ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 14, Number 4, Fall 1984

SEARCHING AROUND Hg'z(—)
RICCARDO BENEDETTI AND MARIA DEDO

Dedicated to the memory of Gus Efroymson

Let X be a compact connected smooth manifold without boundary.
The aim of this short communication is to illustrate a geometric explana-
tion of the isomorphism §: Ty (X) = X ,-,H(X) ® T;, where T,(X)
denotes the g-unoriented differentiable bordism group of X and 7, = T,
(point). That is, for each m = O fix a basis B,, = {{Mp|;h =1, ...,d, =
dim T,,} of T, and characteristic classes sj' € Hm(—, Z,) (that is, poly-
nomials in the Stiefel-Whitney classes) such that the matrix of character-
istic numbers (cy) = (sP(M}y), My) is the unit matrix. Let ze Ty (X)
and fix any representative P —; X of z. Define gy e H,_,(X) by gy =
[f«D(sP(P)) (where D: H* — H, is the Poincaré duality).

PROPOSITION. The isomorphism f acts as follows: a) 8(z) = X, 87 ®
|Mp|; b)if P —»&™P X is any representative of By such that P} is a smooth
manifold and N}' is any representative of |M%|, then: z = ), , |P X
Np — Pp —egmh x|,

Assuming furthermore that X is a non singular affine real algebraic
variety, the above proposition, maybe, could help in detecting when such
a z is algebraic, that is, admits a real algebraic representative. This prob-
lem, or more generally to count the algebraic bordism elements (and
the algebraic homology cycles), even up to diffeomorphism, would be
interesting from several points of view (see the papers in this volume by
Akbulut, Bochnak, King, Tognoli). A trivial consequence is the following.

COROLLARY. z = |P — X| is algebraic iff fD(s) is an algebraic cycle
for every characteristic class s of the tangent bundle of P.

Assuming that P — X as before smoothly fibres over X, one can prove
the following.

PROPOSITION. Let w*(P) be the k-th-Stiefel-Whitney class of the tangent
bundle of P. Then f,D(w¥(P)) = y(F)D(wk(X)), where F is the fibre and
h = dim F.
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PrOBLEM. Let s be as in the corollary and (P, f) be as in the last proposi-
tion. Is f4.D(s) = D(p(cy, - - ., ¢;)), where p is a polynomial and each c; is
a Stiefel-Whitney class over X (not necessarily of its tangent bundle)?
If yes, one would have that every bordism class which fibres; over X is
algebraic over the same suitable algebraic variety X’ diffeomorphic to X.

IsTITUTO MATEMATICO, UNIVERSITA DI PIsA, Pisa, ITALY





