentiable. If v € W2(T; M) is a critical point of &/, then Al s
a critical point of &/ for each n € IN. Moreover, if v*TM is a trivial bundle, we
have

n(,y) —m < o APy < n i) + m— v 4, Vn € NN,
where m is the dimension of the manifold M.

In order to apply Morse-theoretic methods in studying the critical points of the
action functional o : WH2(T; M) — R, we have to make sure that the sublevels
of &7 satisfy some sort of compactness. A sufficient requirement, as discussed in
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appendix [A] is given by the Palais-Smale condition. Following [AS2], we show
that the action functional &7 fulfills this condition, provided that the Lagrangian .
satisfies both (Q1) and (Q2), i.e. provided that £ is a convex quadratic-growth
Lagrangian. Clearly, all the arguments that we give for &/ go through for the mean
action functionals 7" for each n € IN.

Proposition I1.7. Let ¥ : R/Z x TM — R be a I-periodic convex quadratic-
growth Lagrangian. Then its action functional o/ : WY2(T; M) — R satisfies the
Palais-Smale condition.

Proof. Consider an arbitrary sequence {(;|j € N} € Wh2(T; M) such that the
sequence of real numbers {7 (¢;)|j € IN} is bounded and

(IL8) lim  sup  {|de/(¢)E]} = 0.
70 (g8, =1

In order to conclude we have to prove that there exists a subsequence that converges
to some ¢ € WH2(T; M) in the topology of the free loop space W12(T; M).
At first, we recall that we can always assume that the Lagrangian .Z satis-

fies (IL5). Hence, the sequence
n e ]N}

1 .
{ [ 16z e

1 . 1 .
[ G0Rpa< et [ z.qm.6w)a =),

is bounded, for

This, in turn, implies that the sequence {¢;|j € IN} is equi-1/2-Holder continuous,
since for every tg,t1 € R with 0 < ¢1 — ty < 1 we have

t1 | 1 1/2
ist(G0).G,(0)) < [ 160l 0t < I to] (/0 |<j<t>|§j(t)dt> ,

where dist : M x M — [0,00) is the distance induced by the Riemannian metric
on M. By the Ascoli-Arzela theorem, up to the choice of a subsequence, we can
assume that {(j|j € IN} converges uniformly to some continuous curve ¢ : T — M.
In particular, the curves (; definitely belong to some coordinate open set %, of
the free loop space W12(T; M), and we can proceed as we did in the proof of
proposition [L.4] working in the image of the chart ©, : %, — Wéf’f(ﬂ; M) of the
free loop space (see remark [[L.2] for the notation). Namely, if U is a sufficiently small
neighborhood of the origin in R™, we can assume to deal with a convex quadratic-
growth Lagrangian of the form .Z : [0,1] x U x R™ — R, with associated action
functional &7 : Wéf’z (I, R™) — R, where V is some m-dimensional vector subspace
of R™ x R™. Notice that this localization argument allows us to express ([LSJ)
more easily as do/(¢;) — 0 in W\l,’2(]I; R™)*. In order to conclude, we must show



II - FUNCTIONAL SETTING FOR THE LAGRANGIAN ACTION 37

that {(j|j € N} admits a subsequence that converges to ¢ in the Hilbert space
Wy (I; R™).

Since {¢;|j € IN} is bounded in Wy 2(]I . R™), up to the choice of a subsequence
we can assume that it converges to some C weakly in W 2(]I R™) and uniformly,
and therefore ¢ = € W 2(]L R™). Moreover, we have

1 . 1 . . .
AG =0 = [ [0:2.6:6).6 - dt+ [ 0.20.6.6).6-Od — 0.

~~

=:1; =:1I;

By ([L3), the sequence {9,-Z(,¢;,¢;)|j € N} is bounded in L*(I; R™) and, since
the sequence {(; — (|7 € IN} converges to zero uniformly, we conclude that I; — 0
as j — oo. Hence, we also have II; — 0 as j — oo. Now, condition (Q1) implies
that, for almost every ¢t € R/Z,

1
= [ (20,6 56— 0) = 01y o 2 10— G

Integrating this inequality between 0 and 1 we get

1 . . . 1 . . .
t% / 1E5(t) — E(0)2dt < /0 (0.2 (t,Cu6) 6 — () dt— /0 0 2(t, . 6,65 — &) dt.

/

=:1I; =:1II;

We have already shown that II; — 0 as j — oo. By the bound in ([L2), we have
that 0,.2(-,(;,¢) — 0,-Z(-, ¢, C) in L2(I; R™) as j — oo, and since the sequence
{CJ |j € IN} converges to C weakly in LA (I;R™), we conclude that III; — 0 as
7 — o0. This proves that C] — C as j — oo in L?(I; R™), and therefore Cj — ( as
j — o0 in le(]LRm). [ |






Chapter 111

Discretizations

The W12 functional setting for the action functional o7, introduced in chapter [T
presents several drawbacks. First of all, the regularity that we can expect for &
is only Cb1, at least if we assume to deal with a general convex quadratic-growth
Lagrangian. This prevents the applicability of all those abstract results that require
more smoothness, for instance the Morse lemma from critical point theory. Moreover,
the W2 topology is sometimes unconfortable to work with. In fact, in several
occasions it may be desirable to deal with a topology that is as strong as the C!
topology, or at least the W1 topology. This would guarantee that the restriction
of the action functional & to a small neighborhood of a loop v only depends on the
values that the Lagrangian assumes on a small neighborhood of the support of the
lifted loop (7,%) in the tangent bundle of the configuration space.

In order to overcome these difficulties, in this chapter we develop a discretization
technique that is a generalization to Lagrangian systems of the broken geodesics
approximation of the path space (see [Mil section 16| or [KI, section A.1| for the Rie-
mannian case, and [Ral for the Finsler case). In section [[IL1] we prove a uniqueness
result for curves in the configuration space that connect sufficiently close given points,
minimizing the Lagrangian action. This result, as well as the forthcoming arguments
in the remaining of the chapter, will be valid for the class of convex quadratic-growth
Lagrangian functions, introduced in the previous chapter. In section [I1.2 we intro-
duce our discretization technique, that basically consists in reducing our analysis to
the spaces Ay, for each &k € IN, of continuous loops that are k-broken solutions of
the Euler-Lagrange system. These loop spaces are finite dimensional submanifolds
of W42(T; M), and in particular all the reasonable topologies coincide on them. In
section [[TL.3] we define the discrete action functional, that roughly speaking is the
restriction of the action functional to the broken Euler-Lagrange loop spaces. In par-
ticular, we prove that it is smooth and that it has compact sublevels, showing that
it is suitable for a Morse theoretic analysis. Motivated by these facts, in section [IL4]
we study its critical points, proving that they correspond to critical points of the

39
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full action functional. Moreover, we prove that, up to choosing a sufficiently big dis-
cretization integer k, the Morse index and nullity pair of corresponding critical points
of the action and the discrete action functionals are the same. In section we
show that our discretization technique can be used to build finite dimensional homo-
topic approximations of the action sublevels and, more importantly, that the action
and the discrete action functionals have the same local homology groups (again,
up to choosing a sufficiently big discretization integer k). Finally, in section [IL.6]
we remark how to extend all the given arguments to the case of periodic curves of
arbitrary integer period.

ITII.1 Uniqueness of the action minimizers

Throughout this chapter, M will be a fixed m-dimensional smooth closed manifold,
endowed with a Riemannian metric (-,-). that turns it into a complete metric space
with respect to the induced Riemannian distance dist : M x M — [0, 00).

If £ :R/Z xTM — R is a smooth 1-periodic Tonelli Lagrangian, for every
bounded interval [to,t1] C R and for every absolutely continuous curve ¢ : [to,?1] —
M, we denote by @70t (() the usual Lagrangian action of the curve, i.e.

t1

AN = [ L(t,C(t), (1) dt € RU{+o0}.

to
In section we have seen that the Tonelli assumptions guarantee that, for each
[to,t1] € R and for each qop,q1 € M there exists a (smooth) action minimizer
parametrized on [tg,t1], with endpoints gy and ¢;. A more ancient result, that
goes back to Weierstrass, states that each sufficiently short minimizer is unique,
meaning that it is the only curve between its given endpoints that minimizes the ac-
tion. In modern language, the statement goes as follows (we refer the reader to [Mal,
page 175] or [Fal, page 106] for a proof).

Theorem III.1 (Weierstrass). Let .Z be a smooth 1-periodic Tonelli Lagrangian.
For each constant C' > 0 there exist an €9 > 0 such that, for each interval [ty,t1] C R
with t1 — tg = g and for all qo,q1 € M with dist(qo,q1) < Ceo, there is a unique
action minimizer (with respect to Z) Vg0 : [to,t1] — M with 74,4, (to) = qo and
Yq0,01 (tl) =41

For our purposes, we will need the following stronger version of this result, that
holds only for the smaller class of convex quadratic-growth Lagrangians introduced

in section [T.3l

Theorem III.2 (Uniqueness of the action minimizers). Let £ be a smooth
1-periodic convex quadratic-growth Lagrangian. There exist two positive constants
g0 = €0(Z) > 0 and pyp = po(-ZL) > 0 such that, for each interval [to,t1] C R with
0 <ty —tg < ego and for all qo,q1 € M with dist(qo,q1) < po, there is a unique
action minimizer (with respect to Z) Vg.q : [to,t1] — M with 74,4, (to) = qo and

Yq0,1 (t1) = q1.
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Proof. As we have already shown in section [I.3] without loss of generality we can
assume that there exist two positive constants £ < £ such that

(I11.1) Lf2 < Lt q,0) < U(Jv]2 + 1), Vg e M,v € T,M.
Consider two points qg,q1 € M and two real numbers ty < t;. We put
p = dist(qo, q1), € =1t — 1.

Since Wh2([tg,t1]; M) is dense in the space of absolutely continuous maps from
[to,t1] to M and since the action minimizers are smooth (cf. theorem [1](ii)), a curve
Vg0,q1 @8 in the statement is an action minimizer if and only if it is a global minimum
of a7ttt over the space

it = ¢ e WY([to, t1]; M) | C(to) = qo, C(t1) = a1} -

Therefore, all we have to do in order to prove the statement is to show that, for p and

e sufficiently small, the functional a7%0:t1] o1 admits a unique global minimum.
q0-91

Consider an arbitrary real constant p > 1. By compactness, the manifold M
admits a finite atlas Y = {(U,, ¢o)|a =1,...,u} such that for all « € {1,...,u},
¢,q' € Uy and v € TgM we have

(111.2) 1 |balq) — dald)| < dist(q,¢') < p|dalq) = ¢ald)
(111.3) p dga(gv] < Jvl, < pldealq)vl,

)

where we denote by |-| the standard norm in R"™ and by ||, the Riemannian norm in
T, M as usual. Moreover, we can further assume that the image ¢, (U, ) of every chart
is a convex subset of R™ (e.g. a ball). Let Leb(4l) denote the Lebesgue numbe of the
atlas $ and consider the two points qg,q1 € M of the beginning with dist(qg, q1) = p.
By definition of Lebesgue number, the Riemannian closed ball

B(qo, Leb(U)/2) = {q € M |dist(q, q0) < Leb(4()/2}

is contained in a coordinate open set U, for some a € {1,...,u}. Therefore if we
require that p < Leb(41)/2 the points gy and ¢; lie in the same open set U,.
Let r : [tg, t1] — Uy be the segment from gy to g1 given by

e

0 =on (" onla) + 00} Vet

We recall that, for every open cover il of a compact metric space, there exists a positive number
Leb(4) > 0, the Lebesgue number of 4, such that every subset of the metric space of diameter
less than Leb(4l) is contained in some member of the cover 4.
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By ([ILI)), (IT2) and (IIL3) we obtain the following upper bound for the action of
the curve ¢

to,t i (2
aftoot( < r(t ydt + €> </ <f—: téﬁ?ﬁi} {]r(t)\,,(t)} + 5)
: 2
§z< 2|90 (1) qba(qo)l +E> SZ<M4dlst(q;,q1) +€>
2
Z“( +€>:C<%+5>,

where the positive constant C' = fu* does not depend on qo,q; and [tg,t;]. This
estimate, in turn, serves as an upper bound for the action of the minima, i.e.

?
min {&""(()} <C <? —i—&?) ,

to,ty
C %0 q1

therefore the action sublevel
2
g = wnee = {cengniant o <o (S e)

is not empty and it must contain a global minimum ~,, 4, of the action (the existence
of a minimum is guaranteed by theorem [[1](i)). All we have to do in order to conclude
is to show that, for p and e sufficiently small, the sublevel 2, s} = %4 (p, €) cannot
contain other minima of the action.

By the first inequality in (IILI]) we have

q0,91

t1 .
/ [CBEmat < L7100 (C), V¢ e wloh
to

and this, in turn, gives the following bound for all ¢ € %,

t1
<e / O
0

< el aoh(Q) < O (P + ).

2

e dist((0), €07 < / Ol

tE[to,t1]

Therefore all the curves ( € %, q,(p,€) have image inside the coordinate open set
U, € M provided p and ¢ are sufficiently small, more precisely for

¢
. <=
(111.5) PP +e? < g aLeb(W)?

This allows us to restrict our attention to the open set U,. From now on we will
briefly identify U, with ¢,(U,) C R™, so that

90 = ¢alq0) € R™,  q1 = da(q1) € R™.
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Without loss of generality we can also assume that gy = ¢a(qo) = 0 € R™. On the
set Uy = ¢a(U,) we will consider the standard flat norm | - | of R™, and the norms
| - Izt || - llz2 and || - || will be computed using this norm. We will also consider
£ as a convex quadratic-growth Lagrangian of the form

L R)Z x ¢ (Uy) x R™ — R
by means of the identification

Z(t,q,0) = 2L (t,¢5"(0), ddg " (da(@)v)-

Now, consider the following close convex subset of W12([tg, t1]; R™)

490,91 40,491

(116) 65 =60 (0.6 = {¢ € WH(fo, iR

) 2
C(to) =q0 =0, C(t1) = q1, [|¢|[32 < pCL? ('0 +€> }

€

Since [|¢]|2 < €]|¢ 132, for p and e sufficiently small all the curves ¢ € Coit have

support inside the open set U,. Moreover, by ([ILIl), (IIL3) and ([IL4) we have

t1 2
412 S)]2 -1 -1(P
172 < / 0t < pet e () < pCe (; + ) C ey,
0

that implies %, 4 C €404 . Now, since we know that a minimum 7, 4, of the action
exists and all the minima lie in the convex closed €o0it € Wh2([to, t1]; R™), in order
to conclude that 74, 4, is the unique minimum we only need to show that the Hessian
of the action is positive definite on €,0%! provided p and ¢ are sufficiently small, i.e.
we need to show that there exist py > 0 and gy > 0 such that, for all p € (0, pp) and
e € (0,g0], we have

(I11.7) Hessa/"0" ({)[o, 0] > 0,

1,2 .
V¢ e G =610t (p,e), o € Wy ([to, t1]; R™).

Notice that the above Hessian is well defined, since o7*0-*1 is C! and twice Gateaux
differentiable (see proposition [[4). In (IIL7) we denoted by W, ([to, t1]; R™) the

tangent space of (5;87’5} at ¢, i.e.
Wy ([to, t1]; R™) = {0 € Wh2([to, t1]; R™) | o (to) = o (t1) = 0},
Consider arbitrary ¢ € €0et and o € VVO1 2([to, t1]; R™). Then, we have
Hess.o?'" (¢)[o, 0]

t1
= [ (@2 2(0.¢.016.6) + 2002, 2(0.6.O)0.6) + (08,2 (1.¢. oo} ) de

to

t1 t1 . t1 X
> [Colofa— [an@ e udlol ot [ Pl

to to to

/

~~

= _[1 = 12
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where ¢y and ¢; are the positive constants that appear in (Q1) and (Q2) with
respect to the atlas Y. Now, the quantities I; and Is can be estimated from above
as follows

u)

< 20010z (VEIT N2 + Il 110 2)
= 2011632 (= + VEICIz2)

I < g2 ([lol3 + llo I3 1€132 ) < n?llolFe (2 +<l€I32)

1 < 26l (N1l + |[IC1 - 151

and since by ([IL6]) we have

. p2
6l < nee (S +¢).
we conclude

Hess.e7'0" (¢)[o, o]
> Loll6]|7. — I — I

> ||o 12, (eo — 2014 (x/ pCLt + 1) (p+e) —bup® (pCL +1) (0 + 62>> :

=: F‘E,O, £)

Notice that the quantity F(p,¢e) is independent of the specific choice of the points
qo, q1 and of the interval [tg, t1], but depends only on p = dist(qo, ¢1) and € = 1 — ty.
Moreover, there exist pg > 0 and £y > 0 small enough so that for all p € (0, py) and
e € (0,e0] the quantity F(p,¢) is positive. This proves ([IL7). u

Now, we want to remark that the unique action minimizers vy, 4,, whose existence
is asserted by the previous theorem, depend smoothly on their endpoints ¢g and ¢;. If
po is the constant given by theorem [IL.2] we denote by A(pg) the open neighborhood
of the diagonal submanifold of M x M given by

Alpo) = a0 q1) € M x Mdist{go, 1) < po-

Theorem II1.3 (Smooth dependence on endpoints). With the notation of the-
orem [[TL2] for each real interval [tg,t;] C R with 0 < t; — to < & the assignment

(II1.8) (90, 01) = Yao,q1 : [to, t1] — M
defines a smooth map A(pg) — C*°([to, t1]; M).

Proof. By theorem [[1ii), every action minimizer is smooth. Therefore, ([ILS)
defines a map of the form A(pg) — C([to,t1]; M), and we just need to show that
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the dependence of 74,4, from (qo,q1) is smooth. For ¢ := t; — ¢y € (0,g0] and
(90,q1) € A(pp), in the proof of theorem [IL.2] we have already shown that the
minimizer 7g, 4, : [to,t1] — M has image contained in a coordinate neighborhood
Us € M that we can identify with an open set of R™. The curve 7y, 4, is @ smooth
solution of the Euler-Lagrange system of .Z. Therefore,

@%0 (90, v0) = (V0,1 (), Va0, (1)), vt € [to, ],

where vy = Jgo,q (to) and @Zﬁo is the Euler-Lagrange flow associated to .Z (see
section [[T)). We define

QY =m0 ® 0 U, x VI — U, Vit € [to, t1],

where U! C U, is a small neighborhood of ¢, V. C R™ is a small neighborhood
of vy, and 7 : R™ x R™ — R™ is the projection onto the first m components, i.e.
m(q,v) = q for all (¢g,v) € R™ x R™. We claim that

(I11.9) dQ'y" (g0, v0) ({0} x R™) = R™.
In fact, assume by contradiction that ([IL9) does not hold. Then there exists a

nonzero vector v € R™ such that

d

ds

Q}’to (go,vo + sv) = 0.
=0

s

If we define the curve o : [to,t1] — R™ by

J(t) = & Qféo (QOaUO + S’U),
s=0

then o(ty) = o(t1) = 0, and it is readily seen that o is a solution of the linearized
Euler-Lagrange system

d . . .
1 (Bgvg(t, Yq0,q15 'Yqo,th)a + [“)gq.,%(t, 7q07q1=7q07q1)0)
- 821)3(15, 7(10,1117;7%7111)& - 8§q$(t7 'Yqo,Q17;7q0,Q1)U = 07
hence

Hess.o/ "% (g0,1) [0, 0] = 0.

This contradicts the positive definitiveness of the Hessian of &' on 7, 4 (see
([ILZ) in the proof of theorem [IL.2)), and therefore ([IL9) must hold.

By the implicit function theorem we obtain a neighborhood Uy, 4, C R™ x R™
of (go0,q1), a neighborhood U,, C R™ of vy and a smooth map Vy : Uy 41 — Uy,
such that, for each (gf, ¢}, v) € Ugp.qr X Usy, we have Q'L™ (g}, v}) = ¢} if and only
if v, = Vo(q),q})- Then, we can define a smooth map from Uy, 4, to C*([to,t1]; Us)

given by

(111.10) (90, 91) = Cap.as
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where for each ¢ € [to,t1] we have

Capa (1) = Q% (40, Vo(dp, 41))-

In order to conclude we only have to show that the map in (IILIQ) coincides with
the one in ([ILY) on Uy, 4, provided this latter neighborhood is small enough, i.e. we
have to show that ngyqi is a unique action minimizer for all (¢}, q}) in a sufficiently
small neighborhood Uy, 4, of (go,q1). This is easily seen as follows. By construction,

2

q
solutions of the Euler-Lagrange system of .. By the arguments in the proof of
theorem [T1.2] each of these curves (y , is a unique action minimizer if and only if it

lies in the convex set Cg;,o ’;,1 defined in ([IL6). We already know that (4.¢, = Ygo.01 €
0°41

.. . . 1 .
the curves (, , are critical points of the action <71 over the space W *,, being
90,91 40,91’

Cot . Since the map in (IILI0) is smooth, for (g0, ¢}) close to (go,q1) we obtain

. 1 o to,t1
that the curve ¢ o1 is C"-close to Cgg,q1 = Vgo,q1» and therefore ¢y v € ng(’),q’l' ]

I11.2 Broken Euler-Lagrange loop space

Let £ : R/Z x TM — R be a smooth 1-periodic convex quadratic-growth La-
grangian. We consider the positive constants g = £¢(-Z) and pg = po(-£) given by
theorem [[IL.2 and, for each k € IN, we denote by Ax = Ag(po(-Z)) the neighborhood
of the diagonal submanifold of the k-fold product M x ... x M given by

A= {(qo; - qr—1) € M x ... x M |dist(gj, gj+1) < po Vj € Zy},

where Zy = Z/kZ is the cyclic group of order k.

Now, we consider the space Cp°(T; M) of continuous and k-broken smooth
loops. Namely, this space consists of continuous loops ¢ : T — M such that, for
each j € Zy, the restriction C|(;/x,(j+1)/x) 1S smooth. We can endow C7°(T; M) with
a topology that turns it into a Fréchet manifold: an easy way to do it is to view
C(T; M) as a closed subset of the following product of Fréchet manifolds (see for
instance [Haml, section 1.4])

C([0, 1); M) x C%([, 7 M) x ... x C=([%2,1]; M).
Notice that Cg°(T; M) continuously embeds into the Hilbert manifold W12 (T; M).
By theorem [IL.3] for each k > 1/&¢(%), we can define a smooth embedding
(I11.11) e = Aozt A — CF(T; M)

in the following way: for each q = (qo, ..., gk—1) € Ak we put A\i(q) := 74, Where 74
is the loop whose restrictions ’yq][j Jk,(j+1)/k] are the unique action minimizers (with
respect to .Z’) with endpoints ¢; and g;41, for each j € Zj. We define the k-broken
Euler-Lagrange loop space (with respect to .£’) as the image

Ap = Mgy = Me(Ag)

of this embedding. Therefore Ay is a smooth submanifold of C°(T;M) (and of
WL2(T; M)) with finite dimension km, where m is the dimension of M.
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IT11.3 The discrete action functional

Let o/ : WY2(T; M) — R be the Lagrangian action functional associated to the
Lagrangian .Z of the previous section, i.e.

1
() = /0 L(C).C) A, VC e WA(T; M),

Restricting 7 to the finite dimensional k-broken Euler-Lagrange loop space Ay, we
obtain a sort of discrete-time VersiorE of the Lagrangian action functional. We define
the discrete action functional & : A — R as the composition & o A, i.e. with
the notations introduced in the previous section

1
ilg) = /0 Lt glt) Aq(t) dt, Vg e Ay

In the following we will only consider the connected components of Ay, given by the
q’s such that the pull-back bundle A\¢(q)*TM = v;TM is trivial. In view of the
application of this discretization technique to prove the existence of infinitely many
periodic orbits (cf. chapter [V]), this is not restrictive: in fact we will only look for
contractible periodic orbits. We also remark that 75 TM is always a trivial bundle if
the manifold M is orientable: in fact, if this is verified, 75 TM is an orientable vector
bundle over the circle, and therefore it is trivial. From now on, we will just denote
by Ay the above mentioned connected components, i.e.

Ay = {q =(qo, -y qr—1) € M x ... x M [dist(q;, qj+1) < po Vj € Zx, 7,TM trivial} ,
and we will denote by Ay the image A\, (Ag).

Remark III.1 (Localization). In several arguments of a local nature, it will be
useful to adopt suitable local coordinates on Ay, analogously to what we did in sec-
tion [[L.3] (see in particular the proof of proposition [[L4)). For the reader convenience,
we explain the details in this remark.

For each @' € Ay, we know from section [L1] that the loop 74 belongs to the
domain of some chart © : % — WH2(T; R™) of W12(T; M) given by

O(O)(t) = expy ' ()(t) = exp (¢(1)), Ve, teT,

where v : T — M is a smooth loop that is C%close to 74 and we are identifying
~*TM with the trivial bundle R/Z x R™. Namely we are assuming that, for each ¢t €
R/Z, the exponential map eXPy(y) Is a diffeomorphism from an open neighborhood
U C R™ of the origin onto an open neighborhood of (¢) in M. Up to restricting the
neighborhood % of 74, we can assume that ©(%) = WL(T;U) ¢ WL2(T;R™).

*In 1984, Chaperon [Ch2] introduced a discrete-time version of the Hamiltonian action func-
tional. His approach was based on generating functions, and had several applications in symplectic
topology. See the book of McDuff and Salamon [MS| section 9.2] and the bibliography therein.
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We define Uy, := )\,;1(%). Notice that this latter is an open neighborhood of ¢’ in
Ag. On this open set we can build a chart J : Uy — R™ x ... x R™ for Ay by

Uk(q) = <exp;(10) (QO),GXP;&/;C) (q1), ...,exp;(l(k_l)/k)(qk_l)) )
Vg = (qo, -, qk—1) € Uy

If we put Wy := 94(Ug), we univocally obtain an embedding M\e such that the
following diagram commutes.

(111.12) Ay > Uy o Wi R™ x ... x R™
Ak A
WL2(T; M) > S . WLYT;U) —— WL(T;R™)

Now, we put IT := ©~! and we define the smooth embedding 7 : R/Z x U x R™ «—
R/Z x TM by

n(t,q,v) = <t,eXp»y(t>(<J)7deprY(n(q)(v)) ; V(t,q,v) € R/Z x U x R™,

so that o7 o II turns out to be the Lagrangian action functional associated to the
convex quadratic-growth Lagrangian Z om: R/Z x U x R™ — R, i.e.

o oll(o) = /01 ZLom(t,C(t),C(t))dt, V¢ e WHA(T; U).

Then, with the notation of ([IL11), the embedding ); in diagram ([ILI2) is given
by Ak, #or. Namely, for each ¢ = (qo, ..., qr—1) € Wi, 7q = Me(q) is the unique loop
such that vg|(j/k,(j+1)/x] 18 @ unique action minimizer (with respect to .2 o 7) with
endpoints ¢; and g;1, for each j € Zj.

Summing up, whenever we work locally near some point ¢’ € Aj we can as-
sume that g’ belongs to some open neighborhood of the origin in the k-fold product
R™ x ... x R™. Moreover, we can assume that the involved convex quadratic-growth
Lagrangian is a function of the form £ : R/ZxU xR™ — R, where U C R™ is some
open neighborhood of the origin. Under these assumptions, the action functional 7
is a functional of the form 7 : W12(T;U) — R and the discrete action has the form
G, = A o\ : Wi — R, where W), = )\lzl(Wl’z(’]I‘; U)) is an open neighborhood of
g’ in the k-fold product R™ x ... x R™ and Ay, is defined as usual by A;(q) = 74 for
each g € Wy. [

Proposition III.4. The discrete action functional <, : Ay, — R is smooth.
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Proof. By the localization argument of remark (IILI), we just need to prove that
&, is smooth on an open set W C R™ x ... x R™. The result can be easily
proved by induction. By proposition [1.4] we know that < is C'' and twice Gateaux
differentiable, and so must be .o%,. Now, let us assume that .o, is CP~1, for some
integer p > 2. A straightforward computation shows that the pt" Gateaux differential
of <, seen as a symmetric multilinear form, is given by

d? . (q) [V, v", ...,v(p)]

= D /0 (05,0, (t,7q(t), 7(1))] €4ty (8- 0y ()L,
1

J1se-sJp=

V(g,v',v", ..., vP)) e W x R™ x ... x R™,

where £ : T — R™ x R™ is defined by

g0

. d 4
, — (4) Bl (%)
g (1) ((dm)v ) (1), = (elg)o®) <t>) . VteT,
and we have adopted the shortcut notation

9: — 3qj, j € {1, ...,m},
J Opi—m, je{m+1,...2m}.

Since A\ : Wy — Cp°(T; M) is smooth, if g, — g we have that 74, — 74 in
C;;O(T; R™) and &, i) — g in CFP(T;R™ x R™) for each i € {1,...,p} and
v € R™. Hence

[ajl'"ajpg('a'}’qna;an)]géiw/---f;i’v(p) - [8j1"'ajp$('7'7qa;Yq)]gf;vl---gz:v(p)
uniformly in ¢ € T, and we conclude that

d? . (qn) [V, ...,v(p)] — dP . (q)[v', ...,v(p)], Vo', ... v® e R™.

By the total differential theorem we conclude that 7, is CP, and by induction we
obtain the claim. [

To conclude the section, we want to remark that the discrete action functional
), is suitable for Morse theory. In fact, every closed action sublevel is a compact
subset of Ay, provided the discretization pass k € IN is big enough.

Proposition IIL.5. For each ¢ € R there exists k = k(c) € N such that, for each
k > k, the closed sublevel o7, '(—00,c| is compact.

Proof. Consider the compact subset of A defined by

Cr = {(qo, -, qk—1) € Ay | dist(gj, gj+1) < po/2 Vj € Zy}.
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In order to prove the statement, we just need to show that
klim min {<#,(q) | g € OCL} = oc.
—

As explained in section [I.3] without loss of generality we can assume that there
exists a constant £ > 0 such that

L(t.q,v) > Lv]2, V(t,q,v) € R/Z x TM.

Then, notice that, for each ¢ = (g1, ..., gx) that belongs to the boundary of Cf, we
have that dist(g;,gj+1) = po/2 for some j € Zj, and therefore we obtain the desired
estimate

(G+1)/k

ahla) = [

. LUt a0 de> [ Eliglt)E, g
J

ilk

v

G+D/k 2 | 2
kt /‘/k ”Yq(t)’yq(t) dt | > k£dist(g;,qj+1)
J

> kL(po/2)*. ]

II1.4 Critical points of the discrete action

We have already seen in the previous chapters that every critical point v € W12(T; M)
of the action functional &7 is a smooth solution of the Euler Lagrange system of the
convex quadratic-growth Lagrangian .. This implies that, for each &k € IN suffi-
ciently big, the loop v belongs to the k-broken Euler-Lagrange loop space Ay, and
therefore the corresponding point ¢ = A,;l(’y) € Ay is a critical point of the discrete
action o7}, = &/ o \;,. Now, we want to study the converse implication, namely that
the critical points of the discrete action functional correspond to critical points of
the full action functional. In the following, let us definitely assume to work in a
coordinate open set of Ay that we identify with an open set W} of the k-fold prod-
uct R™ x ... x R™, in such a way that we can adopt the localization argument of

remark [IL.1]

Proposition II1.6. For each q € Wy, and v = (vy,...,v;) € R™ X ... x R™ we have

N
—_

dﬂk(‘])v = : <3U$(%77q(%)77q(%7)) - avg(%7’YQ(%)7ny(%+))vvj> )

<
Il
o

where vq = A\ (q).

Proof. For each v € R™ x ... x R™, let (g := dAr(q)v € C°(T;R™). Since g is
a solution of the Euler-Lagrange system of . on each interval [4, ﬂ], integration
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by parts gives

-1 G/
dJZ{k = / 8 g t 7(177(1) C‘L > <aq$(t=7q7;7q)va,v>)dt

_ [@Uwf,%(%) o)), G241

~(0.2( g,m a(F)):Can($))

(4+1)/ d
n //k 792 (.70 Ya) + 42 (8,79, 3a); qu>dt]
J

=0

(02 (kD30 ) = 020 AaE ) Can)) -
7=0

k—

H

Then, by definition of the embedding A, we have

. d » d )
Cq,’u(%) = & SZO'Yq—i—s’v(%) = & - (q]‘ + SUj) = Vj, Vj S Zk,
and the claim follows. [ |

Corollary II1.7. If ¢ € W}, is a critical point of 7., then the corresponding loop
Yq = A:(q) is a smooth solution of the Euler-Lagrange system of £, and in particular
it is a critical point of the action functional <7 .

Proof. By proposition [IL6l q is a critical point of 7, if and only if
(IIL.13) 51)3(% (%) ’Vq(% ) — 81)3(%7%1(%) ’Vq(% )) =0, Vj € Z.
Assumption (Q1) (see section [L3)) implies that the maps

0 Z($,74(4),-) : R™ = R™, Vj € Zi,

are diffeomorphisms, as we have proved in section [.2 Hence the equality in (IIL13])
holds if and only if Y4(% ) = Jq(% ) for each j € Zy, that is if and only if 4 is C*.
This implies that 74 : T — R satisfies the Euler-Lagrange system of . on the
whole T, and therefore it is smooth. [

Now, let us fix a critical point ¢’ € W}, of the discrete action functional .«7,. The
tangent space of Ay at the smooth loop 74, that is the image of the differential

dAr(q) : TgAp — T, Ak,
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can be characterized as follows. We define a Lagrangian L : R/Z x R™ x R™ — R
by

(L1 L(tg,0) = 5 (alte,) + (blt)a, o) + 5 (c()a.a)

Y(t,q,v) € R/Z x R™ x R™,

DO =

where, for each t € R/Z, a(t), b(t) and c(t) are the m X m matrices given by

PL .
aij(t) = W(tﬁq' (), Yq (1)),
iYL .
bz](t) = W(LVQ/ (t)77q/ (t))a
iYL

cij(t) = oG o (t,vg (), Y (1))

A straightforward computation shows that the Euler-Lagrange system associated to
L is given by the following linear system of ordinary differential equations for curves
o on R™

(I11.15) ag+(b+a—b")o+(b—c)o=0.

This is precisely the linearization of the Euler-Lagrange system of . along the
periodic solution 4. The 1-periodic solutions o : T — R™ of ([ILI15]) are precisely
the critical points of the action functional A : W12(T;R™) — R associated to L,
given as usual by

1
MO=AmemmMu VE € WA(T,R™).

Lemma II1.8. The tangent space Tﬂfq,Ak is the space of continuous and piecewise
smooth loops o : T — R™ such that, for each j € Zy, the restriction O'|[j/k7(j+1)/k}
is a solution of the Euler-Lagrange system ([ILI5).

Proof. By definition of tangent space, qu//\k consists of those continuous loops

o:T — R™ given by

(I11.16) o(t) = = N(s,t), VteT,
s s=0

for some continuous ¥ : (—¢,e) x T — R such that:
e the restriction X[, oyx[j/k,(j+1)/k) i smooth for all j € Zy,
o X(s,:) € Ay for all s € (—¢,¢),

i 2(07 ) =Vq-
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Namely, ¥ is a piecewise smooth variation of 74 such that the loops X, = X(s, )
satisfy the Euler-Lagrange equations associated to .# on the intervals [, %] for all
J € 2y, ie.

D2, L(t, 55, 5) Vs 4 02, L (£, 55, 55) Bs + 05, L (1,55, 55) — 0L (1, 55, %5) = 0,
vt € [j/k.(j +1)/k].
Differentiating the above equation with respect to s in s = 0 we obtain the Euler-

Lagrange system ([ILI5) for the loop o (as before, satisfied on the intervals [£, ZH1]

for all j € Zj). Viceversa, a continuous loop ¢ : T — R™ whose restrictions
|1k, j+1)/%) satisfy (IILID) is of the form (IILI6) for some X as above, and therefore
it is an element of Tq/q,Ak. [

Now, we want to investigate the relationship between the Morse index and nullity
pair of the functionals 4%, and &7 at the corresponding critical points ¢’ and vy . We
begin by characterizing the null-space of the Hessian of & at v .

Lemma III1.9. The null-space of Hess.a/ (4 ) consists of smooth loops o : T — R™
that are solutions of the Euler-Lagrange system ([ILI5]) on the whole T.

Proof. For every o,& € WH2(T; R™) we have

1 . .
Hess o (v )0, €] = /0 (<ad,g> +(bo, &)+ (T &,€) +(ca,£>) dt = dA(o)e.

Therefore o is in the null-space of Hess.? (v4/) if and only if it is a critical point of A,
that is if and only if it is a (smooth) solution of the Euler-Lagrange system ([IL15). B

Remark III.2. In case .Z is the autonomous Lagrangian of the geodesics, i.e.
Z(q,v) = ]vlg, V(q,v) € TM,

the null-space of Hess.a/(v4) is given by the 1-periodic Jacobi vector fields along
the closed geodesics 74/, and the Euler-Lagrange system ([IL15) is called the Jacobi
system. This latter can also be intrinsically expressed as

Vio + R(o,9¢)iq =0,

where V; and R are respectively the covariant derivative and the Riemann tensor of
the Riemannian manifold (M, (-,-) ). [ |

As a consequence of lemmas [IL8 and [IL9 the null-space of Hesse/(vq) is
contained in Tﬂfq,Ak, and therefore it is contained in the null-space of the Hessian of
the restricted action Hess.o? |, (7¢/). This inclusion is actually an equality, as shown
by the following.

Lemma II1.10. Hess</(vy) and Hesso/ |z, (vq) have the same null-space, and in
particular v(</ ,vg) = V(A |A,, Vg )-
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Proof. We only need to show that any loop o € Tﬂfq,Ak that is not everywhere
smooth cannot be in the null-space of Hess/|a, (74). In fact, since o is always
smooth outside the points j/k (for j € Zy), for each { € T, , Ay, we have

k-1

i+1)/k . .
Hess /|, (vq)) [0, € = / j (ad,s>+ (0,6 + (7 6,6) + (co,€))
i/

(J+1)/ .
/ (—a6 —bo—ac—bo+bl 6+co,€)dt
i/

Jj=0 k =0
k—1 . _
+ (a6 +bo, §>‘((‘]+1)/k)
par Gk
(I1L.17) =Y (ad)o(£) = (). €2))
=0

By assumption we have d({) # d(%f) for some j € Zj and therefore a(%)[d({) -

d({)] is a nonzero vector (here we are using the fact that, by assumption (Q1),

a(%) is invertible, see section [[L3]). Now, considering ¢ € qu,Ak such that
i+ - .
ey = LB o) h=i
b 0, h # j,

we conclude that o is not in the null-space of Hess.#|a, (7¢), since by (ILIZ) we
have

Hesse/ |, (1910, €] = |a(D) o) — 6 ]| #0. .

Corollary I11.11. The discrete action functional <, and the full action functional
2/ have the same nullity at the critical points q' and ~4 respectively, i.e.

V(Mk’q,) = V(%alyq’)'

Proof. First of all, notice that d\z(q’) : R™ — T, Ay is an isomorphism, and we
have

Hess,(q")[v, w] = Hess. |a, (v ) [dNe(q v, dMi(@)w], Vv, w € R™.

This implies that <7, and 7|, have the same nullity at ¢’ and ~4 respectively, i.e.
v(e,q') = v(e |z, Vg ), and by lemma [[IL.10 we obtain the assertion. u
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So far we have proved that &7, and &/ have the same Morse nullity at the corre-
sponding critical points ¢’ and 4. Now we want to prove that they also have the
same Morse index provided that k& € IN is sufficiently big. First of all, we need some
preliminaries.

Let E be a real Hilbert space and % : E® E — R a bounded symmetric bilinear
form. We recall that the Morse index ¢(#) of this form is the supremum of the
dimension of the vector subspaces of E on which £ is negative definite. Now, let us
fix an infinite sequence {E, |n € IN} of Hilbert subspaces of E such that

E,CEy,CE;C..CE,

and their union is dense in E, i.e.
(I11.18) UE.=E
nelN

The following holds.

Lemma I11.12. If the Morse index of A is finite then, for all the sufficiently big
n € IN, it coincides with the Morse index of A restricted to E,, i.e.

L(,@) = L(%)|En®En)

Proof. The inequality (%) > «(#|E,»E,) is trivial, hence we only have to prove
that (%) < «(B|E,sE,)- Foreachn € IN, we denote by P, : E — E,, the orthogonal
projector onto E,. Let V be a vector subspace of E of dimension ¢ = (%) € N,
such that 2 is negative definite on V. We denote by S(V') the (¢« — 1)-dimensional
sphere in V', i.e.

S(V)={eeVl]lele=1}.

By ([IL18) and since 4 is continuous, for each e € S(V') there exists a positive
integer ne € IN and a neighborhood Ue C S(V') of e such that

B(P.f,P.f) <0, Vn > ne, f € Us.

By compactness, S(V') admits a finite cover Ue,,...,Ue,. For every integer n >
max {Ne, , ..., Ne, } and for every nonzero v = P,w € P,V we have

w
Pa ||w||E) <0,

/

H(v,v) = ||wlp 2 (P,

w
" flwl[g”

<0
and therefore % is negative definite on P, V. In order to conclude the proof we just
need to show that P,V has still dimension ¢ = ¢(%) provided n is sufficiently big.
This is easily seen as follows. Let vy, ...,v, be a basis for V. By (IILIS]), for each
j =1,...,t, we have that P,v; — v; as n — oo. This implies that, for n sufficiently
big, the vectors P,v, ..., P,v, are still linearly independent, and therefore P,V has
dimension . [
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In order to apply this abstract lemma to our situation, we first need the following
remark about the density of the spaces of broken affine loops in W12(T; R™). For
each k € IN, we define the k-broken affine loop space of R™ as

Aff(T;R™) = {0 : T — R™ ‘
o)y =(1—s)o(L) +sa(H) Vse0,1], j€ Zk}-

This space is isomorphic to the k-fold product R™ x ... x R™ by the linear map
ag : Aff(T;R™) — R™ x ... x R™ given by
ar(0) = (0(0),0(%), ...,a(E2L)), Vo € Aff(T; R™).

In particular, being Aff;(T;R™) a finite dimensional vector space, it is a Hilbert
subspace of W12(T; R™).

Lemma II1.13. The union of the spaces Affy(T;R™), for all k € IN, is dense in
WL2(T; R™), i.e.

U Aff,(T; R™) = WY2(T; R™).
kelN

Proof. 1t is well known that C°°(T;R™) is dense in W2(T;R™), see for instance
[Ad, page 54|. Hence, all we have to do in order to prove the lemma is to show
that, for an arbitrary v € C°°(T;R™), there exists a sequence {7 |k € IN} such
that v, € Affp(T;R™) and v, — « in W12(T; R™). A candidate for this sequence is
built by defining v to be the map in Affy(T;R™) such that Vk(%) = 7(%) for each
j € 2y, see figure [I1.11

Since « is smooth and 1-periodic, if we fix an arbitrary € > 0 there exists a
positive ¢ > 0 such that, for each ¢ € T and for each &y, 01 > 0 with 0 < dg + 51 < 0,
we have

(IIL.19) ‘W(t) At 8) —(t =)

01+ do

Now, notice that, for each k£ € IN, the periodic curve 7 : T — R is differentiable
outside the points j/k (for each j € Zj) and we have

"Yk(t):k[’Y(%>—’7<%)}, tGT\{%UGZk},

where || gives the integer part of its argument. In particular, for each irrational
number ¢ € R\ Q, or more precisely for each t € (R \ Q)/Z, we have

lim 4(t) = ().

k—o0
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Figure IIL.1. Example of a smooth loop ~ (solid line) and the corresponding piecewise affine loops
vs (dotted line) and ~¢ (dashed line) of the sequence {yx |k € IN}.

Since the rational numbers have Lebesgue measure 0, the above equation implies
that 4% converges to % almost everywhere as k — oo. By ([ILI19), for each £ > 0
there exists ¢ > 0 such that, for each £ > §~! and for almost every t € T, we have

) () ()

1
k

() = (@) = |3(8) -

We can then apply the dominated convergence theorem to conclude that 4, — + in
L*(T;R™) as k — oo, and therefore v — 7 in WH2(T; R™) as k — oo. [ ]

Once this preliminaries are established, we can prove the announced result about
the Morse index of the discrete action functionals.

Lemma II1.14. For all k € N sufficiently big, the Morse index of <}, at q' coincides
with the Morse index of </ at vy, i.e.

(A, q') = (A, Vq')-

Proof. Since the functionals o7, and 7|, have the same Morse index and nullity
pair (see the proof of corollary [ILTT)), we just need to prove that ¢(e/|a,,vq) =
(/g ) for all the sufficiently big k € IN.

By definition of Morse index, there exists a ¢(.7, 74 )-dimensional vector subspace
V C WLH(T;R™) over which Hesso/ (v4) is negative definite, i.e.

(I11.20) Hess.o/ (vq)[o,0] <0, VoeV\{0}.
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By lemmas [IL13] and [ILI2] we can choose V to be a subspace of Affy(T;R™).
Then, let us define a linear map K : V. — T, Ay as K (o) = &, where & is the
unique element in qu,Ak such that

) =6(1), Vj € Zy.

.

o

Notice that K is injective. In fact, if K (o) = 0, we have a(%) = 0 for each j € Z,
and since o € Affy(T; R™) we conclude that o = 0. Hence, V = KV is a t(.7, 74 )-
dimensional vector subspace of qu,Ak.

In order to conclude we just have to show that Hess</ (7q') is negative definite
over the vector space V. First of all, notice that, for each o € W1H2(T; R™), we have

1
Hesso (g )|o, 0] = / ((ac,6) + (bo,6) + (b &,0) + (co,0)) dt
(I11.21) 0

1
:zéuadwﬂanazzA@y

Now, consider an arbitrary ¢ € V' \ {0} and put ¢ = K~'(5) € V' \ {0}. For
each j € Zj the curve 5|[j/k,(j+1)/k} is an action minimizer with respect to L, and

therefore A(6) < A(0). By (IL20) and ([IL2I)) we conclude

Hess|a, (vq)[6,0] = 2A(6) <2 A(0) = Hessd (¢ )[0, 0] <O0. ]

ITI1.5 Homotopic approximation of the action sublevels

The discretization technique introduced in this chapter can also be used to build finite
dimensional homotopic approximations of the sublevels of the action functional. Let
Z : R/Z x TM — R be a l-periodic convex quadratic-growth Lagrangian with
associated action .7 : W1H2(T; M) — R, as in the previous sections, and consider
the constants ey = £9(.Z) > 0 and py = po(-£) > 0 given by theorem [IL.2] We will
need the following statement.

Proposition III1.15. For each ¢ € R there exists a real € = £(.Z, ¢) > 0 such that,
for each ¢ € WY2(T; M) with </({) < c and for each interval [tg,t;] C R with
0 < t; —top < & we have dist (((to),((t1)) < po-

Proof. Up to summing a positive constant to the convex quadratic-growth La-
grangian .2, we can always assume that there exists a constant £ > 0 such that

ZL(t.q,v) > L ]2, V(t,q,v) € R/Z x TM.

Then, let us consider an arbitrary loop ¢ € W12(T; M) such that & (() < c¢. For
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each interval [tg,¢;] C R with 0 < ¢; —tp < 1 we have

2

t1 |
<(t-t) [ K0R

to

dist (C(to), C(t1))° < ( / 1 |<'<t>|<<t>dt)

t1 X
<(ti—to) [ £7L(H,C(1), <) At < (t — to)L e ()
to
< (751 — to)ﬁ_lc.
Hence, for £ = (%, ¢) := p¢ £c!, we obtain the claim. [ |

From now on, we will briefly denote the open sublevels of the action and of the
discrete action by

()e = (~00,0), (F)ec = (—00,0), Ve e R.

Let us consider the integer

M) = |mas{ gy g ] €

We want to show that, for each ¢ € R and for each integer k > k(.Z,¢c), the map
i 0 Ay — WBH2(T; M) (see the definition after (IILII)) restricts to a homotopy
equivalence

et ()e — ().

Equivalently, since @, = &/ o \; and since Ay maps Ag diffeomorphically onto Ay,
we can show that the inclusion of the open sublevel (&5, )c = (&) N Ay, into (&),
is a homotopy equivalence.

In order to prove this claim, let us introduce the retraction

T (A )e — (%’Ak)c

that maps a loop ¢ € (&), to the loop 74(C) such that 74(C)|[/k,(j+1)/k 15 the
unique action minimizer (with respect to .£) with endpoints ¢ (%) and ¢ (%), for
each j € Zj. Then, we build a homotopy

Ry : [0,1] x () — (),

as follows: for each j € Zy, s € [%, %] and ¢ € ()., the loop Ry (s, () is defined as
Ri(s,Oljoi/m) = 6O lo,/x Br(8:Oljs,1) = Clis,y and R (s, C)|[j/n,s) is the unique
action minimizer with endpoints ¢ (%) and ((s), see figure[[ITL.2l By proposition[ITLI5]
the homotopy Ry and the map rj are well defined and we have

o (Ri(s,()) < () V¢ € (A)e, 5 €10,1].

Moreover Ry is a strong deformation retraction. In fact, for each ( € (&), we
have Ry(0,¢) = ¢, Ri(1,¢) = ri(¢) and, if ¢ also belongs to Ay, we further have
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(b)

Figure II1.2. (a) Example of a loop ¢ (solid line) and the corresponding r5(¢) (dotted line),
for the case of the autonomous Lagrangians of the geodesics on the flat R?, i.e.
ZL(t,q,v) = L (v) = vi +v3. (b) Homotopied curve Rs(s,¢) (solid line).

Ry (s,{) = ¢ for all s € [0,1]. This proves that the retraction rj is the homotopic
inverse of the inclusion (@, ) — (%)c.

If ¢1 < ¢9 < ¢, the same deformation retraction Ry, can be used to show that the
pair ((&)c,, (&),) deformation retracts strongly onto ((7|a, )es, (< |A,)c;). Fur-
thermore, if v € WH2(T; M) is a critical point of &/ with &/(vy) = ¢, up to in-
creasing k we have that v € Ax and Ry gives a deformation retraction of the pair
(()e U {3}, ()0) onto ((]a,)e U {7}, (1a,)e).

Summing up, we have obtained the following.

Lemma III.16.
(i) Let ¢; < ca < oo. Then, there exists a positive integer k = k(.Z, ca) such that,
for every integer k > k, the embedding A\, restricts to a homotopy equivalence
of topological pairs

Ak ((Wk)cw (Wk)cl) <;)((JZZ)CQ’ (M)Cl)

(ii) Let g € Ay be a critical point of <7, such that <7,(q) = c¢. Then, there exists a
positive integer k = k(£ ¢) such that, for every integer k > k, the embedding
A restricts to a homotopy equivalence of topological pairs

M () ULa) s (9)e) = ((7)e U {1} s (7)e),
where 74 = A\ (q).

In the forthcoming chapters, we will mainly apply the above lemma to show that
A, induces isomorphisms between invariant groups that are fundamental in Morse
theory: the local homology groups. We recall that the local homology groups of
), at a critical point q are defined as

H*(ﬂka Q) = H, ((fQ{k)c U {Q} ) (fQ{k)c) )
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where H, in the right hand side denotes the singular homology functor (with arbitrary
coefficient group). The local homology groups of the full action functional o/ at the
corresponding critical point 74 = Ai(q) are defined analogously as

H. (e, 7q) = Hi () U {7g}, ()c) -

Hence, point (ii) of the above lemma[[IL.16 has the following immediate consequence.

Corollary II1.17. For each integer k > k(.£,c) the embedding \; induces the
homology isomorphism

It is well known that the local homology groups of a C? functional at a critical
point are trivial in dimension that is smaller than the Morse index or bigger than the
sum of the Morse index and the nullity (cf. corollary [A.10lin appendix [Al). Here, we
can recover this result for the C! action functional &7 : WH2(T; M) — R, at least
for contractible critical points.

Corollary III.18. Let v : T — M be a contractible loop that is critical point of
the action functional </. Then, the local homology groups H. (<7 ,~) are trivial if x
is less than (/) or greater than (< ,~y) + v(<, 7).

Proof. For each sufficiently big k € IN, there exists g € Ay such that
7 =g = A(q)

and g is a critical point of the discrete action <7, (see section [IL4). By corol-
lary [ITL.11] and lemma [ILI4] up to increasing k we have that

(A, q), v(Fh,q)) = (A7), V(H,7q))-

By the above corollary [IL17, up to further increasing k we have
H. (%, q) ~ Hi (A, 7q).

Therefore our claim follows from corollary [A. 10 applied to the local homology group

II1.6 Arbitrary period

So far we have only dealt with 1-periodic loop spaces, but our arguments extend to
every period n € IN as follows. Consider the smooth 1-periodic convex quadratic-
growth Lagrangian £ : R/Z x TM — R of the previous sections. For each k € IN we
define CF° (’]I‘["]; M) as the space of continuous n-periodic curves ( : T — M such
that, for each j € Z,, the restriction C][j/k,(jﬂ)/k] is smooth. We endow this space
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with the broken smooth topology that turns it into a Fréchet manifold, analogously
at what we did for Cp°(T; M). If k > 1/e9(.Z), we define a smooth embedding
A=Al Ay O (T M)

in the following way: for each ¢ = (qo, ..., @nk—1, nk) € Api We put )\L"](q) = Vg5
where 74 is the only loop whose restrictions ’yq\[j /k,(j+1)/k] are the unique action
minimizers (with respect to .£) with endpoints ¢; and g;1, for each j € Z,;. We
define the k-broken n-periodic Euler-Lagrange loop space (with respect to &)
as the image

A = A = N (A)

of the embedding )\Ln}. As for the 1-periodic case, ALn} is a smooth submanifold
of (T M) (and of WH2(TI; M)) with finite dimension nkm, where m is the
dimension of M. Finally, we define the discrete mean action functional

;sz[n] Ay — R
as the composition of the mean action functional &7!" of £ (cf. section [L3)) with
)\Ln], namely

SN .
o) = /O Lt Aq®)dt, Vg€ A

All the results of sections [TL3] [I1.4 and [IL5 still hold if we replace .2/ and .27, with
the mean versions <[ and ;sz[n], for each n € IN.
The n'-iteration map ™ : WH2(T; M) — Wh2(T[M; M) restrict to a continu-
ous embedding of k-broken Euler-Lagrange loop spaces
B Ay A,
]

Moreover, by means of the diffeomorphisms A and )\Ln we can define the discrete

n'P-iteration map
;[Cn} P A = Ay,
in such a way that the following diagram commutes.

[n]
Y
Ape——"—= Ay



Chapter 1V

Local homology and Hilbert
subspaces

The aim of this chapter is to prove an abstract Morse-theoretic result, that will be
applied to the Lagrangian action functional of convex quadratic-growth Lagrangians.
Roughly speaking, the theorem states that the local homology of a functional defined
on a Hilbert space does not change if we restrict the functional to a Hilbert subspace
containing the involved critical point, provided that this Hilbert subspace is invariant
for the gradient flow of the functional. The proof of this result is technical, and in
particular requires to reconsider the proof of two classical Morse-theoretic results
that are often used as black boxes: the generalized Morse lemma (cf. lemma [A.T])
and the characterization of the local homology groups as homology of Gromoll-Meyer
pairs (cf. theorem [A.7]).

As an application of this theorem, we obtain that the n''-iteration map induces
an isomorphism between the local homology of the action functional &7 at a critical
point v and the local homology of the mean action functional <[ at [, provided
that the Morse index and nullity pairs of &/ and «/[™ at v and 4" respectively
are the same. For the special case of Lagrangian systems on the m-torus, with a
fiberwise quadratic Lagrangian, this result is due to Long (cf. [Lol, theorem 3.7]).
Our statement may be considered an extension of Long’s one.

In section [V.1] we introduce the above mentioned result. The proof will be
carried out in section [V.4l after establishing several preliminaries in sections [V.2]
and [V.3l Finally, in section [V.5 we discuss the applications to the Lagrangian
action functional.

IV.1 The abstract result

Let us consider an open set % of a Hilbert space E and a C? functional . : % — R
that satisfies the Palais-Smale condition. Let E, be a Hilbert subspace of E such

63
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that % := % N E, # @ and Grad.Z (y) € E, for all y € %,. This latter condition
is equivalently expressed via the isometric inclusion J : E, — E as

(IV.1) (Grad#) o J = J o Grad(% o J).

Let & € % be an isolated critical point of % that sits in the subspace FE,, i.e.
x € Crit.Z# N E,, and let us further assume that the Morse index and nullity of .7
at « are finite, i.e. «(F,x),v(F,x) < co. We denote by H = H(x) the bounded
self-adjoint linear operator on E associated to the Hessian of .# at x, i.e.

(Iv.2) Hess.Z (z)[v,w] = (Hv,w) g, Vv, we E.

We require that H is a Fredholm operator, so that the functional .# satisfies the
hypotheses of the generalized Morse lemma (lemma [A.T]).

Throughout this chapter, for simplicity, all the homology groups are assumed to
have coefficients in a field I (in this way we avoid the torsion terms that appear in
the Kiinneth formula). We recall that the local homology groups of the functional
Z at x are defined as

H.(7,2) = Hi (F)c U {2}, (F)e)

where ¢ = Z(x) and (F). := F 1(—00,c). If we denote by #, : % — R the
restricted functional .#|4,, then « is a critical point of %, as well and the local
homology groups H, (%, x) are defined analogously as H.((:%e).U{x}, (Z).). The
inclusion J restricts to a continuous map of pairs

S (Fe)e Ui}, (Fo)e) = ((F)e Ui}, (F)e).
In this way, it induces the homology homomorphism
Hy(J) : Hi(Fe,x) — Ho(F, ).

In this chapter we want to show that, if the Morse index and nullity pair at & does not
change under restriction to the Hilbert subspace E,, then the above homomorphism
H.(J) is an isomorphism. Namely, our main result is the following.

Theorem IV.1. If the Morse index and nullity pair of .% and %, at x coincide, i.e.
((F, ), v(F,x)) = ((Fe,x),V(Fs, x)),
then H,(J) is an isomorphism of local homology groups.

The proof of this theorem will be carried out in section [V.4] after several prelimi-
naries.

Remark IV.1. One might ask if theorem [V.1] still holds without the assump-
tion (IV.I). This is true in case = is a non-degenerate critical point: briefly, a
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relative cycle that represents a generator of H,(z 4)(F,x) also represents a gen-
erator of H .z z)(Z,x), and all the other local homology groups H.(Z,, ) and
H.(Z,x), with x # (F,x) = (P, x), are trivial (see theorem [A3). However, in
the general case, assumption ([V.]) is necessary, as it is shown by the following sim-
ple example. Consider the function F of example[A4lin appendix[A] i.e. F : R?2 — R
given by

F(z,y) = (y — 2*)(y — 22%), V(z,y) € R%.

The origin 0 is clearly an isolated critical point of F', and the corresponding Hessian
is given in matrix form by

(IV.3) HessF(0,0) = [ 8 g ] .

Now, let us consider the inclusion J : R < R? given by J(x) = (z,0), namely the
inclusion of the z-axis in R?. The Morse index of F' at the origin is 0 and coincides
with the Morse index of the restricted function F o J. Analogously, the nullity of F
and F'oJ at the origin are both equal to 1. However the gradient of F' on the z-axis
is given by

CradF(z,0) = (823, —32?), Vz € R,

hence condition (V1)) is not satisfied for the inclusion J, i.e.
(GradF') o J # Grad(F o J).

The local homology groups of F' and F o J at the origin are not isomorphic (and
consequently H,(J) is not an isomorphism). In fact, examining the sublevel (F)y
(see figure [A.6] in appendix [A]) it is clear that the origin is a saddle for F' and a
minimum for F o J. Therefore we have

F * =1, F * =0,
H*(F’O):{ 0 x#1 H*(FOJ’O):{ 0 *#0 m

Remark IV.2. Also the hypothesis of C? regularity of the involved functional is
essential in order to obtain the assertion of theorem [[V.Il In fact, let us modify the
functional F' of the previous remark in the following way

F(x,y) = (y — 2°)(y — 22°) + 32% arctan <%> , V(z,y) € R%

This function is C' and twice Gateaux differentiable, but it is not C? at the origin,
which is again a critical point of F. Equation (IV.3) still holds, but the gradient of
F on the z-axis is now given by

GradF(z,0) = (823,0), Vo € R,
so that condition (V1)) is satisfied, i.e.

(GradF) o J = Grad(F o J),
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where J : R < R? is given by J(x) = (z,0). As in the previous remark, the Morse
index and nullity pair of F at the origin is (0, 1) and coincides with the Morse index
and nullity pair of FoJ at 0. Moreover, 0 is a local minimum of F'o.J, which implies

¥ * =0,

mroro={§ 150

However, the origin 0 € R? is not a local minimum of the functional F. In fact, a
straightforward computation shows that 0 is a local maximum of the functional F
restricted to the parabola y = %xQ, namely 0 € R is a local maximum of the function

1 3
z— F (3:, %xZ) = —Zafl + 32% arctan <ﬁ> .

This readily implies that Ho(F,0) = 0 # Ho(F oJ,0), which contradicts the assertion
of theorem [V.11 m

IV.2 The generalized Morse lemma revisited

In order to prove theorem [V.I we need to give a more precise statement of the
generalized Morse lemma (lemma [A ). Everything that we will claim already fol-
lows from the classical proof (see for instance |[Chl page 44]), but for the reader’s
convenience we include a full treatment.

In order to simplify the notation, from now on we will assume, without loss
of generality, that = 0 € E and hence % C FE is an open neighborhood of 0.
According to the operator H associated to the Hessian of .# at the critical point
0, we have an orthogonal splitting E = E* @ E- @ E°, where ET [resp. E7] is a
closed subspace in which H is positive definite [resp. negative definite|, while E° is
the finite-dimensional kernel of H (cf. section [A1). We denote by P* : E — E*
the linear projector onto E* := E* @ E~. On E*\ {0} we introduce the local flow
O defined by O (s,0(0)) = o(s), where o : (sg,51) — ET\ {0} (with so < 0 < s1)
is a curve that satisfies
Ho(s)

(IvV.4) o(s) = —m,

Vs € (so,51)-
We also set ©(0,0) := 0.
Then, the generalized Morse lemma may be restated as follows.

Lemma IV.2 (Generalized Morse Lemma revisited). With the above assump-
tions on %, there exists an open neighborhood ¥ C % of 0, a homeomorphism onto
its image

¢:(7,0) = (%,0)
and a C' map
Y (¥ NE%0) — (E*)0),

such that the following assertions hold.
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(i) For each v € ¥, if we write v = v° + v* according to the splitting E =
E°® E*, we have

Fog(v) = F (V' +9(%) + 5 (HvF,vF) .

=.F0(v0) = FE(v¥)

(ii) The origin 0 is a critical point of both #° and Z*.
(iii) The map ) is implicitly defined by

P* (Grad Z (v° + ¢(v"))) =0, vl e ¥ NE°,
¥(0) = 0.

(iv) The homeomorphism ¢ is given by
07 (w) ="+ On(r(v — ("), v —v(@”),  Yo=0v"+vFeg(¥),

where T is a continuous function defined in the following way: for each v =
v0+v¥ that belongs to its domain, if vt # 0 then 7(v) is the only real number
satisfying

Ir()| < |v* g,
F (v+9@") = F (v° +¢(@°) = FH(Ou(r(v),v")),

otherwise, if v¥ = 0, we have 7(v) = 7(v°) = 0.

Proof. Since the Hessian of .% at 0 is non-degenerate when restricted to E* @ E*,
by the implicit function theorem we can find an open neighborhood #° c % N E°
of 0 and a C! map v : (#°,0) — (E*,0) that is implicitly defined as in point (iii),
for

(P= (GradZ (v" + ¢ (")), - ) g = dF (0" + ¥(v°))| g

Since 0 = (0) is a critical point of .#, we immediately obtain that it is also
a critical point of the functional .#9 defined in the statement. Analogously, O is
clearly a critical point of the quadratic functional .#* : E* — R of the statement.

All we have to do in order to conclude is to show that, in some neighborhood
¥ C U of 0, there is a continuous function 7 : ¥’ — R that is defined as in point
(iv). Then, we can consider a continuous map ¢! : ¥’ — E, defined as in the first
equation of point (iv), that is a homeomorphism onto its image since we can build
its inverse in an analogous way by the flow ©f. Assertion (i) follows as a direct
consequence.

Now, notice that the flow ©py is well defined on

{(5,0F) eRX E¥ [0 #0, |s| < |[vF||E} -

In fact, for an arbitrary v®*, consider the maximal flow line o : (sg,s1) — E*\ {0}
of Oy (cf. equation (IV.4)) with s9 < 0 < s; and ¢(0) = v*, and assume by
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contradiction that s; < |[v*||g. Since ||o(s)||g = 1 for each s € (sg,s1), we have
lo(s) — v¥||g < |s| and therefore 0 < ||o(s1)|g < 2|[vt|g. This shows that
o(s1) = —Ho(s1)/||Ho(s1)||g is well defined, and consequently o can be further
extended over si, which contradicts the maximality of s;. The same argument
shows that sg < —|lv*||g.

For each 7 > 0, let us denote by B:* and BY the open balls of radius r in E*
and E° respectively, i.e.

Bf = {v* e E*||vF|g<r},  BY={o"c E||o’|m <r}.

Since .Z is C?, for each € > 0 there exists § > 0 such that, for each v = v+ + v €
B;t @ Bg, we have

| (v + 9(0")) = F (0" + v(v")) — FF(v7)|

(IV.5) = /01/01 s (Hesseg(rsvi + v0)[v?, v — Hess.Z (0)[v™, 'vi]) drds

+
< ellv*||.

Then, notice that the flow lines of O are actually the anti-gradient flow lines (up
to a reparametrization) of the Morse functional .#*, and therefore, for each v* €
E*\ {0}, the function s — .Z* 0 O (s, vT) is strictly decreasing. Moreover,

[s]
T (O (s, v%)) — FE@w)| = / | H O (r, v*)| 5 dr
0
|s|
> [0t o%) | dr
0
|s|
ZCH/ (H’UiHE—T) dr
0

+ s?
> en (ol lsl - 5 ).

where ¢y > 0 is a constant determined by the spectrum of H. By ([V.5) and ([V.6]),
for each v = v* + v € Bf @ BY with v* # 0 and for each s € R with |s| < [[v*|,
we have

|7 (v + (") = F (07 +9(v°)) - FF(On (s, v7))]

> |FE(0F) = FH(On(s,v7))| — |F (v + p(v”)
2

+ s +
> eu (ol lsl - 5 ) = llo*T-

(IV.6)

F (0 +9(0)) = FH(v)|

/

~~

(*)

The quantity (%) is nonnegative for

2e 2
lo* e (1 - \/:) < sl < o*|m (1 +4/1- —) ,
CH cy
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and since the function s — .#* 0 O (s, v¥) is strictly decreasing we obtain

FH(On(s,v7)) < F(v + () = F (0 +$(0%)) < FF(On(-s,v7))

2
Vs € [||vi||E <1 —J1- —5> , ||vi||E>.
CH

This implies that there exists a unique 7(v) € R, with

2e
o)l < ol (1= /1= 2 ) < o e
H

FEOu(r(v),v5)) = F(v+ (")) — F (0 + Y (")).

such that

By the implicit function theorem, the obtained function 7 is continuous, and can be
continuously extended to each v = vt + 0 ¢ Bgt @ BY with vt = 0 by 7(v) =
7(v%) = 0. [

IV.3 Naturality of the Morse lemma

Let Hqy be the bounded self-adjoint linear operator on E, C E associated to the
Hessian of the restricted functional %, = %|g, at 0. Then H o J = J o H,. This
follows immediately from condition ([V.1), since

HoJ=d(Grad%)(0) o J = d((Grad.Z) o J)(0) = J o d(Grad(%#,))(0) = J o H,.
JoGrad(Z,)

Namely, the restriction of H to E, coincides with H,, i.e.
(IV.7) H|g, = H,,

and in particular it is a self-adjoint Fredholm operator on E,. If we denote by E, =
E{ @ E} @ E, the orthogonal splitting defined by the operator H,, equation ([V.7)
readily implies that

(IV.8) E'CE’, EfCE" E;jCE-,

and moreover, if we denote by P : E, — EF the orthogonal projector onto EFf =
E; @ E7, this latter turns out to be the restriction of the projector P* : E — E*
to F,, i.e.

(IV.9) PE|g, = PE.

The hypotheses of the generalized Morse Lemma are fulfilled by both the func-
tional .# and its restriction .%,. The following is the long list of the symbols involved
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in the statement of lemma [[V.2], and we write in the subsequent line the correspond-
ing list of symbols involved in the statement referred to the restricted functional
Fo:

Eia an Pia 7/’ GH, QS’ ¢a T, ﬁo’ ﬁi’

Eoia E(o)a Poia 7/07 @H., ¢07 1/}07 Te; 9007 yoi

We want to show that, under the hypotheses of theorem [Vl the decomposition
F+ 470 of Z, given by the generalized Morse lemma, restricts to the corresponding
decomposition .Z} + Z#0 of Z,.

Lemma IV.3.
(i) If (#,0) = 1(F,0), then E~ = E, .
(ii) If v(Z,0) = v(Z,0), then E° = EY.
Proof. The claims follow at once from ([\.§]), since
dim E; = ((%,,0) = «(.%,0) =dim E",
dim E? = v(Z,,0) = v(.#,0) = dim E°. |

Proposition IV.4. If v(#,0) = v(%,,0), the following equalities hold (on some
neighborhood of the critical point O where the involved maps are defined):

(1) ) = b,
(11) (NE. = Q.

Proof. By lemma [[V.3(ii), the domains of the maps ¢ and 1 are open neighbor-
hoods of 0 in E' = EY. Up to shrinking these neighborhoods, we can assume
that both 1 and v, have common domain 7% c E°. By lemma [V.2(iii) we have
¥(0) = 16(0) = 0, and all we have to do in order to conclude the proof of (i) is to
show that, for each v° € 70\ {0}, the maps 1/ (v°) and 1 (v°) are implicitly defined
by the same equation, that is

P* (GradZ (v° + ¢(v"))) = 0 = P* (Grad 7 (v + 1a (v?))) .
This is easily verified since, by ([V.1) and (IV.9), we have
PE(Grad.Z (v° + 9, (v?))) = P (Grad.Z, (v° 4 1. (v°))) = 0.

For (ii), up to shrinking the domains of ¢ and ¢, we can assume that they are
maps of the form ¢ : ¥ — % and ¢, : Yo — %, where ¥4 = ¥ N E,. Being ¢ and
¢e homeomorphisms onto their images, we can equivalently prove that ¢! = ¢!
on the open set ¢¢(¥e) C %. To begin with, notice that ([IV.7) readily implies that
the flow ©p, is the restriction of the flow Oy to EF \ {0}, i.e.

Ox(-,vE) = 0g, (-, vF), Vot e Ef \ {0}.
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By lemma [V.2(iv) and since 1) = v,, for each v = v° + v+ € ¢4(¥%) we have
¢~ (v) =0’ + Op(r(v —9()), v —¥(v’)),
631 (v) = 00+ O (1a (v — Y(00)), v — H(2")).
Hence, in order to conclude the proof of (ii) we just need to show that, for each

v in the domain of 7,, we have 7(v) = 74(v). This is easily verified since, by
lemma [V.2)iv), 7(v) and 74(v) are implicitly defined by the same equation

(B Ou(r)v), 01 (r(0),4%))
=F (v+9(") = F (v° +¢(v"))
— % (H O p(e(v),v™), @H(T-(’U)a’vi»E' u

Corollary IV.5. If v(.Z,0) = v(%,,0) then F*|g, = .FF and F° = F).

IV.4 Local Homology

In this section we will carry out the proof of theorem [V.Il Before going to this
proof, we need to establish another naturality property, this time for the isomorphism
between the local homology of .% at 0 and the homology of corresponding Gromoll-
Meyer pairs (see section [A.5]in appendix [A]).

Lemma IV.6. Let (#,%#_) be a Gromoll-Meyer pair for .% at 0. Then, the fol-
lowing holds.

(i) The pair (#e, o) = (W NEe, W_NE,) = (JX(W),J Y (#.)) is a Gromoll-
Meyer pair for F, = .7 |Eg, at 0.
(ii) Consider the restrictions of J : Eq — E given by
S (Fo)eU{z}, (Fo)e) = (F)e U {z}, (F)e),
J:(WeWe) — (W, W_).
These restrictions induce the homology homomorphisms
H.(J) : H.(%,,0) — H.(.#,0),
H.(J) : Hi(#e, Wa_) — H (W, 7).

Then, there exist homology isomorphisms iy, y,_) and Ly y. ) such that the
following diagram commutes.

H,(Z.,0) —=___1,(%,0)
Y We  We_) |~ ~ |, w_)
H,(Wo, Vo) ——D o0 )
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Proof. Part (i) just requires the straightforward verification that the pair (#s, #e—)
satisfies conditions (GM1),...,(GM4) (cf. section[A.H) in the definition of Gromoll-
Meyer pair. Part (ii) requires to examine the proof of theorem in appendix [A]
and we refer the reader to [Chl, page 48| for more details on what we claim. The point,
here, is to show that the isomorphism between the local homology and the homology
of a Gromoll-Meyer pair is given by the composition of homology isomorphisms
induced by maps, so that the assertion follows from the functoriality of singular
homology.

We denote by ®qraq.# the anti-gradient flow of .%, as in section[A.3]of appendix [Al
Notice that, by condition ([V.1]), ®qraqs restricts on E, to the anti-gradient flow
®raqz, of the restricted functional .#,. We introduce the sets %" and %, given by

Y = PGrads ([0700) X W),
Y := PGraaz, ([0,00) X W‘) = PGrads ([0,00) X W‘) =Y NE,,

and we consider the following diagram.

H.(Z.,0) ) H,(Z,0)
H, (% N (32.),:; {0}, 24N (Fa)e) H (#N(F)U {NO} Y N (F)e)
H., (@; N (Fe)e) H. (@,@; (F)e)
H. (;., Vo) H. () H. (W,NW)

In this diagram, all the arrows are homology homomorphisms induced by inclu-
sions. Moreover, all the vertical arrows are isomorphisms (this fact is proved by anti-
gradient flow deformations and excisions), and we define the isomorphisms LA W)
and ¢y y. ) as the composition of the whole left vertical line and right vertical line
respectively. By the functoriality of singular homology, this diagram is commutative,
and the claim of part (ii) follows. [ |

After these preliminaries, let us go back to the proof of theorem [V.Il First of
all, if we assume v(.%,0) = v(Z,,0), corollary [V.5 implies that .#° = .Z. Hence
the inclusion J restrict to the identity map on the pair

((y.O)C U {O} ) (y.O)C) = ((90)6 U {0} ) (90)6)7
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and therefore
(IV.10) H.(#,0) = H.(Z°,0).
For the Morse functionals .Z;f and .#* we have the following result.

Lemma IV.7. If («(%,0),v(.%,0)) = (1(Z,0),v(F%.,0)) then the inclusion J,
restricted as a map

(Iv.11) T ((Z85)e U{0} (7)) = (F ) U{0}, (F5)o),
induces the homology isomorphism

H,(J) : H,(Z+,0) = H,(F*,0).

Proof. The fact that J restricts to a map of the form ([V.I1l) is guaranteed by
corollary [V.Bl Moreover, lemma[[V.3|(i) guarantees that E;” = E~, hence J further
restricts to a homeomorphism

T (E"N(F5) VL0, E™ N (FF)) — (E-N(FF)U{0}, E" N (FF)),

and we obtain the following commutative diagram of inclusions.

(FE) U0}, (FH).) 2 (FH).u{0},(F5).)

(B~ N (ZE).U{0}, B~ N (FE)) — 22— (B~ N (F5).U{0}, B~ N (FF),)

~

It is well known that ke and k are homotopy equivalences, and in particular H. (k)
and H,(k) are isomorphisms. Therefore H,(J) = H,(k) o Hy(J) o Hy(ke) ™! is an
isomorphism as well. [ |

Proof of theorem [IV.1l. The homeomorphisms ¢ and ¢, obtained by the Morse
lemma induce local homology isomorphisms H,(¢) and H,(¢e) such that the follow-
ing diagram commutes.
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Hence, we only need to prove that the lower horizontal homomorphism H,(J) is an
isomorphism. We consider Gromoll-Meyer pairs (#+, #*) and (#°, #°) for F+
and .Z 0 respectively at 0, so that the cross product of these pairs, that is

W W)= (WE WO, (WEXxwOYU T x ),

is a Gromoll-Meyer pair for .#° + .Z* at 0. Then, by lemma [V.6, we obtain
Gromoll-Meyer pairs for the functionals .Z}, #0 and .#0 +.ZF at 0 respectively as

HEANE) =W TN Ey, #WENE) = (J N, J Y (wh)),
(%07%(1) = (7/0 N E°7W9 N E') = (Jil(yﬂ(]% Jﬁl(yﬂfo))a
(W W) = (W NEyW_NE) = (J W), J X (H#.))

and, together with the Kiinneth formula, we obtain the following commutative dia-

gram.
0 + H.() 0 +
H*(ﬁo +ﬁo ’O) H*(y +ﬁ ’O)
L Ao We) | ~ |, )
H,(#a, ¥a_) LD H (/")
Kiinneth | >~ ~ | Kiinneth
+ + + +
077 H.(J) ® Ha (J) H07=7=)
& &
H (70, 70) H. (70, %0)
L(w,i,w.i_)(gb("ﬂ/?,w&) ~ ~ | Lot o) O 0,9 0)
+ +
H.(7.5.0) H.(J) @ Ha(J) H.(7%,0)
& = &
H.(£?,0) H.(£°,0)

The commutativity of the upper and lower squares follows from lemma [V.6 while
the commutativity of the central square follows from the naturality of the Kiinneth
formula (see for instance [Hafl page 275|). By (IV.10) and lemma [IV.7 the lower
horizontal homomorphism H,(J) ® H,(J) is an isomorphism, and so must be all the
others horizontal homomorphisms. [
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IV.5 Application to the action functional

Let M be an m-dimensional smooth closed manifold and . : R/Z x TM — R
a smooth 1-periodic convex quadratic-growth Lagrangian, with associated action
functional & : WL2(T; M) — R. We also consider, for each n € IN, the mean
action functional &/ : WL2(TI"; M) — R (cf. section [L3) and, for each k € IN
big enough, the discrete action functional & : A — R (cf. section [IL3)) and the
discrete mean action functional szk[n} : Apr — R (cf. section [IL6).

We show that the abstract theorem [V.1] applies when .J is the discrete iteration
[n]

map w,&n] : AL — A, and & is the discrete mean action functional ﬂkn )

Theorem IV.8. Let q € Ay be a critical point of the discrete action functional <7,
such that @,(q) = ¢ and, for some n € IN, we have

(), (i, @) = (" g™, (" g")).
Then, the discrete iteration map ¢,[€n}, restricted to a map

O () Uad (ah)e) — (™) U {g™Y, (™)),
induces the homology isomorphism

H, (") : Ho(h, q) = Ho (", gI")).

Proof. Applying the localization argument of remark [ILI] we can assume that
our Lagrangian function has the form ¢ : R/Z x U x R™ — R, where U is an
open subset of R™, and the corresponding action and mean action have the form
o Wh(T;U) — R and &l : WH2(TI": ) — R. In this way, we are considering
q as lying in the open set W, = A,;l(WLQ(’]I‘; U)) of the k-fold product R™ x ... x R™,
and correspondingly

g™ € W = QMW H2(T U) c R™ x . x R™.
—_—
nk times
The iteration map ™ : WH2(T;U) — W12(TI;U) is now the restriction of a
bounded linear embedding [ : Wh2(T; R™) — WL2(T; R™), namely it is the

restriction of the n'M-iteration map on the Hilbert space W12(T; R™). Analogously,

the discrete iteration map w,&n] is the restriction of the linear embedding 1/1,[:4 c RF s
R™™ given by

wLn} (w) = wl = (w,...,w), Vw € RF™.

n times
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This latter embedding is an isometry with respect to the standard inner product
{(-,-) on R*™ and the inner product ((-,-)[™ on R™™ obtained multiplying by n~?
the standard one, i.e.

k—1
<<’LU,Z>> = <’LUJ,Z]>, Vw = (’LU(), "'7wk71)7z = (207 ---7zk71) € kaa
j=0
1 nk—1
(o 2N = S ) = e ) 2 = (2 Fy) € R
j=0

where we denote by (-,-) the standard inner product of R™.

Now, the functionals &%, and dk[n} are smooth (cf. proposition [IL.4)), and there-
fore our claim follows from the abstract theorem [V.1] provided that we verify that
condition (V1)) holds in our setting. Namely, we must verify that

Grad;sz[n] (wl") = I o Grad.«7, (w), Yw € Wi.

This condition follows easily by proposition [IL6l In fact, if we fix an arbitrary
w € Wy, and we define 7, := A\t (w) and g = (go, ..., gx—1) with

95 = 0L (L, 70(L), (3 ) = 0L (L, 70(L), (1)) € R™, Vj € Z,
we have

Grad#,(w) = g, Gradegz{k["} (wl") = gl -

Theorem [[V1] does not immediately apply to the mean action functional <",
since this latter is not C? in general. However, despite this lack of regularity, we can
still obtain the assertion of the theorem as a consequence of the results of chapter [I1
and the above theorem [V.8

Corollary IV.9. Let v € WY2(T; M) be a critical point of the action functional </
such that <7 () = ¢ and, for some n € IN, we have

(o8 7). (67 7)) = (u(6 1 7)), ).
Then, the iteration map ™ restricted to a map

W (e U {3} ()e) = (e U (31, (7)),

induces the homology isomorphism

H, (") : H (o, v) = H, (@ 4.
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Proof. As we have already remarked at the beginning of section [IL4] for each
sufficiently big k € IN there exists ¢ € A such that
Y =g = Ak(q),

and g is a critical point of the discrete action .«7,. By corollary [IL.11land lemma [TL.14]
up to increasing k we have that

(A, @), v(H,q)) = (LA ,7q), V(H,7q)),
(L(ﬂiln}vq[n}%V('ka[n]7q["])) — (L(%[nlﬁt[]n])’V(ﬂ[n}’%[ln})%

and by our assumptions these four Morse index and nullity pairs coincide. By corol-
n]

lary [ILIT, up to further increasing k, the embeddings \; and )\L induce homology
isomorphisms such that the following diagram commutes.

H.(yn)

H..(7,7q) H. (7, 7)
Ho () | ~ ~ H*()\Ln])
H. (}) [n]

Here, by the above theorem [V.8 the homomorphism H*(zp,E”]) is an isomorphism,
and so must be H, (¢["). |






Chapter V

The Conley conjecture for Tonelli
systems

This final chapter is devoted to the proof of the Conley conjecture for Tonelli Hamil-
tonian systems on the cotangent bundle of a closed manifold, that, in the Lagrangian
formulation, states the following:

Let M be a closed manifold and £ : R/Z x TM — R a Tonelli La-
grangian with global FEuler-Lagrange flow. Then, the Euler-Lagrange
system of £ admits infinitely many integer periodic solutions.

Actually, the result that we will prove (cf. theorem [V.9) is even stronger: in particular
it implies the existence of infinitely many contractible periodic orbits with bounded
mean action and, if only finitely many of them are 1-periodic, it also implies the
existence of contractible periodic orbits of arbitrarily high period.

Our arguments are inspired by a work of Long [Lo|, who proved the above Conley
conjecture in the special case of fiberwise quadratic Lagrangians on the m-torus T™.
More precisely, he proved it for Lagrangians £ : R/Z x TT™ — R of the form

ZL(t,q,v) = (A(q)v,v) + V(t,q), Y(t,q,v) € R/Z x TT™,

where A : T™ — GL(m) takes values in the space of positive definite symmetric
matrices, (-, -) is the standard flat Riemannian metric on T and V : R/ZxT" — R
is a smooth function. Recently, Lu [Lu| extended Long’s proof to the case of a convex
quadratic-growth Lagrangia on a closed configuration space. He also established
the existence of infinitely many integer periodic orbits which are homotopic to some

"However, Lu’s proof is valid only for Lagrangians that are fiberwise quadratic. In fact, his
arguments need the C? regularity of the Lagrangian action functional over the W2 free loop space,
which he assumes citing the erroneous [AF], proposition 4.1|. See proposition [[L4] and remark
for the correct statements about the regularity of the action functional.

79
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iteration of a given free loop, provided the connected component of the loop in the
free loop space have nontrivial homology in some positive degree.

Our proof, as well as Long’s and Lu’s ones, is Morse-theoretic in nature, and
can be roughly described as follows: assuming by contradiction that the considered
Euler-Lagrange system admits only finitely many integer periodic solutions, then it
is possible to find a periodic orbit whose local homology persists under iteration, con-
tradicting an established homological vanishing property. Under the Tonelli assump-
tions, we need to deal with several problems while carrying out this proof scheme.
These problems are mainly due to the fact that we do not know a functional setting
in which the Tonelli action functional is both regular and satisfies the Palais-Smale
condition, the minimum requirements to perform Morse theory. In order to overcome
these difficulties we apply the machinery of convex quadratic modifications, recently
developed by Abbondandolo and Figalli [AF]. Their idea consists in modifying the
Tonelli Lagrangian .Z outside a sufficiently big neighborhood of the zero section of
TM, making it fiberwise quadratic there, and then performing the Morse-theoretic
analysis to the action functional of the modified Lagrangian. In a prescribed period
n € IN, a suitable a priori estimate on the n-periodic Euler-Lagrange orbits of the
modified Lagrangian that belong to a given action sublevel shows that these orbits
must lie in the region where the Lagrangian is not modified. Combining the machin-
ery of convex quadratic modifications with our discretization technique, developed
in chapter [[TII, we will recover suitable local homology groups for the Tonelli action
(or, more precisely, for a discretized version of it).

In section [V Ilwe recall the definition and the basic properties of convex quadratic
modifications, following [AF] section 5]. In section [V.2] we introduce the discrete
Tonelli action and we prove the crucial properties of its local homology. In section[V.3]
we establish the above mentioned homological vanishing under iteration. Finally, in
section [V.4] we state and prove our main result about periodic orbits of Tonelli
Lagrangian systems.

V.1 Convex quadratic modifications
Let us fix, once for all, a smooth closed manifold M of dimension m with a fixed
Riemannian metric (-,-)., and a smooth 1-periodic Tonelli Lagrangian . : R/Z x

TM — R. We denote by 27(¢) € RU {400} the action of an absolutely continuous
1-periodic curve ¢ : R/Z — M, i.e.

1 .
() = /0 26,1, ¢(1)) dt,

and in general, for each n € IN, we denote by «["(¢) € RU {400} the mean action
of an absolutely continuous n-periodic curve ¢ : R/nZ — M, i.e.

Q) =~ [" 2 (e.cto). e
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By the uniform fiberwise superlinearity of .Z (cf. remark [[1)) there exists a real
constant C(.Z) > 0 such that

ZL(t,q,v) > |v|y — C(ZL), Y(t,q,v) € R/Z x TM.

For each real R > 0, we say that a smooth convex quadratic-growth Lagrangian
“Zr : R)/Z x TM — R is a convex quadratic R-modification (or simply an
R-modification) of a Tonelli Lagrangian . : R/Z x TM — R when:

(M1) Zg(t,q,v) = Z(t,q,v) for each (t,q,v) € R/Z x TM with \v\q <R,
(M2) Zg(t,q,v) > |v|, — C(Z) for each (t,q,v) € R/Z x TM.

Proposition V.1 (Existence of modifications). For every real R > 0, there ex-
ists a convex quadratic modification £y of a Tonelli Lagrangian £ .

Proof. We denote by 92, the fiberwise Hessian operator on TM. For instance,
agv.iﬂ(t,q,v) : TyeM @ TyM — R is the symmetric bilinear form given in local
coordinates by

m 2 29 )
02, L(t,q,v)[w, 2] = g (9. (t, q,v)w! 2", Vw, z € TyM.
v
h=

From now on, we will write inequalities between symmetric bilinear forms meaning
that the inequalities hold for the associated quadratic forms. For instance, if £ € R
and 2 : TM — R, we will write 02,2(q,v) > ¢ meaning

02,2(q,v)[w, w] > ¢ ]wlg, Vw e T,M.
Let ¢ : R — R be a smooth function such that
{ ¢(r) =, vr <1,
¢(r) = const, Vr > 2.
For each real parameter ci, the affine function r — c¢;r — 2¢;R? is negative on

(—00, R?] and positive on [4R?, 00), therefore we can find a smooth convex function
such that

Y(r) =0, vr < R2,
P(r) = cir — 21 R?, Vr > 4R2.

We introduce the smooth Lagrangians # : R/Z x TM — R and £ : TM — R given
by

Bt,q.0) = ¢<M> L 2(q0) = b(oD).

C2
V(t,q,v) € R/Z x TM,
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where ¢y is again a positive real parameter.

The Lagrangian & is uniformly bounded, being constant outside a compact set
of R/Z x TM. This, in turn, follows by the coercivity of £, namely it follows from
the fact that Z(t,q,v) — oo as |v|; — oo uniformly in (t,q) € R/Z x M. By the
definition of ¢, we have that #(t,q,v) = Z(t,q,v) whenever |v|, < 2R, provided
the constant ¢y is such that

(V.1) ¢ = max {Z(t,4,)| (t,q,v) € R/Z x TM, |o], < 2R}.

The autonomous Lagrangian 2 is fiberwise convex and fiberwise quadratic out-
side a compact neighborhood of the zero section of TM. Its fiberwise Hessian satisfies

05,2(q,v) = 2e1, ¥(g,v) € TM with |v|, > 2R.

Up to fixing the above constants cq,co > 0, we define the smooth Lagrangian
ZLr:R/Z x TM — R by

Zr(t,q,v) == B(t,q,v) + 2(q,v), V(t,q,v) € R/Z x TM.

Then, we want to show that, for ¢; and co sufficiently big, Zr is convex quadratic-
growth (in fact, it is even fiberwise quadratic outside a compact subset of R x TM),
and it is an R-modification of .Z.

Choosing the constant ¢z as in (V.II), we have that

Zr(t,q,v) = L(t,q,v) + 2(q,v), V(t,q,v) € R/Z x TM with |v|, < 2R,
hence
83U$R(t,q,v) > agvf(t,q,v), V(t,q,v) € R/Z x TM with |v|, < 2R,

and, up to choosing a sufficiently big constant c¢;, we can assume that
02,B(t,q,v) > —ci, Y(t,q,v) € R/Z x TM.

This implies

831}"%13@’ q, ’U) > agv'%(ta q, ’U) + agvg(q, U) > cq,
V(t,q,v) € R/Z x TM with |v|, > 2R.

and therefore Zr satisfies (Q1). For each (t,q,v) € R/Z x TM with |v|, large
enough, we have

Zr(t,q,v) = const + 2(q,v) = const’ + cl|v|c2],

hence Zg also satisfies (Q2), namely it is a convex quadratic-growth Lagrangian.
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By the definition of & and 2, it readily follows that £y satisfies (M1). It only
remains to verify condition (M2). To begin with, we have

Zr(t,q,v) = Z(t,q,v) = vlg — C(L),
V(t,q,v) € R/Z x TM with |v|, < 2R.

On the other hand, for ¢; big enough, we have

Zr(t,q,v) > min {B} + cifof; - 2e1R? > |o], — C(£),
V(t,q,v) € R/Z x TM with |[v|, >2R. 1

From now on, we will always denote by Zr an arbitrary R-modification of the
Tonelli Lagrangian .#, and by «/g : WH2(T; M) — R and 427][%”} cWh2(Tl M) - R

(for each n € IN) the associated action and mean action, i.e.

1
An(C) = /0 Lt C(1), E(1)) dt, ¢ € WR(T; M),
) =1 / " gl c(r). (b)) dt, v € WhA(T, Ar).
nJo

Notice that, if a curve v € WH2(T; M) is such that [Y(t)ly) < R for almost every
t € T, then &7 (y) = r(7) (and the same holds in any period n for the mean action).
Moreover, if we further assume that  is a solution of the Euler-Lagrange system of
2, then it is a critical point of &g and the Gateaux Hessian Hess./r(7y) coincides
with the bilinear form %, (cf. equation ([I2])) associated to the Lagrangian .. In
particular, Hess@/r(y) does not depend on the chosen R > max{[§(t)|,«) |t € R/Z}
and on the chosen R-modification .Zr. Motivated by this fact, from now on we will
informally speak about the Morse index and nullity pair of o/ at + as the pair of
integers

(A7), (7)) = ((2y), v(By)) = (( AR, 7),V(FR,7))
Analogously, we will speak about the Morse index an nullity pair of &7 at [ as
(o(/ 1 A1), w0 ) = (0 A1), (A1),

and about the mean Morse index of <7 at 7 as
U, 7) = UAR,7).

One of the important features of convex quadratic modifications in the study of
Tonelli Lagrangian systems is given by the following a priori estimate.
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Lemma V.2. Assume that the Euler-Lagrange flow ® ¢ of 2 is global (cf. sec-
tion[L1)). Then, for each a > 0 and i € IN, there exists R = R(a,n) > 0 such that,
for any R-modification £r of £ with R > R and for any n € {1,...,n}, the following

holds: if 7 is a critical point of sa/}gn] such that ;2%}[%”] (v) < a, then
()| < R, vt € R/nZ.
In particular, ~y is an extremal curve of /" and o7"(~) = d}gn} (7).
Proof. We introduce the compact subset of TM given by
K = K(@,7) = { 04" (q,0) [to, 11 € [, 7], (g,0) € TM, [o], <a+C(L)},

and we define

R = R(a,n) = max{|v|q|(¢,v) € K}.

Now, we consider R > R, n € {1,...,n} and a critical point v of ;2%}[%”] such that
ﬂén} (7) < a, as in the statement. There exists tg € R/nZ such that

Zr(to,A(to). A1) < 4 (7),
hence, by (M2), we have
[i(to) tao) < Zilto,1(t0), 4(t0)) + C(2) < () + C(L) <+ C(L),
and, in particular, (y(to),7(t0)) € K. Let I be the closed subset of R/nZ given by
I={teR/nZ|((),7(t)) € K}.

If t € I we have |y(t)]y4) < R < R, hence the Lagrangian functions .# and .Zg
coincide on a neighborhood of (¢,7(t),%(¢t)). This implies that there exists ¢ > 0
such that

(1(5),3(5)) = @5 (1(1),4(1)) = @ ((1),4(1)), Vs (t—e,t+e),
and, in particular, (t —&,t+¢) C I. This shows that I is also open in R/n’Z, hence
I =R/nZ and |¥(t)|,4) < R for each t € R/nZ. n

V.2 Discrete Tonelli action

Let « be an integer periodic solution of the Euler-Lagrange system associated to the
Tonelli Lagrangian .Z. In order to simplify the notation, we can assume that the
period of v is 1, so that it is a map of the form v : R/Z — M. We choose a constant
U € R such that

(V.2) U > max {|5(t)|,) |t € R/Z},
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and we consider a convex quadratic-growth Lagrangian % : R/Z x TM — R that
is a U-modification of .Z. By our choice of the constant U, ~ is a critical point of
the action o7, and o7 (y) = (7).

If we apply the discretization technique of chapter [IIl to %, for each k € IN
greater than the constant 1/¢(%y) given by theorem [II.2] we obtain a map

Moz, 2 A — CF(T; M) C WL2(T; M),
as explained in section [IL.2l Then, for each & € IN, we define the open set of
C°(T; M) given by

(V.3) Uy, = {g € C°(T; M)

ess sup {\é(t)]qt)} < U} .

teR/Z
Since A, ¢, is smooth, we get an open set

(V.4) Uk = Ny, (%) C Ay
For k € IN big enough, there exists a ¢ € Uy, such that

v = M.z, (Q).

Now, notice that the action «7; coincides with the Tonelli action 27 on the open set
.. This allows us to define the discrete Tonelli action <7, : U, — R as

G = o Ny g, lu, = D o M,z |U, -

This functional is smooth (cf. proposition [IL4]) and g is a critical point of it.

From now on we will just write A : Uy — C°(T; M) for A\i_#,|v,. Even if this
embedding does depend on the chosen U-modification .4y, its germ at g does not,
as stated by the following.

Lemma V.3. For every real number R > U, if £ is an R-modification of £, there
exists an open neighborhood Vi, C Uy of q such that

>\k‘|Vk = Akngh/k = Ak7$R|Vk'

Proof. The Lagrangian functions .#; and £ coincide on a neighborhood of the
support of the lifted curve (v,%) in TM. Therefore the k-broken Euler-Lagrange
curves of £ and £ that are close to v are the same, and the claim follows. [ |

~ Let ¢ = o4(q) = /(7). By corollary [IL.17 and the excision property, if k >
k(Zy, ¢), the embedding Ay restricts to a map

et ((P)e Vgt (2h)e) = (20)e U{v}, (90)e)
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that induces the homology isomorphism
(V.5) H.Ow) : Ha (%, @) = H, (7, 7).

For each R-modification %y of .&, with R > U, the action &7 coincides with 27 on
the image of A\;. Hence, the embedding A; also restricts to a map

(V'6) Ak (('Q{k‘)c U {Q} ) (ﬂk)c) - ((fQ{R)c U {7} ) (‘Q{R)C)

A priori, this map might induce a homology homomorphism that is not an isomor-
phism. However, the next lemma guarantees that this cannot happen.

Lemma V.4. For each R > U, the map M\, restricted as in (V.6), induces a homol-
ogy isomorphism

H,(\i) : Ho(#%, q) — H. (R, 7).

Proof. For each h € IN we define the embedding
jh = )\]:kl O)\k : Uk — Uhk-

Since hk > k > k(Zy,c), by corollary [IL17 and the excision property we obtain
that the map

Ank + (Dhi)e U{dn (@)} (Fik)e) = () Ui}, (9)c)

induces the homology isomorphism H,(Auz) : He(hk, jn(q)) — He (<77, ), analo-
gously to A, in (V.0). Hence, the map jp,, restricted as in the following commutative
diagram

Ak

((#h)e U{q}, (h)e) © ((ar)e U}, (a)e)

(Fhr)e U{dn(@)}, (Fhr)e)
induces the homology isomorphism

H.(jn) = He(ne) ™ 0 Ho(A)  Ho( %, @) — Ho (A, jn(q))-

Now, let us consider an R-modification .Zg of .Z as in the statement, with associated
maps
Ak, %5+ Dpp — Cp2 (T M), Vh € IN.
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By lemma [V.3] for each h € IN, we know that there exists a neighborhood V},;, C Up
of jn(q) such that

Mk Vi = Ahk, 25| Vi -

If h is big enough so that hk > k(Zr, c), by corollary [IL.T7and the excision property
we obtain that both Api and Apy o, restrict to give the same map

Mok w (Vi 0 (i) e U {dn(@)}, Vi 0 (i) e) = (ZR)e U {7}, (PR)c)

that induces an isomorphism in homology. Finally, consider the following commuta-
tive diagram of maps.

((Mk)c U {Q} ) (dk)c)

in| ) 2
. A
(Zhr)e U{in(@)}, (Fhr)e) © = (Zr)cU{7}, (ZR)c)
excision (%)
inclusion () N

(4

(Vi N (i) e U{dn(@)} , Vi N (Fji)e)

We already know that the maps marked with (%) induce isomorphisms in homology.
Therefore, the maps Apr and A also induce isomorphisms in homology. [

Remark V.1. As a consequence of the above lemma, we immediately obtain that
the local homology groups H,(g,7) do not depend (up to isomorphism) on the
chosen real constant R > U and on the chosen R-modification Zg. [

V.3 Homological vanishing by iteration

All the arguments of the last section can be carried out word by word if we work in
an arbitrary period n € IN. Briefly, we introduce the open sets

" = {g e (Tl M) ess sur

ess sup{]é(t)]c(t)} < U} C CEO(T[”];M),

o= )T M) € A,
and we define the discrete mean Tonelli action

szk[n} =g/ o )\Ln] : Ulgn] — R,
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where )\Ln} = )\Ln}%. Then lemmas [V.3] and [V.4] go through.

We recall from section [[IL6that we have a discrete iteration map ¢1[€n] U, — U ,gn}
such that the following diagram commutes

[n]
Y
Uk S u Unk

Ak AEC"]

[n]
WL2(T; M) " Wi2(Tll; ar)

Now, consider oo > ¢y > ¢ = ¢ = /(7). For each R > U, the embeddings A, )\Ln}
and ¥ restrict to give maps such that the following diagram commutes.

pl!

(AN NEARE (Ao, U g}, (7))

plnl

(AR)ess ()er) € (A ey, (D))

This latter, in turn, induces the following commutative diagram of homology groups.

H. ("), qi")

H. (\g) H. (A"

H, (yl")
H., ((MR)CQ? (WR)Cl )

Ho () ey (25)ey)

The main result of this section is the following homological vanishing theorem, that
may be considered an extension of a celebrated result by Bangert and Klingenberg
(cf. |BK], theorem 2|) and Long (cf. [Lol section 5]).

Theorem V.5 (Homological vanishing). Let [] be an element in the local ho-
mology group H. (<%, q), where the critical point q of <, is not a local minimum.
Then, for each j € IN, there exist R = R([n],7) > U and n = 7i([n],j) € N that is a
power of j such that, for each real R > R, we have

H (@) o )i =0 in () ey (A7)
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Equivalently, we have that

H*(wl[j])[n] c ker [H*(A][.Cﬁ]) - H, (%k[n]7q[ }) —H, ((%[n])cw (ﬂ[n])q) )
The proof of this theorem, which will take the remaining of this section, is based on
a homotopic technique that is essentially due to Bangert (cf. [Bal section 3]).

Lemma V.6 (Bangert homotopy). Let o : AP — WL2(T; M) be a continuous
p-singular simplex such that

max {(0(2))} < ¢,

rgggp{%( o(2))} <e,

=)(t)

where 7(0) Is a real constant. Then, there exist a positive integer n(o), a positive
real R(o) > 7(o) and, for each n € IN, a homotop

Sup ess sup '
zEAP teR/Z

Banl™ : [0,1] x AP — W12(T; M) relative OAP
satisfying the following properties:
(1) Ban" (0,-) = ¢l" o o, for each n € IN;

(i) for each integer n > n(o) we have
(sz)g[loz?i{]xAP {M (Bang (S’Z))} < ¢,

(57Z)€r[%?1}]{xam {"@7 (Bang (S’Z))} <

max {427[ ](Ban[ ]( ))} < cq;

zZEAP

(iii) for each n € IN we have

sup ess sup ‘iBanL”](s,z)(t)
(s,2)€[0,1] X AP teR/nZ t

< R(0).
Ban! (s,2)(t)
[n]

Hereafter, the homotopies Bang " will be called Bangert homotopies. Before
going to the proof of the above lemma, we want to show that it readily gives the
following homotopical vanishing result.

2See section in appendix [A] for a review of the classical terminology in homotopy theory.
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Theorem V.7 (Homotopical vanishing). Consider a continuous p-singular sim-
plex o : (AP, 0AP) — (()e, U {a@}, (9)e,). Then, there exist a positive integer
n(o) and a real number R(o) such that, for each real R > R(o) and for each integer
n > n(o), we hav

mpWM) omy(\)o] =0 in mp(( Ay ey, ().

Equivalently, we have that

()l € ker |mp ) < mp (™) U @Y, ()er) = (s ()]

Proof. Let U > 0 be the constant chosen in (V.2). The singular simplex ¢ :=
Mg oo : AP — WH2(T; M) satisfies

(65(2)) = h(o(2) <& < 0, vz e AP,
A (5(2)) = H(0(2)) < 1, Vz € OAP.
Moreover, since 6(AP) C \p(U) C % (cf. definitions in (V.3)) and (V.4))), we further
have
d . -

sup ess sup ‘—a(z)(t)‘ <U =:7(d).

zeAr ter/z |14 5(2)(t)
By lemma [V.6] we obtain 7(6) € N, R(5) > 7#(6) > 0 and Bangert homotopies
Bang}"} for each n € IN. For each R > R(5) and n > n(5), Bang}n} is a homotopy of

maps of pairs of the form
Banl" : [0,1] x (AP, 9AP) — () ey, (7)),
with Bangn] (0,-) = ¢l" 0 5 and Ban ({1} x AP) C (&%I[{L})CI. Hence

0= o) = m@)ie] = m@) om(M)lo]  in mp(( ey, (")) W
Proof of lemma [V.6. First of all, let us introduce some notation. For a path
a: [z, x1] — M, we denote by @ : [z, z1] — M the inverse path

a(z) = alxg +x1 — x), Vz € [zo,x1].

If we consider another path § : [z, z]] — M with a(z;) = S(x}), we denote by
aef3:[xg,x1 + &) — (] — M the concatenation of the paths o and 3, namely

a(z) x € [xg, 1],
B(x — x1 + ) x € [z1,x1 + o) — x()].

ae () = {

$Notice that (AP,AP) is homeomorphic to the pair (DP, SP7!), so that we can consider the
singular simplex o of the statement as an element of the homotopy group mp((“)e; U{q}, (F)e,)-
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Consider a continuous map ¥ : [z, 1] — WH2(T; M) where [zg,21] C R. For
each n € IN, by composition with the iteration map we obtain a map 9l = 1/1["} o :
[z0, 21] — WL2(TM: M). Now, we want to build a continuous map 9™ : [z, z1] —
WL2(T; M) as explained in the following.

To begin with, let us denote by ev : WH2(T; M) — M the evaluation map,
given by

ev(Q) = C(0),  VCe WRA(T; M),

This map is smooth (see the proof of proposition [L.2)), hence the initial point curve
evod: [xg,x1] — M is a uniformly continuous path and, in particular, there exists
a constant p(1) > 0 such that, for each x,2’ € [xg, z1] with |z — 2'| < p(9), we have

dist(ev o ¥(z),ev o 9(2')) < injrad(M).

In this inequality we have denoted by dist the Riemannian distance on M, and by
injrad(M) the injectivity radius of M. Now, for each z, 2’ € [z, z1] with0 < 2/ —x <
p(19), we define the horizontal geodesic 9% : [z,z'] — M as the shortest geodesic@
that connects the points ev o ¥(z) and ev o ¥(z’). Then, let J € IN be such that
xo+ Jp < x1 < w9+ (J+ 1)p. For each x € [xg, z1] we further choose j € IN such
that o+ jp <z < x9+ (j + 1)p, and we define the horizontal broken geodesics
V3o ¢ [0, 2] — M and 93! : [z, 21] — M by

2
19%0 = vﬂggﬂ) 0 90T o o9

zo+p zo+jp
1 . gzo+(G+1)p o gT0+(i+2)p z1
I =07 .ﬂmo+(j+1)p."'.ﬂ$0+Jp'

We define a preliminary map 9 : [zg,21] — WY2(TM: M) in the following
way. For each j € {1,...,n — 2} and y € [0, ®*2] we put

G (2o + y) =9 U(zo) @ 970 0 9(wg + ny) @ 95T,

" (20 + L (w1 — 20) +y) =9 (@) @ VLU @ W(wg + ny) @ VEL .
[} 19[3}(3:1) [ ] ’19_%1),

O™ (g + 2L (21 — @) +y) =V(xo +ny) @ 92, @ 9 (ay) 09T .

For each = € [zg,x1], we reparametrize the loop 9 () as follows: in the above
formulas, each fixed part ¥(zg) and ¥(x1) spends the original time 1, while the
moving parts ¥(zo + ny) and the pieces of horizontal broken geodesics share the
remaining time 1 proportionally to their original parametrizations. We define 9 :
[z0, 21] — WL2(TM; M) as the obtained continuous path in the loop space (see the
example in figure [V.1](a)).

“In the following, we will implicitely use the fact that the short geodesics lying in C°°([to, t1]; M)
depend smootly on their endpoints, cf. theorem [[I1[.3
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@ 91(0)
@/2 %} - -

A El//N\ I (1 +y)
/ .5’\vj 0<y<1/4

o (1)
(a)
_ - )
)~ 0<y<1/4
9 (4y)
- 9 +y)
= 0<y<1/4,je{l,2}
9 (4y)
I3 +y)
0<y<1/4

Figure V.1. (a) Description of 9 : [0,1] — W2(T"; M), obtained from a continuous map
9 :[0,1] — WH(T; M). Here, for simplicity, we are assuming that the diameter of
Y([zo, z1]) is less than the injectivity radius of M, so that the horizontal geodesics
are not broken. The arrows show the direction in which the loop ¥(4y) is pulled as
y grows. (b) Description of the map of pulling loops 9 [0,1] — W12(T; M).
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IL
z1(y, 5)
mO(ya 8) \ \
SAP C AP
Figure V.2.

For each x € [xo,71], we define the pulling loop 1/9\(x) : T — M as the loop
obtained erasing from the formula of 9 (z) the fixed parts ©¥(z) and J(z1) and
reparametrizing on [0, 1] (see the example in figure .1(b)). Notice that 1 is inde-

pendent of the integer n € IN and, for each x € IN, the action </ (J(x)) is finite and
depends continuously on x. In particular we obtain a finite constant

—~ 1 —~ d ~
Cv) = men[g:?,);l] {%(ﬂ(m))} = mer[ri??;ﬂ {/0 .i”(t,ﬂ(m)(t), &ﬂ(x)(t)> dt} < 00,
and, for each n € IN, the estimate

0 (@) < T [(n— 1) max { (9(z0)), o/ (1)) + o/ (F(a))|

(V.7) n
< wma { (9(o)), o (91} + S,

Now, let I. C R? be the straight line passing through the origin and the barycen-
ter of the standard p-simplex AP C RP. We have an orthogonal decomposition of
RP as I @ IL, and according to this decomposition we can write every z € RP as

z = (y’x) € ]LJ_ GB]L
For each s € [0,1] we denote by sAP the rescaled p-simplex
sAP = {sz|z € AP}.

Varying s from 1 to 0 we obtain a deformation retraction of AP onto the origin of RP.
For each (y,x) € sAP, we denote by [z¢(y, s),z1(y,s)] C L the maximum interval
such that (y,2’) belongs to sAP for all 2’ € [zo(y, s), z1(y, s)] (see figure [V.2)).

Consider the p-singular simplex o of the statement. For each n € IN, we define
the Bangert homotopy

Banl : [0,1] x AP — Wh2(T; Mr)
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(O-|[:vo(y,s),x1(y,s)})<n> (x) z = (y,x) € SAp,

Banl"(s, z) :=
Y oo(z) z & sAP,

for each (s,z) € [0, 1] x AP. This homotopy Banl is relative JAP, for
Bangﬂ(s,z) = ¢[n] oo(z), Y(s,z) €[0,1] x OAP,
[n]

and clearly Banj"(0,:) = ¥!" o o, proving assertion (i) of the lemma. By the as-
sumptions on o, there exists € > 0 such that

< g — <c —e.
o) sae-e g aE) sa-.

For each s € [0,1], n € N and z = (y,z) € sAP, by the estimate in (V.7)) we have

/1 (Banl?) (5, 2)) < max {4 (o oy, 5))), # (0 a1 (g, 8))))} + L ro@dri(w)),

n

while, for each z € AP\ sAP, we have
/" (Banll (s, 2)) = o (0(2)).
In particular, there exists a finite constant
C(0) = max {C(0|jzg(y.s).a1(w.s)) | 8 € [0, 1], (y,2) € sAP}

such that, for each n € IN and (s, 2z) € [0, 1] x AP, we have

P Banf(s,2) < mas {7 (o)} + O <y 4 T,
P Bl (1, 2)) < mae (o (ow)} + T <o o 9O

proving assertion (ii). Finally, for all s € [0,1] and z = (y,z) € sAP, there is
a uniform bound 7 (o) > 0 for the derivative of the pulling loops associated to
the paths o|j(y.s).z1(y,5)- Therefore, for R(o) := max {7 (), (o)}, assertion (iii)
follows. ]

The idea of the proof of the homological vanishing theorem (theorem [V.3)) is
to apply the Bangert homotopy lemma successively to all the faces of the singular
simplices that compose the relative cicle n. In order to do this, we will make use
of the following easy result from algebraic topology, that was stated without proof
in [BK| lemma 1|. For the sake of completeness, we include a detailed proof here
(basically, the argument is a variation of the one that proves that singular homology
is a homotopic invariant, see for instance [Hatl page 112]).
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Lemma V.8. Let (X,Y) be a pair of topological spaces, u a relative p—cycle@ in
(X,Y) and X(u) the set of singular simplices that compose u together with their
faces. Suppose that, for each singular simplex o : A9 — X that belongs to X (u),
where 0 < g < p, there exists a homotopy

P, AT x[0,1] — X
such that
(i) Po(-,0) =o0;
(i) P
(iii) Pr(A7x {1}) CY;
) P

o (Fj(-),+) = Poor,(+,+) for each j = 0,...,p, where Fj : A971 — A% js the
standard affine map onto the j"™-face of A1.

Then [p] =0 in Hy(X,Y).

(-, 8) = o for each s € [0,1], if o (A?) C Y

(iv

Proof. If vy, ..., v, are points in R?, we will denote by (v, ..., v) their convex hull,
that is the minimal convex close subset of R? containing these points. We will denote
by O the usual boundary operator from algebraic topology, i.e. 9 (vg, ..., v;) is the
following formal sum of (h — 1)-simplices

h
0 <’UQ, ceey ’Uh> = Z(—l)J <’U0, ceny ’l/J\j7 ceey ’Uh> y

=0
where, as usual, we add a hat over v; to denote that it is missing in the corresponding
term, namely

<’UQ, ceey ’l/)\j, ceny ’Uh> = <’UQ, ey V-1, U541, -0 ’Uh> .

If ey,...,eq is the standard basis of RY and e is the origin, then (eo,...,e,) is
the standard g-simplex AY. We identify R? with RY x {0} C R and we define
fi = (ej,1) for each j € {0,...,q}. The product A? x [0,1] can be decomposed as
the union of (¢ + 1)-simplices as follows:

q
= U <60, ...,ej, f]; --->fq> .
7=0

For each j € {0,...,q — 1}, (eq, ..., e, fj, ..., fy) intersect (eq, ..., €541, fj+1,..., fg) in
the g-simplex face (eq, ..., €;, fj+1, ..., fg) (see the example in figure [V.3)).

After these preliminaries, consider the relative cycle p of the lemma. For each
g-simplex o : A? — X that belongs to ¥(u), we define an associated ¢ + 1-chain p,
by

q

pO’ = Z(_l)]PJ|<607---7ej7fj7"'7fq>'
=0

®Namely [u] € Hy(X,Y).
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2

fo f1
I\

fo fi

€2

€0 €1 €0 €]

(a) (b)

Figure V.3. (a) Decomposition of A" x [0,1] = [0, 1] x [0, 1] into 2-simplices. (b) Decomposition
of A? x [0,1] into 3-simplices.

Then, we extend this definition for chains 1 that are composed by simplices that
belong to ¥(u), in the following way: if we write n as formal sum of g-simplices

\%4
n=2_m
v=1
then we put
\%
pn = anv'
v=1

Notice that p, is well defined: if 1, and 7,» have a common face, say 1,0 F; = 1, o Fj,
then assumption (iv) guarantees

anOF}:anOFj :p”]v/on’ :pnv,OF},'

We define the chain i that is “homotopic” to the relative cycle p (by the homotopies
given in the lemma) in the following way: if we write p as formal sum of g-simplices

w
w= Z Haws
w=1
then we put
4%
poi= Z Pl
w=1
where fi, = P, (-,1) : AP — Y for each w € {1,...,W}. Here, the fact that

fw(AP) C Y for each w € {1,...,WW} is guaranteed by assumption (iii), and it
implies that f is a relative cycle whose homology class in H,(X,Y) is zero, i.e.

(V.8) ] =0  inHy(X,Y).
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Now,
w w o
apu = Z 8puw = Z Z(_]‘)Z+]Pﬂw’(60,...,é\j,...,ei,fi,...,fq>
w=1 w=1Lj<i

_1\i+g+1 =N
T Z( 1) P“’”’(eo,---,eivfiv---vfj,---7fq) ’
Jj=i

The terms with 7 = j in the two inner sums cancel, except for Py, |, fo...., £ = Huw
and —P, — . The terms with i # j are precisely pg,,,,, for

w ’(e()v"'velbfl]) -

L 14
paﬂw = Z(_1)1+Jpﬂw ’(e()7---7ei,fi,---7fj7---7fq> + Z(_l)l +JPMw ’(eO7~~~7/€\j,---,€i7fi,~~.,fq>'
i<j i>]

Therefore, we have obtained
(V.9) fi — 1 = Opy — Pop-

The above equality must be understood in the p*P-relative chain group of (X,Y’). By
assumption (i) and since p is a relative cycle, the singular simplexes that compose
pou have image inside Y, hence py, is a relative cycle whose homology class in
H,(X,Y) is zero, i.e.

(V.10) pou) =0 in Hy(X,Y).
By (V.8), (V.9) and (V.10), we conclude

(1] =[] = [Opu] + [Pou] =0 in Hy(X,Y). u

Proof of theorem [V.5. Let U > 0 be the constant chosen in (V.2)). We denote by
Y(n) the set of singular simplices in 7 together with all their faces, and by IX C IN the
set of nonnegative integer powers of j, i.e. IK = {j” |n € NU {0}}. For each singular
simplex o : AP — (@), U {q} that belongs to ¥(n) we will find n = n(0,j) € K, a
positive real R = R(0,j) > U and a homotopy

P [0,1] x AP — wh2(T); M)
such that
(i) PI(0,) =9 o N 00
(i) if 0(AP) C (H)e;, then P (s,-) = ¢l 0 A\ 0 o for each s € [0, 1];

(iii) %[ﬁ}(P(,[-"](s,z)) < ¢g and %W(P(,[-ﬁ](l,z)) < ¢ for each (s,2) € [0,1] x AP;

(iv) Pim(-,Fi(-)) = pl (-,+) for each i = 0,...,p, where F; : AP~ — AP is the

O'OFZ'
standard affine map onto the i*P-face of AP.
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< R.
P (s,2)(t)

For each n € K greater than n, we define a homotopy

P2 10,1] x AT — Wh2(TM; )

(v) sup ess sup ‘EP(L"](s,z)(t)
(s,2)€[0,1]x AP teTI?] dt

by P(,[-"] = /7l o P(,[-ﬁ]. This homotopy satisfies the analogous properties (i),...,(v)
in period n. Notice that property (iv) implicitly requires that n(o,j) > n(o o Fj, j)
for each i =0, ..., p.

Now, assume that such homotopies exist and put

R = R([n), j) := max{R(o,j) |0 € %(n)},
i = al{n),§) = max{a(o, j) | o € S(n)}.

Then, for each R > R, the set of homotopies {Pim | o € 3(n)} satisfies the hypotheses

of lemma [V.8 with respect to the relative cicle 9™ o \; o7 in ((otz%}[%m)Q, (42%}[%"})01),
and we conclude

H. () o HyA)n) = [ o Mpon] =0 in Ha () g (Z)er)-

In order to conclude the proof, we only need to build the above homotopies. We
do it inductively on the dimension of the relative cycle n. If n is a O-relative cycle,
Y.(n) is a finite set of points {w, ..., wy} that is contained in ()., U{q}. Since we
are assuming that ¢ is not a minimum, the sublevel (% )., is not empty. Hence, for
each w € ¥(n), we can find a path 'y, : [0,1] — (#%)., U {q} such that I',,(0) = w
and I'y(s) € (@), for each s € (0,1] (if w € ()¢, we simply choose 'y (s) := w
for each s € [0,1]). Then, we set R(w, j) := U, n(w,j) := 1 and

PL = M\poTw 1 [0,1] x {0} — WY(T; M).

If  is a p-relative cycle, with p > 1, we can apply the inductive hypothesis:
for each nonnegative integer i < p and for each i-singular simplex v € ¥(n), we
obtain 7(v,j) € K, R(v,7) > U and, for each n € K greater or equal than n(v, j), a
homotopy PV["] satisfying the above properties (i),...,(v). Now, consider a p-singular
simplex o : AP — (), U {q} that belongs to X(n). If 0(AP) C (o )e, we simply
set R(o,j) := U, #i(0,7) := 1 and P(E}(S, ) := Mg oo for each s € [0,1]. In the
other case, o(AP) ¢ (%)e,, we proceed as follows. We denote by R’ = R'(o, )
and 7’ = 7’(0, ) respectively the maximum of the R(v,j)’s and (v, j)’s for all the
proper faces v of o. Thus, for each n € K greater or equal than 7/(o, j), every proper
face v of o has an associated homotopy

P 10,1] x AP7Y — wh2(T: ).

For technical reasons we assume that Plgn}(s, ) = Py["}(%, ) for s € [, 1]. Patching
together the homotopies of the proper faces of o, we obtain

P ([0, 3] x DAPY U (0 x AP) — WEA(TM: M), vneK, n>
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such that Pin}(O, ) =yl o N, 00 and Pgn](,Fz()) = PU[Z]FZ for all i =1,...,p. By

retracting ([0, 3] x AP) onto ([0, 3] x AP) U (0 x AP), we can extend the homotopies
P to the whole ([0, 3] x AP), obtaining

(V.11) P [0,4] x AP — wh(Tl; M), VnekK, n>n.
Let us briefly denote the singular simplex Pyl/](%, S AP — WR(T]: M) by 6.
Notice that

max {%W](&(z))} < ¢,

zZEAP

™15
M) <

sup ess sup ‘ié(z)(t)‘ <R.
zeAv ter/nz | |dE 5(2)(1)

Hence we can apply lemma [V.6] obtaining an integer 72(5), a positive real R(5) >
R!(c,4) and, if we choose the smallest 72" € K greater or equal than n(5), a Bangert
homotopy

Bangﬁ”] . [0,1] x AP — Wh2(T . Ar) relative OAP

[:FL”}

such that Ban:' *(0,-) = ¢ 0 5 and

[ﬁ/ﬁ//} [ﬁ//}
o 4Bl )} < 0

['n"] ("] '
(Syz)er[%i}](xaAp {% (Bang (Saz))} < ¢y

max {&%[ﬁ/ﬁ”}(Ban[ﬁN](l,z))} < e

o

ZEAP
d nl _
sup ess sup —Bang }(s, z)(t) < R(o).
(s,2)€[0,]x AP teR/aarz | |dE Banl™" (s,2)(t)

=151

Finally, we set i = 7i(0,j) := a'n", R(o,j) := R(¢) and we build the homotopy
P 0,1] x A? — WL2(T; M) extending the one in (V.11 by

("]

Pa[m(s, -) :=Bang ‘(25 —1,-), Vs € [%a 1]. u

V.4 The main result

We are now ready to state and prove the main result of this chapter, that confirms
the Conley conjecture for Tonelli Lagrangian systems.
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Theorem V.9. Let M be a smooth closed manifold, £ : R/Z x TM — R a smooth
1-periodic Tonelli Lagrangian with global Euler-Lagrange flow and a € R a constant
greater than

(V.12) ma {/01 L(t,q,0) dt} .

Assume that only finitely many contractible 1-periodic solutions of the Euler-La-
grange system of £ have action less than a. Then, for each prime p € IN, the
Euler-Lagrange system of £ admits infinitely many contractible periodic solutions
with period that is a power of p and mean action less than a.

Here it is worthwhile to point out that the infinitely many periodic orbits that we find
are geometrically distinct in the phase-space of our system. If we consider the Tonelli
Hamiltonian 77 that is Legendre-dual to the Tonelli Lagrangian £ (cf. sections [
and [[2)), theorem [V.9] can be rephrased in the Hamiltonian formulation. The two
statements are completely equivalent.

Theorem [V.9] (Hamiltonian formulation). Let M be a smooth closed mani-
fold, 7 : R/Z x T*M — R a smooth I-periodic Tonelli Hamiltonian with global
Hamiltonian flow and a € R a constant greater than

— mi %”t dt
geuﬁ{/o perr%lgl{ a,p)} }

Assume that only finitely many contractible 1-periodic solutions of the Hamilton
system of 7 have action less than a. Then, for each prime p € IN, the Hamilton
system of 7 admits infinitely many contractible periodic solutions with period that
is a power of p and mean action less than a.

In this statement, the mean action of a periodic orbit I : R/nZ — T*M is meant
to be its Hamiltonian mean action, defined by

n
1 / <P*)\ - %”(t,l“(t))) dt,
nJo
where )\ is the Liouville form on T*M (cf. section [LT]). This quantity coincides with
the usual Lagrangian mean action of the associated Lagrangian periodic orbit, i.e.
if £ is Legendre-dual to .# and we write I' as (v, p), where v : R/nZ — M is a
periodic solution of the Euler-Lagrange system of ., we have

[ (A=) a- / “(pOBO] - (A o))

nJo
1 [ .
- [ 2w a
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Proof of theorem Throughout the proof, all the homology groups that ap-
pear are assumed to have coefficient in the finite field Z,. Moreover, for each
n € IN and R > 0, we implicitely restrict the mean action functional ;2%}[%”] of any
R-modification .Zg of £ to the connected component of W1h2(T: M) given by
the contractible loops. In particular, for any ¢ € R, the action sublevel (;zflgn])c is
understood to be contained in this connected component.

Let us fix a prime p € IN. We will denote by KK C IN the set of nonnegative

integer powers of p, i.e.
K={p"|ne NU{0}}.

We will proceed by contradiction, assuming that the only contractible periodic so-
lutions of the Euler-Lagrange system of . with period in K and mean action less
than a are

Y1y eees Vi

Without loss of generality, we can assume that all these orbits have period 1 = p°.
This can be easily seen in the following way. First of all, if p™ is the maximum of
their periods, then they are all p™-periodic, i.e.

Yot +p") = (), VieR, ve{l,...,r}.

Then, we can build a Tonelli Lagrangian 2 R/Z x TM — R by time-rescaling of
£ as

L(t,q,v) :=ZL(p"t,q,p "), V(t,q,v) € R/Z x TM.

For each j € IN, a curve 4 : R — M is a j-periodic solution of the Euler-Lagrange
system of . if and only if the rescaled curve v : R — M, given by (t) := 5(p~"t) for
each t € R, is a p"j-periodic solution of the Euler-Lagrange system of .Z. Moreover,
4 and v have the same mean action (with respect to the Lagrangians &L and &
respectively).

Let m be the dimension of the manifold M, and consider the constant a € R
given in the statement of the theorem. For each R > 0 and n € IN, the homology of
the sublevel (&%}[{n])a is non-trivial in dimension m, i.e.

(V.13) H (7)) #0, VR>0,n €N,

This is a straightforward extension of proposition [I.2, and can be proved in the
following way. To begin with, notice that the quantity in (V.12)) is finite (due to the
compactness of M) and may be interpreted in the following way. For each integer
n € N, if we denote by [ : M — Wl’Q(’]I‘["]; M) the embedding that maps a point
to the constant loop at that point, the quantity in (V.12)) is equal to the maximum
of the function & o[ : M — R. By our choice of the constant a we have

JZ{][{L] o L[n] (q) — %[n] o L[n] (q) < a, vq € M7
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therefore 1™ can be seen as a map of the form [ : M — (&%I[%n])a. Since M is an m-
dimensional closed manifold and we consider homology groups with Zs coefficients,
we have that H,,, (M) is non trivial. Then, the following commutative diagram readily
implies that Hm(L[”]) is a monomorphism, and the claim follows.

H, (7))
Hyp, (idas)

0 # H,, (M)

~

Now, we want to show that there exists v € {v1,...,7} having mean Morse
indexfd (4, v) equal to zero. In fact, assume by contradiction that 2(.<7,~,) > 0 for
each v € {1,...,r}. By the iteration inequality for the Morse index and nullity pair
(cf. proposition [L6) there exists n € K such that

(V.14) LR L Yoe {1,..,r}.

By lemma [V.2] if we choose a real constant R > R(a,n), we know that the only
critical points of 4271[2"] in the open sublevel (%Ign])a are 'yw, - ] and, by (V.14),
we have

Wi Ay = (1 Al > m, Yoe{l,..,r}.

[n]

In particular, for each v € IN, the local homology of 52%}[%”] at vy © vanishes in dimension

m (cf. corollary [IL.I])), i.e.
Hm(ﬂfzgzn],%[;n]) =0, Vv e{l,..,r}.

By the Morse inequality (cf. corollary [AL6]) of the action functional 52%}[%"} in the a-
sublevel, i.e.

dim Hy(75)a) < 3 dim Hyp (a7, 7[7),
v=1

we readily obtain that Hm((%én})a) = 0, contradicting (V.13).

Hence we can assume that ~i,...,7vs, with 1 < s < r, are periodic solutions
with mean Morse index equal to zero, while v4y1,...,7 (if s < r) are the ones with
strictly positive mean Morse index. By the iteration inequality for the Morse index
and nullity pair we have

L('d[n]771[}n]) + V(’d[n}771[)n]) S m, vn S ]K7 CAS {1’ ...,S} :

6See the discussion in section [\.1] about the Morse index and nullity pair and the mean Morse
index of the Tonelli action.
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In particular
W A () A7) € (o, . m), vne K, ve{l,..s},
and therefore we can find an infinite subset X’ C KK such that
(Al (Al ) = (o)Al (a4 )
vn,n' e K', ve{l,.. s}.

For each n,n’ € K’ with n < n/ and for each R > 0 big enough (namely, R >
Y ()], ) for each t € R/Z and v € {1,...,s}), corollary [V.9 guarantees that the

iteration map 1™/" induces the homology isomorphism
(V.15)  H.(@/y : Hy (ol y0)) =5 H (o) A1), Yue{l,..,s}.

If s < r, by the iteration inequality for the Morse index and nullity there exists
n € K’ big enough so that the periodic solutions 711, ..., with strictly positive
mean Morse index satisfy

W™ A > 0 v) — m > m, Voe{s+1,..r}.

This implies (cf. corollary [TLI8)) that, for R > 0 big enough (namely, R > |,(t)
for each t € R/Z and v € {s+1,...,r}), we have

|% (t)

Hm(d}[%n],%[)"}) =0, YVoe{s+1,..,7}.

If s =7 we just set n = 1. If ]:Z(a,n) is the constant given by lemma [.2] and
R > R(a,n), the Morse inequality

0 # dim H,, ( <Zd1mH R ,’y ZdlmH R 77[ N

implies that there is a v € {71, ..., 75} such that

H (", 41) # 0.

At this point, let us assume without loss of generality that 1 € K’ (this can be
achieved by time-rescaling, as we discussed above at the beginning of the proof).
Hence, (V.15]) can be more easily expressed for v as

(V.16) H, (") : Hy (g, 7) = Ho (417 £ 0, Vn e K.

Now, we apply the discretization technique of section .2} choosing U > 0 as in
(2, we obtain an embedding )\[n] [n] s WL(TM; M) and the discrete mean
Tonelli action functional 'Q{k[ U Ao 2 U ,Ln} — R, for k € IN sufficiently big
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and for each n € IN. Let q := )\,;1(7). For each R > U, the homology isomorphism
induced by the iteration map in (V.16) fits into the following commutative diagram

H. (y)) .
H. (%, q) — H, (", g
Ho () | ~ ~ | H, (M)
H. (y[™ "

showing that H, (1/),[:]) is an isomorphism.
Let ¢ = &/(v) and let £ > 0 be small enough so that ¢ + ¢ < a and there are
no v, € {71, ., with &7(v,) € (¢,c +¢). By lemma [V.2] for all n € K’ and

R > R(a, n) the action functional d][%n} does not have any critical point with critical
value in (¢, ¢ + ). By theorem [A.4](1), the inclusion

(e U} (o) = (A erer (5D
[n]

induces a monomorphism in homology. Hence, the embedding A.”, seen as a map

M (e Ulad (o) = (A eres (7)),

induces a monomorphism in homology as well. Summing up, for each R > R(a,n)
and n € X', we have obtained the following commutative diagram.

0 % Hy (. q) e H,, (7", gl")

Hon (M) Hpn (A7)

Hypn ([n))

Ho (i) ter (98)c) Ho () ever (1))

This diagram contradicts the homological vanishing (theorem [V.5]). In fact, since the
local homology group H,, (%%, q) is nontrivial and m > 0, the point q is not a local
minimum of <%, For each nonzero [] € H,,(#,q), there exist R = R([n],p) > U
and 7 = 7([n],p) € K such that, for each real R > R and for each n € K greater or
equal than n, we have

HM(T/JM) o Hp(Ak)[n] = Hm(w[n/m) ° HM(w[m) o Him(Ak)n] =0,
=0

therefore

Hon ()] € ker [Hy ) < Hyn (", g) = By (7 )eses (7))] . €0



Appendix A

An overview of Morse theory

Morse theory is a beautiful subject that sits between differential geometry, topology
and calculus of variations. It was started by Marston Mors in the middle 1920s
and further developed, among many others, by Thom, Bott, Milnor, Palais, Smale,
Gromoll, Meyer, Witten and Floer. The general philosophy of the theory is that the
topology of a smooth manifold is related in a very particular way to the number and
“type” of critical points that a smooth functional defined over it can have. In this
brief appendix we would like to give an overview of the topic, from the classica]lg
point of view of Morse, but in the more recent extensions of Palais, Gromoll and
Meyer that allow the theory to deal with so called degenerate functionals on infinite
dimensional manifolds. A full treatment of the subject can be found in the first
chapter of the book of Chang |CL].

We will try to keep our exposition as elementary as possible. To this aim, we will
renounce to give the results in their maximal generality whenever this saves us from
technicalities. Nevertheless, in view of the application of this machinery to study
the critical point of the action functional of Lagrangian dynamics, we insist on the
regularity that the functional under consideration must have, that will be mostly
C', and occasionally C?.

A.1 Preliminaries

Throughout this appendix we will denote by .# a Hilbert manifold, i.e. a paracom-
pact Hausdorff topological space that is locally homeomorphic to a real separable

! Relations between the critical points of a real function on n independent variables, [Mo.

2There is also another, more recent, approach to the theory, that is based on the so called Morse
complex. It was pioneered by René Thom [Th| in 1949 and further developed by Steve Smale [Sm)
to solve the Poincaré conjecture in dimensions greater than four (see the beautiful book of Milnor
[Mi2] for an account of that stage of the theory). The definition of Morse complex appeared in
1981 on a paper by Edward Witten [Wi]. See the book of Schwarz [Sc|, the one of Banyaga and
Hurtubise [BH] or the survey of Abbondandolo and Majer [AM] for a modern treatment.

105
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Hilbert space E with smooth change of charts. If E is finite dimensional, i.e. E = R™
for some m € IN, then .# = M is just an ordinary m dimensional smooth manifold.
In the context of Morse theory, the most relevant difference between the finite di-
mensional and the infinite dimensional cases is that in this latter the manifold .Z is
not locally compact. We will come back to this point later on.

Remark A.1. From elementary functional analysis it is well known that every real
separable Hilbert space with infinite dimension is isomorphic to the Hilbert space

§jmu2<m}

nelN

W:{MMneN}

with interior product given by

{ank b} = 3 aubn.

nelN [ |

From now on, we use calligraphic letters (.#, 4, % and so on) to denote
possibly infinite dimensional manifolds, while we leave the roman ones (M, N, U
and so on) when the object under consideration must have finite dimension for the
current argument to be valid.

Throughout this appendix, .# : .# — R will be a C! functional (we will write
F : M — R in the finite dimensional case), unless more regularity will be explicitly
required. We recall that a point p € .# is called a critical point of .% when the
differential d.% (p) of .% calculated at p vanishes, and the correspondent image % (p)
is called a critical value. We denote by Crit.# the set of critical points of .%. In
what follows, we will only deal with functionals .# having isolated critical points, and
we will investigate the relationship between this critical points and the topological
properties (or, more precisely, the homological properties) of the underlying manifold
M .

Consider an open neighborhood % of the critical point p such that there exists
a chart ¢ : % — E of .#. We denote by .4 the functional .% o ¢»~': E - R. By
the composition rule for the differential, we have

dZ4(¢(p)) = dF (p) o Ao~ ((p)),

where d in the left hand side denotes the Fréchet derivative on the Hilbert space E,
ie. dFy : E — E*. Therefore ¢(p) is a critical point of the functional .%,. If F is
C? or at least twice Gateaux differentiable, the same is true for Z4. We recall that,
in these cases, the second Gateaux derivative of .7, at @ can be seen as a symmetric
bounded bilinear form Hess.%4(z) : E ® E — R given by

Hess.Zy(x)[v, w] = (d(d.%y)(z)v) w, Vo, we E.

In the above formula, we have denoted by d(d.%,) the Gateaux derivative of d.%,
ie.

d(dFy)(x)v = die dFy(x + ev) Va,v € E.
0

£e=
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This latter coincides with the Fréchet derivative of d.% in case .7 is C?. We define
the Hessian of .% at a critical point p as the symmetric bilinear form
Hess.Z (p) : Tpotd @ Tyl — R
given by
Hess.Z (p)[v, w] = Hess.Zy(x)[vg, wy], VYv,we€ Ty ~E
where & = ¢(p) and vy = do(p)v, wy = do(p)w € E. It is easy to see that Hess.7 (p)

is intrinsically defined, i.e. its definition is independent of the chosen chart ¢ as long
as p is a critical point of .%.

Remark A.2. If .# = M is finite dimensional and & = (z!,...,2™) is a system of
local coordinates around p, the Hessian of .# = F' at the critical point p is given in
local coordinates by

9 . A
HessF(p) = <3$i 5 dz' ® dx]> (p),

where we implicitly assume summationdd from 1 to m for the repeated indices ¢ and
j. Moreover, if V is any linear connection on M, the Hessian of F' at p is given by

HessF(p) = V(dF)(p). |

We denote by «(.#, p) the supremum of the dimensions of subspaces of T},.# in which
the Hessian of .% at p is negative definite. Analogously, we denote by v(.%,p) the
dimension of the nullspace of the Hessian of .% at p, i.e. the Hilbert space consisting
of all v € Ty such that Hess.Z (p)[v,w] = 0 for all w € Tp.#. We call o(.#,p) and
v(%,p) respectively Morse index and nullity of the functional .7 at p. Notice
that both may be infinite. Morse Theory was initially developed for so called Morse
functionals, that are functionals whose critical points have nullity equal to zero and
for this reason are called non-degenerate. Today we are able to deal with functional
having possibly degenerate critical points.

Since the inner product (-, ) g of E is a nondegenerate bilinear form, there exists
a self-adjoint linear continuous operator Hy = Hy(p) : E — E such that

Hess.Z (p)[v,w] = (Hgvg, wy) p, Yv,w € Tpll
By the spectral theorem, this operator induces an orthogonal splitting
Bt e
E=E;® E¢ o FE,,
where Eg is the kernel of Hy, and E; [resp. E;] is a subspace of E on which Hy is
negative definite [resp. positive definite], i.e.
E)={ve E|Hyv =0},
(Hgv,v) p <0, Vv e Ej \ {0},
(Hyw, w) 5 > 0, Vw € E; \ {0}.
Notice that «(#, p) = dim E and v(Z,p) = dim Eg.

3This is what differential geometers call “Einstein convention” on subscripts and superscripts.
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A.2 The generalized Morse lemma

A starting point for Morse Theory might be the so called “Morse Lemma”; that we
will give here in its generalized form@. It is a local result, in the sense that it applies
to functionals defined on an open set of a Hilbert space. Let O be an isolated critical
point of a C? functional .% : % — R, where % is an open set in a Hilbert space E.
We denote by H : E — FE the self-adjoint linear operator associated to the second
derivative of .# at 0, i.e. Hess.Z (0)[v,w] = (Hv,w)g. As we remarked in the last
section, this operator defines an orthogonal splitting E° @& E* of E.

Lemma A.1 (Generalized Morse Lemma). Assume that H is a Fredholnf op-
erator (in particular v(.#,0) is finite). Then, there exists an open neighborhood
¥V C % of 0, a homeomorphism onto its image

¢:(7,0) — (%,0)
and a C' map
Y (¥ NE%0) — (E*0),
such that, for each v € ¥, we have
(A1) Fop(v) =F (v) + (")) + 1 (Hv*, vF)

=.70(0) = 7% (vt)

E

where we write v = v° + v* according to the splitting E = E° & E*. Moreover 0
is a critical point of both .F* and .Z°.

Notice that, in case the functional .# happens to be Morse (i.e. v(.%,0) = 0),
equation (A.J) simplifies to

F o ¢(v)

Z(0) + F*(v) = F(0) + % (Hv,v) .

This is a fundamental rigidity result for functionals around a non-degenerate critical
point: it states that, up to a local “reparametrization” of the ambient space, every
functional around a non-degenerate critical point is given by a quadratic form (plus
a constant).

In the general case, equation ([AJ]) gives us a local representation of a functional
Z as a sum of a Morse function .Z* and of a function .#°. In this representation, the
origin 0 is a non-degenerate critical point for .#* and a fully degenerate critical
point for .Z9, i.e. the second derivative of .Z9 at 0 vanishes.

4The original Morse Lemma goes back to Marston Morse, and it was generalized to infinite
dimensional manifolds by Palais [Pa]. The version that we give here, that admits possibly degenerate
functionals, is basically due to Gromoll and Meyer [GM]. In the literature, the generalized Morse
lemma is also known as splitting lemma.

®We recall that a continuous linear operator H : E — F is Fredholm when H(E) is closed and
H has finite dimensional kernel and cokernel.
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A.3 Deformation of sublevels

At this point, let us recall some standard terminology from topology. Two continuous
maps fo and f; from a topological space X to another topological space Y are
homotopic, and we write it as fy ~ fi, when there exists a continuous map f :
[0,1] x X — Y, called homotopy, such that fo = f(0,-) and f; = f(1,-). If we
consider the two maps as maps of topological pairs fi, fo : (X, A) — (Y, B), i.e.
AC X, BCY and f(A) C B, then they are homotopic (as maps of pairs) when
there exists a homotopy f as before that further satisfies f(¢t, A) C B for all ¢t € [0, 1],
and we write it as f : [0,1] x (X, A) — (Y, B) and still fo ~ f1.

A homotopy f :[0,1] x X — Y is said relative C when C' is a subspace of X
and f(t,z) = f(0,z) for all z € X and for all ¢ € [0, 1]. The same definition, mutatis
mutandis, can be given for homotopies of maps of pairs.

A map j: X — Y is a homotopy equivalence, and we write it as

jiX=Y
or X ~ Y if j is implicit from the context, when there exists a map [ : ¥ — X,
called homotopy inverse, such that [ o j ~ idx and jol ~ idy. If j is a map of
topological pairs (X, A) — (Y, B) we say that it is a homotopy equivalence (of pairs)
when the homotopy inverse is of the form [ : (Y, B) — (X, A) and the homotopies
with the identity are homotopies of maps of pairs.

Now, assume that we have an inclusion ¢ : X < Y and a retractionr:Y — X,
i.e a surjective map r such that the restriction r|x is equal to the identity idx. If there
exists a homotopy R : [0,1]x (Y, X) — (Y, X) such that R(0,-) = idy and R(1,-) = r,
then we say that Y deformation retracts onto X and we call the homotopy R a
deformation retraction. Notice that R is assumed to be a homotopy of maps of
pairs, therefore R(¢,X) C X for all ¢ € [0,1] and the inclusion ¢ turns out to be a
homotopy equivalence. The deformation retraction R is called strong if we further
assume that it is relative X, i.e. R(t,z) = « for all (¢,x) € [0, 1] x X.

After this excursion, let us go back to Morse Theory. So far, we have just
discussed local aspects, but Morse Theory allows us to say something about global
properties of the ambient manifold .#. To start with, notice that a functional
F . M — R defines a “filtration” of the manifold .#Z. In fact, if ¢ € R, let us
denote by (%), the open subspace .# ~!(—o0, ), called c-sublevel of .#. Then if
{cn |n € IN} is a monotone increasing sequence of real numbers tending to infinity,
then we have the sequence of inclusions

(A.2) (F)er € (Fles € (F)ey € C .

We may also define (#)_o = @ and (F)ioc = #. Having this filtration, we
would like to investigate the relation between the homology of pairs of sublevels
((F)p, (F),) and the critical points of .# contained in the region .7 ~1(a, b), at least
when the interval (a,b) contains a single critical value. Then, by standard algebraic
topological manipulations, we would like to conclude something about the homology
of pairs ((F)p, (F)a) for a and b arbitrarily distant.
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F

Figure A.1. Height functional on the 2-torus in R®. The shaded region is the sublevel (F)., for
F(p2) < ¢ < F(ps).

Example A.1. From now on, it is useful to keep in mind a classical finite dimen-
sional example: a torus .# = M = T? in R? sitting on a plane as shown in figure [A.1]
On this torus we consider as functional .% = F' the height, i.e. F'(p) is the height of
p € T? above the plane. For simplicity, we will assume that F is a Morse functional,
therefore its four critical points p1, p2, ps and p4 have indices 0, 1, 1 and 2 respec-
tively. This example will be useful to geometrically visualize some of the operations
that we will perform, but of course our general setting is more complicated since .#
has possibly degenerate critical points and the ambient manifold .# is not locally
compact. |

At this point, let us consider a Hilbert-Riemannian metric ((-,-)). on ./, i.e.
a smooth section of the bundle T*.# @ T*.# that is symmetric and positive definite,
meaning

(v,w)g = (w,v)q, (2,2))g >0 Ve A, vw,z € Ted, z#0.

In local coordinates given by a chart ¢ : % — FE, this metric can be expressed in
terms of the inner product of E as

«U,w»q = <G¢(q)v¢aw¢>E’ Vq eEM, v,we Tq%a

where G is the unique map from % to the space of bounded self-adjoint operators
on E that realizes this equality. If ¢ : ¥ — FE is another chart of .#, then

Gy(g) = (d(¢o v )(W(q)) 0 Gylg) o d(p o™ (W(g)  VgeuNYV.

We denote by |[|-|. the Hilbert-Finsler metric obtained by ||v||, = (v, v)), for each
q € A and v € T, .7 . This metric induces, as usual, a corresponding Hilbert-Finsler
metric (still denoted by | - ||.) on the cotangent bundle T*.# as

|v|lg = max {v(v) |v € Tol, ||v|y =1}, Vg e A, I/GT;%.
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For each C! curve o : [a,b] — ., we define its length (with respect to the Hilbert-
Finsler metric || - ||.) as

b
[ 16l at.

If ¢ and ¢’ are two points that belongs to the same connected component, we can
define their distance (again, with respect to the Hilbert-Finsler metric || - ||.) as the
infimum of the lengths of all C'!' curves joining ¢ and ¢’. If each component of . is
a complete metric space with respect to this distance, we say that .# is a complete
Hilbert-Riemannian manifold.

A C! vector field 2 on . \ Crit(.Z) is called a pseudo-gradient for .# when,
for each q € #, it satisfies

127 (D)llq < 2[dF(9)lg, dZ(q) 2 (q) = |dZ (@)]3-

By means of a partition of unity, one can show that pseudo-gradient vector fields
always exist on Hilbert manifolds. Integrating 2~ we obtain its (anti) pseudo-
gradient flow, that is a map

Sy W — M,

where # C R x . \ Crit(.#) is an open neighborhood of {0} x .#Z, satisfying the
following Cauchy problem:

0P 9

5 (69 = -2 (2 (t,9), ©4(0,) =id 4.

It is easy to verify that the functional .# is decreasing along pseudo-gradient flow
lines. In fact, for every (¢,q) € #', we have

P ) - 70 = AT (@ (5,0)) X (@ (5, ) ds

t
< /0 14F (@5 (5, D)3, (5. 45

>0

< 0.

Example A.2. If % is C?, a pseudo-gradient is given by the gradient of .%, that
is the vector field Grad.# defined by

(GradZ(q),v)q = dF(qv, Vg€ M, veTyH. [

We would like to use the pseudo-gradient flow to deform a certain sublevel (%),
to a lower one, say (.%),, for some ¢; < ¢y such that the interval [c1, c2) does not
contain critical values (see figure [A.2)). In case .# = M is compact there are no
obtacles in performing such an operation. However, if we just deal with a complete
but non-compact manifold, something is needed to replace the lack of compactness.
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Figure A.2. Deformation of (F)., over (F)., along gradient flow lines in the torus example [A.1]

F

Figure A.3.

The right assumption on .# was found in the 1960s by Palais and Smaleﬁ, and it
now carries their name: we say that % satisfyes the Palais-Smale condition at
level ¢ when, for each sequence {g, |n € IN} C .# such that

lim % (¢,) =c,

n—0o0

there exists a subsequence convergent to a point q € .. By (A.3)), the limit point
g must be a critical point of .#. We just say that % satisfies the Palais-Smale
condition if it satisfies it at every level ¢ € R.

Example A.3. There are basically two slightly different examples of situations that
the Palais-Smale condition wants to avoid.

e Consider the function F'(q) = exp(—q) on .# = M = R. For any divergent
sequence ¢, T oo we have that F(q,) — 0 and F'(¢,) — 0, however {¢,} does
not admit any converging subsequence (see figure [A.3]).

e Consider a functional F' : .# — IR such that, for a certain level ¢ € R, the
set CritF N F~1(c) is not compact (e.g. F': R — R with F(g) = sin(q) and

A generalized Morse theory, [PS].
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¢ = 1). Therefore we can find a sequence of critical points {g,} that does not
admit any converging subsequence. [

As promised, here is the important consequence of the Palais-Smale condition.

Lemma A.2 (Deformation Lemma). Let .# be a complete Hilbert-Riemannian
manifold and assume that .% satisfies the Palais-Smale condition at every level ¢ €
[a,b] and does not have any critical value in the interval [a,b). Then the inclusion
(Z)a — (F)p is a homotopy equivalence.

Notice that, by this lemma, the inclusion (%), — (%), induces the homology
isomorphismi] H, (7)) — H,((Z)) and H,((F)s, (F)a) = 0.

A.4 Passing a critical level

We now want to study the changes that occur, in term of homology, whenever we
pass a critical level. To this aim, we have to introduce a fundamental invariant of
an isolated critical point p € .# of our C' functional .% : .# — R. The local
homology of .% at p is defined as the homology group

Ho(Z,p) := Hi((F)c U D}, (F)e),

where ¢ = % (p). This is an invariant of the critical point p, in the sense that it
depends only on the germ of .# at p. In fact, if Z C .4 is an open neighborhood of
p, by excision we obtain that the inclusion

(w N(F)eU{pt, % N (F)e) = ((F)e U{p}, (F)e)

induces an isomorphism in homology, and therefore the local homology groups of .#
at p coincides with

H*(% N (ﬁ)c U {p}’% N (ﬁ)c)

Remark A.3. It is easy to see that the local homology groups of .% at p, with
¢ = .Z(p), can be equivalently defined as

H. (7)., (7). \ {p}) -

Moreover, if % C .# is an open neighborhood of p that does not contain other
critical points of %, the local homology groups of .% at p further coincide with

H, <% N(F)., %N (9)c> . -

"The same is true if we substitute the singular homology with any other homotopy invariant
functor: equivariant singular homology (in an equivariant situation), K-theory, etc.
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D' x D?

(a) (b)

Figure A.4. (a) Attaching a 1-cell D' to X = D*. (b) Attaching a thickened 1-cell D* x D? to
X = D3. Notice that the interior of the obtained space is a smooth 3-manifold, but
the boundary is not smooth anymore.

The role that local homology plays in Morse Theory is illustrated in the next
two statements. We recall that a A-cell, for A € N, is simply a A-dimensional closed
disk D*. A topological space Y is obtained by the attachment of A-cell to X when
there exists a continuous map f : 9D* — X such that

Y =X Uy D := X UDY/ ~,

where ~ is the identification given by z ~ f(z) for each z € dD*, see figure [A.4(a).
If X happens to be a smooth finite dimensional manifold with boundary and f
maps 0D homeomorphically to a subset of 0X, we can obtain another smooth
manifold Y (with non-smooth boundary) by attaching a so called thickened -
cell D x DIMX=A a5 described in figure [A4(b). The spaces Y and Y are clearly
homotopy equivalent.

Theorem A.3. Assume that the functional % : .# — R is C? and has a non-
degenerate critical point p with % (p) = c¢. Consider a neighborhood % C #
of p that does not contain any other critical point of %, and ci,co € R such that
c1 < ¢ < cy. Then @620% is homotopy equivalent to (), N% with a 1(F, p)-cell
attached. In particular the local homology H. (%, p) is trivial in casd] «(.F,p) = oo,
otherwise

[ F x = 1(F,p),
H*(gz,l))—{ 0 * #u(F,p),

where IF is the coefficient group of the homology.

Remark A.4. The above statement can be strengthen, saying that (%) o N is

diffeomorphic to (#), N % with a thickened «(.#, p)-cell attached (see figure [A.3]).
However, this is not relevant as far as homotopy (or homology) is concerned. [ |

8This follows from the fact that the unit-sphere of an infinite-dimensional Hilbert space is con-
tractible.
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(b)

Figure A.5. (a) Attachment of a cell of dimension 1 = ¢(F, p2) to the closed sublebel (), of the
height function in example[ATl The attaching region is the O-dimensional attaching
sphere {so,s1}. Notice that the result of the attachment is homotopically equivalent

o (F),,- (b) Attachment of a thickened 1-cell to the closed sublebel (F)

c1

Figure A.6. Behaviour of F(z,y) = (y — 22%)(y — 2?) around the critical point 0. The shaded
region corresponds to the sublevel (F)o = F~*(—o0,0).

Theorem [A.3 tells us that, for a non-degenerate critical point of a C? functional,
the knowledge of local homology at it coincides with the knowledge of its Morse
index. This is no longer true in the degenerate case, where the knowledge of the
Morse index and nullity of a critical point is not sufficient to determine its local
homology. An easy example on .# = M = R? is the following.

Example A.4. Both the functionals F, G : R? — R given by F(x,y) = (y—222)(y—
2?) and G(z,y) = 2* +y? have 0 = (0,0) as critical point with ¢(F,0) = +(G,0) =0
and v(F,0) = v(G,0) = 1; however 0 is a saddle point for F' (see figure [A.6]) and a
global minimum for G, therefore

IF * =1,

F * = (),
H.(F,0) = { 0

H.(G,0) = { 0 ]

otherwise, otherwise.

If the functional .% is only C! with possibly degenerate critical points, but it
satisfies the Palais-Smale condition, we can still describe the homological changes
that occur passing a critical level in terms of local homology.

Theorem A.4. Let .# be a complete Hilbert-Riemannian manifold and .% : . # —
R a C! functional having only isolated critical points and satisfying the Palais-Smale
condition. Consider ¢ € R and € > 0 such that the interval (c,c +¢) C R does not
contain any critical value of .%. The following claims hold:
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(i) For each p € Crit(.#) with .#(p) = ¢, the inclusion
o (F)e U{P} (F)e) = (Fete, (F)e)
induces the homology isomorphism

H.(jp) : Ho(Z,p) — Bi((F)ete, (F)e)-

(i) If {p1,...,ps} C A is the set of critical point of .# with critical value ¢, we
have an isomorphism

Jc : H*(ﬁ’pl) D...D H*(ﬁ’ps) iH*((ﬁ)CJrE’ (ﬁ)c),
where J. = H.(jp,) ® ... ® Hi(jp, )

Playing with the filtration (A.2)) given by the sublevels of .# and with associated
long exact sequences in homology we can deduce the following statement.

Theorem A.5. Assume that % satisfies the hypotheses of theorem We fix a
bounded interval [a,b] C R, so that {ci,...,c;} C (a,b) is the set of critical values of
Z inside (a,b), and we choose € such that

0<e<min{e, —cx|h,k=1,....t, h #k}).

Then, we have

N N t
D (=D)N T rank Hy (), (F)a) < D (DN rank Hy((F)ey 4es (F)en)s
n=0 n=0 h=1
VN € IN.
Moreover
Y (=1 rank Hy (F)p, (F)a) = Y (=1 Y rank Hy((F)e, 4es (F)ey),
n=0 n=0 h=1

provided the above series are finite.

As a consequence of this result and of theorem [A.4 we obtain the celebrated Morse
inequalities.

Corollary A.6 (Morse inequalities). Assume that % satisfies the hypotheses of
theorem [A4. For each bounded interval [a,b] C R, if {p1,...,pu} C A are the
critical points of .% with critical value inside (a,b), we have

(A.4) rank H, (), (F)a) < Y rank Ho(F, py).
h=1
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A.5 Local homology and Gromoll-Meyer pairs

In the fundamental paper [GM], Gromoll and Meyer showed that the local homology
groups of an isolated critical point can also be produced as the homology of an
opportune closed neighborhood of the critical point, relative to a part of its boundary.
The homotopy type of the pair

(closed neighborhood, part of boundary)

is what in the 1980s, after the seminal work of Conley [Col, would be called Conley
indexﬁ of the critical point. Here, the critical point is considered as an isolated
invariant set for the dynamical system defined by a pseudo-gradient flow.

For this section, let us assume that our functional .# : .# — R is C?, so that we
can choose as a pseudo-gradient 2~ the gradient of .%, see example Some, but
not all, of the statements that we will give still hold with only the C! assumption
(up to choose a C'! pseudo-gradient).

Let p € . be a critical point of .# with .7 (p) = ¢. A pair of topological spaces
(W, #_) is called a Gromoll-Meyer pair for .% at p when

(GM1) # C # is a closed neighborhood of p that does not contain other critical
points of %,

(GM2) there exists € > 0 such that [c — €, ¢) does not contain critical values of .7,

and # N (F)e—e = 2,

(GM3) if t; < to are such that ® 4 (t1,q), Do (t2,q) € # for some q € .4, then
Dy (t,q) € W for all t € [t,1q],

(GM4) #_ is defined as
Ve =g € W D,((0,00) x {a}) € .\ W)
and it is a piecewise submanifold of .# transversal to the flow ® 4 .
It is always possible to build a Gromoll-Meyer pair of an isolated critical point.
Moreover, all the Gromoll-Meyer pairs of a critical point have the same homology

type, and in fact they can serve as an alternative definition of local homology.

Theorem A.7. With the above assumptions for the functional .F, if (W, #_) is a
Gromoll-Meyer pair for .% at the isolated critical point p € .# , we have

Ho (W, W) ~H(F,p).

9Notice that this Conley index has nothing to do with the Conley-Zehnder index discussed in
chapter [l
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Now, applying the generalized Morse lemma (and the notation adopted therein),
we may reduce to work in a coordinate neighborhood of the critical point p: without
loss of generality, we can identify p with the origin in the Hilbert space E, so that
we can assume that .% is defined on a neighborhood ¥ C E of 0 and has the form

F(v) = F(0°) + FE(w?), Vo=v"+vte¥ c E=E"® E*.

Here the origin is a non-degenerate critical point of .Z* : # N E* — R and a fully
degenerate critical point of #° : ¥ N E° — R. If we consider Gromoll-Meyer pairs
(W=, wE) and (#0, #0) for F* and .Z0 respectively at 0, it is easy to verify that
the cross product of this pairs, that is

HEANEY WO WO =Ex O, (wExwO)u(wE xw0)),

is a Gromoll-Meyer pair for .# at 0. Now, assume that the coefficient group IF of
the homology is a field. Then, by the Kiinneth formula we get an isomorphism of
graded vector spaces

H (#5705 x (WO, 7°)) ~H, (#*, 75 o H. (", #°),
and by the above theorem we obtain the following.
Theorem A.8. H,(.%,0) ~ H,(Z*,0) @ H,(%°,0).

By theorem [A.3, the local homology of the non-degenerate functional .#* at 0 is
nontrivial only in dimension +(.#%,0), in which coincides with the coefficient vector
space IF. Notice that the Morse index of .#T at 0 is precisely the Morse index of .7
at 0, and therefore theorem [A.§ readily gives the following fundamental result.

Theorem A.9 (Shifting). H.(%#,0) ~ H*,L(%O)(ﬁo,O).

Corollary A.10. If v(%#,0) < oo, the local homology groups H,(.%,0) are trivial
if % is less than «(.#,0) or greater than ((.%,0) + v(#,0).
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