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Abstract

We formalize a technique introduced by Bohm and Piperno to solve
systems of recursive equations in lambda calculus without the use of the
fixed point combinator and using only normal forms. To this aim we
introduce the notion of a canonical algebraic term rewriting system, and
we show that any such system can be interpreted in the lambda calculus
by the Bohm - Piperno technique in such a way that strong normalization
is preserved. This allows us to improve some recent results of Mogensen
concerning efficient godelizations [ ] : A — A of lambda calculus. In
particular we prove that under a suitable giédelization there exist two
lambda terms E (self-interpreter) and R (reductor), both having a normal
form, such that for every (closed or open) lambda term M E[M] — M
and if M has a normal form N, then R[M] — [N].

1 Introduction and summary

A is the set of all lambda terms. Ay is the set of all closed lambda terms. The sign
“=” between lambda terms denotes beta-convertibility (also written “=g”), —
is beta-reduction (possibly multistep), and “=” is alpha convertibility, namely
identity up to renamings of bound variables. NF C A is the set of normal (i.e.
irreducible) lambda terms, and SN C A is the set of all strong normalizing
lambda terms (i.e. all the reduction paths are finite).

In the first part of the paper we study the problem of interpreting an equa-
tional theory inside lambda calculus (section 2), and of interpreting a term
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rewriting system (TRS) inside lambda calculus (section 3). In the second part
of the paper we apply our results to find a “self-interpreter” and a “reductor”
of lambda calculus having a normal form. This improves some results of [1] and
[9]. We consider equational theories and TRS’s which are not necessarily first
order, namely they involve some lambda abstractions and applications besides
the usual rules for the formation of first order terms (on a given signature ¥).
Interpreting an equational theory corresponds to solving a system of equations
inside lambda calculus involving certain unknown lambda terms to be found
(represented by the symbols of the given signature X). Statman proved that
there is no algorithm which, given F,G € A decides whether there is X € A
such that FX = G (cf. [6]). So the general problem of solving equations in A is
undecidable. In section 2 we define the notion of a canonical set (or “system”) of
equations and we prove (Theorem 2.5) that every canonical set of equations can
be interpreted inside lambda calculus. This is essentially a formalization of a
technique to solve recursive equations inside lambda calculus due to B6hm and
Piperno, namely we prove that the Bohm-Piperno technique captures at least
the canonical systems of equations. We are particularly interested in studying
those systems of equations which admit a normal form solution (i.e. all the
unknowns must be replaced by lambda terms in normal form). We show that
if a canonical set of equations £ is algebraic (i.e. first order), then the Bohm-
Piperno technique yields a normal form solution of £ (Theorem 2.5 part 2). Such
canonical-algebraic systems are quite powerful since they can be used to find
lambda representations of any partial recursive function (even on non-numerical
data structures). Note that a normal form solution excludes the use of the fixed
point combinator. Solvability problems of systems of equations have been ex-
tensively studied in [5, 6, 7]. Here we deal with a more restricted class of systems
of equations suitable for functional programming. So our approach is more in
the spirit of [4]. Our motivation is to represent programs and data-structures
inside lambda calculus in such a way that the lambda-representation of every
partial recursive function on such data-structures assumes a very simple form
and can be automatically derived from an algebraic specification. In section 3
we strengthen the results of section 2 by considering TRS’s instead of equational
theories. The general problem of which TRS can be intepreted inside lambda
calculus was raised in [8]. We show that every canonical TRS can be intepreted
and every canonical algebraic TRS can be intepreted in a nice way, namely
preserving strong normalization (Theorem 3.4). Starting with section 4 we be-
gin the second part of the paper in which we study “efficient” g&delizations of
lambda calculus. Given alambda term M, let [M] be the Church numeral of the
Godel number of M (with respect to a suitable G6del numbering). Note that: 1.
it M # N, then [M] # [N] (i.e. [M] and [N] are not beta-convertible). This
seems to be an obvious requirement for any reasonable gidelization. From the
representability of partial recursive functions in the lambda calculus, it follows
that there is a lambda term R (“reductor”), such that: 2. if M € Ao has a
normal form N, then R([M7]) = [N] (cf. [2]). Moreover there exists a lambda
term E (“self-interpreter” or “enumerator”) such that: 3. E([M]) = M for



all M € Ag (cf. [1]). We can think of E as the analogue of a universal Turing
machine for the lambda calculus: E([M])z = Mz. Any reasonable gidelization
should satisfy the second fixed point theorem, namely the analogue of the recur-
sion theorem in the theory of recursive functions: 4. VE € A It € A: F[t] =t
(cf. [1]). We are not aware of any attempt to give an axiomatic definition of
the notion “gédelization of lambda calculus”, namely what properties should a
map [ | : A = A satisfy to be considered a gidelization? It seems to us that the
fact that the range of [ ] is a set of numerals is not to be included among the
desired properties, however it is crucial that if M; and M, are not identical (i.e.
not a-convertible), then [M;] and [M,] are not B-convertible. Mogensen [9]
defined an innovative “gddelization” (there called “representation”) []: A — A
in which [M], far from beeing a numeral, is a lambda term with the same free
variables as M. Mogensen’s gbddelization satisfies the above properties 1, 2, 3,
4 and has several advantages over the conventional gidelizations, for instance
property 3, i.e. E([M]) = M, holds for any term M € A, not necessarily
closed. Mogensen’s godelization commutes both with substitutions of variables
and a-conversion: [M|[z := y] = [M][z := y]] and a-convertible terms have
a-convertible godelizations. Even more strikingly, a lambda abstraction “Az”
goes unchanged under the gdédelization, i.e. [Az.M] = U(Az.[M]) where U
is a suitable left-invertible lambda term. We push Mogensen’s approach to its
extreme consequences by letting the godelization of a bound variable to be the
variable itself. This almost paradoxical move, together with an application of
Theorem 2.5, will greatly simplify all the theorems concerning gbdelizations,
like the second fixed point theorem, the existence a reductor R and of an enu-
merator (or “self-interpreter”) E, etc. In particular we will define E and R as
lambda terms having a normal form. This is quite surprising because it means
that we can solve the necessarily involved recursive definitions needed to define
R and E without using any fixed point combinator. In conclusion we have:

1. If My # Ms, then [M;] and [Ms] are not beta-convertible.
2. If M € A, then E([M]) —» M.
. If M € A has a normal form N, then R([M]) — [N].

E and R have a normal form.

A

If M is strong normalizing, then E([M]) and R([M]) are strong normal-
izing.

6. The second fixed point theorem holds for [ .

It should be remarked that points 2 and 3 hold even when M is an open
lambda term. Under Mogensen’s approach, points 1, 2 and 6 hold, points 4 and
5 fail, and 3 holds restricted to closed lambda terms. We also consider a variant
of our godelization, closer to Mogensen’s one, in which there is a self-interpreter
given by E = Az.z < K, S, C > where < K, S, C > is the Church triple of the
well known combinators K = \zy.xz, S = Axyz.z2(yz), C = Azyz.xzy. This is



a quite simple solution for a lambda term which plays the role of a universal
Turing machine.

2 Solving equations inside lambda calculus

Let ¥ be a set of function symbols from a given signature. A(X) denotes the
set of extended lambda terms with symbols from the signature ¥. To be precise
A(X) can be defined by adding the following clause to the usual clauses for the
formation of lambda terms: if ¢1,...,t, € A(X) and f € ¥ is an n-ary function
symbols, then f(t1,...,tn) € A(X). Note that Ter(X) C A(X) where Ter(X) is
the set of first order terms with signature . A representation of the signature
¥ in A is a function

¢:X— A

Any such representation ¢ induces a map ¢ : A(X) — A in the obvi-
ous way, namely ¢(\z.M) = \z.¢(M), ¢(MN) = $(M)$(N) and for f €
S, ¢(f(My,...,M,)) = ¢(f)d(My)...4(M,), abbreviated as fOMY ... MY
(as usual in lambda calculus the omitted parenthesis are associated to the
left). So if & = {0, f,g}, A\z.zf(z,g(0,7)))? = dz.x(f®z(g?0%z)). Note that
zf(x,9(0,z)) denotes unambiguosly = applied to f(z,g(0,z)). Given a set of
equations & = {a; = b;|i € J} between extended lambda terms a;,b; € A(X), we
say that a representation ¢ satisfies (or solves) £ if for each equation a; = b; in
& we have ¢(a;) =g &(b;). If there exists a representation ¢ which satisfies £ we
say that £ can be interpreted (or represented or solved) inside lambda calculus.
We will only consider representations ¢ with range included in the set of closed
lambda terms.

Definition 2.1 Let & be a set of equations in A(X). We say that £ is canonical
if the function symbols in ¥ can be partitioned in two disjoint subsets ¥ =
Yo U so that, letting o = {¢1,...,¢.} and 1 = {f1,..., fr}, each equation
t = t' of £ has the form fi(c;j(z1,...,Zm),¥1,---,Yn) = b;i; where f; € %y,
¢; € X, b;; € A(X) is a term depending on ¢ and j, n,m > 0, the variables
Zi,...yTm, Y1, --,Yn are all distinct and the free variables of b; ; are included
among Ty, ...,Tm, Y1,---,Yn. We call the elements of Yo constructors and those
of X1 programs. We say that £ is complete if for all f; € ¥ and ¢; € ¥, £
contains an equation of the form fi(c;(z1,...,Zm),y1,...,Yn) = b ;.

Note that we allow some lambda abstractions and applications to appear on
the right-hand-sides b; ; of a canonical system but not on the left-hand-sides.

Definition 2.2 A system of equations & is called algebraic if for each equation
a =bin & a and b belong to Ter(X) (note that for a canonical system we
only have a € Ter(X) and b € A(X)). So an algebraic system of equations is
simply an equational theory in the usual sense of first order logic, and a solution
¢ : ¥ — A of an algebraic system is an interpretation of £ inside lambda calculus.
A canonical algebraic system is a system which is both canonical and algebraic.



Example 2.3 The Ackermann’s function can be defined by the following alge-
braic system (where 0 and s represent the constant zero and the successor func-
tion). 1. Ack(0,y) = s(y), 2. Ack(s(z),0) = Ack(z,s(0)), 3. Ack(s(z), s(y)) =
Ack(z, Ack(s(z),y)). The above system is not canonical, but it can be reduced
to a canonical (and algebraic) system by enlarging the signature with a new
function symbol f as follows. 1. Ack(0,y) = s(y), 2. Ack(s(x),y) = f(y,z),
3. f(0,z) = Ack(x,s(0)), 4. f(s(z),x) = Ack(zx, Ack(s(x), z)). Similarly every
partial recursive function can be defined by a canonical algebraic system (it is
enough to verify closure under minimalization).

Remark 2.4 We can always enlarge a canonical system of equations by addi-
tional equations which force the constructors to by injective. For instance in
the case of an n-ary constructor ¢ we can add n program symbols py, ..., p, and
the (canonical) equations p;(c(x1,...,%n)) = ;. In all the applications we will
give the constructors will always be interpreted as injective functions.

Theorem 2.5 1. Any canonical system of equations £ has a solution ¢ :
Y — A inside lambda calculus.

2. Any canonical algebraic system £ has a solution ¢ : ¥ — A with range
included in SN.

3. Moreover we can choose ¢ so that the restriction ¢|Xo depends only on g
and not on £, namely there is a fixed representation of the constructors.

The representation of the constructors ¢|Xo is due to B6hm and Piperno
and is defined as follows.

Definition 2.6 Suppose ¥y = {c1,¢2,...,¢.}. For 1 < j <r we define ¢(c;) =
ATy ...zpe.eUfTy ... zpe where n is the arity of ¢; and U] = Az ... z,.z;. We
call this representation the canonical representation of the constructors. Note
that cf is injective.

It remains to define ¢|X1, namely the representation of the programs. With-
out loss of generality we can assume that £ is complete (otherwise adjoin more
equations to make it complete).

Definition 2.7 Suppose ¥1 = {f1,..., fr} and g = {c1,...,¢,}. Consider
k x r lambda terms ¢; 5, 1 < i <k, 1 < j < r to be defined later. Recall the
definition of Church r-tuple: < My,..., M, >=  x.xMy...M,. For 1 <i <k
let

t; =< tz‘,l, .. .,ti,r >

and define:

¢(f1) =< t15t25"'atk >
and for i > 1



O(fi) =< tirtix1,---,tim1 >

where < t;,tiy1,...,t;—1 > is the cyclic permutation of < t1,t2,...,tx >
beginning with ¢;. By abuse of notation when i = 1 < #;,t;41,...,t-1 >
denotes < t1,t2,...,tr >. Thus ¢(f;) is a Church k-tuple of Church r-tuples of
lambda terms. The lambda terms ¢; ; are chosen in the only natural way which
makes ¢ a solution of the canonical system of equations £. More precisely
consider a canonical equation f;(c;j(z1,-..,Zm),y1,---,Yn) = b;; belonging to
€ (b;,; € A(X)). After applying ¢ the equation becomes:

<tistipts-- o tion > ()T = b7
By definition of Church tuple, this simplifies to:

C?ftiti_g_l oty = b‘z]

Recalling the definition of c? we have c?fti = t,U7 Zt; = t; ;2t;. Hence the
equation becomes:

tijBtitipr - tia = bY .

We can now solve this equation for ¢; ; by replacing on both sides all the oc-
currences of t1,...,t; by fresh variables vy, ..., v, and abstracting with respect
to these variables. More precisely define:

\= INPVEN
ti’j = /\.TU,’UH_l . Uz’—ly-(bi,]‘)

where ¢ : 31 — A is defined by ¥ (fs) =< vs, Vsq1,...,0s-1 > (s = 1,...,k).
With this definition ¢; ;&@titiy1 ... 61y — bij and all the equations will be
satisfied.

For an illustration of the above definitions with £ = 1 and r = 3 see the
computations following Theorem 4.5. We have thus proved that every canonical
system has a solution inside lambda calculus. To complete the proof of Theo-
rem 2.5 it remains to prove that if £ is canonical algebraic, then ¢ has range
included in SN. A useful tool to prove strong normalization is the notion of
perpetual reduction.

Definition 2.8 co(M) means that M is not strong normalizing, namely M ¢
SN. A perpetual reduction is a reduction M — N, such that oo(M) implies
oo(NN).

In [1] we find the related notion of perpetual redex. A perpetual redex
is a lambda term A = (Az.P)Q such that any beta-reduction of the form
Cl(Mx.P)Q] = C[P[z := Q]] (for an arbitrary context C[]) is perpetual, namely
0o(C[(Az.P)Q]) — oo(C[P[z := Q]]). It is known that I-redexes are always
perpetual (see [1] Theorem 13.4.12). A theorem of Bergstra and Klop [3] char-
acterizes the perpetual K-redexes (see also [1] Theorem 13.4.15). In particular
the result of Bergstra and Klop implies the following:



Proposition 2.9 Let A = (Ax.P)Q where Q) is a strong normalizing closed
lambda term. Then A is a perpetual redez.

Now we proceed to prove part 2 of Theorem 2.5.

Lemma 2.10 Let £ be a canonical set of equations and let ¢ and t; ; be as in
the proof of Theorem 2.5. Then ¢ has range included in SN iff t;; € SN for
all i’s and j’s.

Proof. First note that for ¢ € g, ¢? is always a normal form. On the other
hand for f € ¥, f¢ is a Church k-tuple of Church r-tuples of the t; ;’s. So if
all the ¢; ;’s are in SN, so are all the f¢’s (and conversely). QED

Lemma 2.11 If £ is a complete canonical algebraic system of equations and ¢
is the solution of £ constructed in Theorem 2.5, then the terms t; ; defined in
the proof of Theorem 2.5 are strong normalizing and closed.

Proof. The fact that ¢;; is a closed lambda term follows easily from the
fact that in a canonical system of equations the free variables of the right-hand-
sides are included among the free variables of the corresponding left-hand-sides.
Recalling the definition of ¢; ;, in order to prove t; ; € SN it suffices to prove that
(bg:j)d’ €SN (¢:X; - Aand ¢: ¥ — A are as in the proof of Theorem 2.5).
We will prove the stronger claim that (P¥)? € SN for every P € Ter(X). Write
PY¥9 for (P¥)?. The proof is by induction on the length of P distinguishing the
cases in which the outermost function symbol of P is in ¥y or in ¥;. For the
induction to work we need to prove a stronger result, namely we prove that: 1)
PY¥% € SN and 2) the normal form of P¥? is either of the form Az.zM ... M, or
of the form zM; ... M, and P¥? can be reduced to its normal form by reducing
I-redexes only (so perpetual redexes).

Case 1: P is ¢(Py,...,P,) where ¢ € £5. Say ¢ = ¢;. Then P¥¢ =
I PY? .. PY? — Xe.eUIPY?...PY?. Note that the displayed reduction con-

tracts only I-redexes. By induction hypothesis all the Piw’s belong to SN and
satisfy (2). Thus clearly P¥? € SN and PY¥? satisfies (2).

Case 2. Pis f(Py,...,P,) where f € ¥;. Say f = f1 (the other cases
are similar). Then P¥¢ = fYPY®.. . P¥% = < v, vy,...,0p > PP?...PY¢
— PY%vvy...0PY? ... P¥% where the displayed reduction contracts an I-
redex. By induction hypothesis Pf/’ ¢ belongs to SN and satisfies (2). Thus
Pfﬁ ¢ reduces, by a sequence of I-reductions, either to a term of the form
xM; ... M, or to a term of the form Az.zM; ...M,. In the first case P¥% —
My ... Myvivs ... 0 PY? ... P¥% by a sequence of I-reductions. In the second
case P¥% — vy My[x == v1]... My[z := v1]vy ... 0x PY? ... P¥? by a sequence of
I-reductions. So in either case P¥? satisfies (1) and (2). QED

The proof of Theorem 2.5 is now complete.



Remark 2.12 In a “real life” situation the signature of constructors ¥ will
in general contain the constructors of several data structures (numbers, lists,
booleans, etc.). According to Definition 2.6 the lambda representation of a con-
structor depends not only on the data structure to which the given constructor
belongs, but also on the cardinality of the whole set of constructors Xg. This
might be a disadvantage if we later want to expand the signature of constructors
by adjoining a new data structure, because we would have to change the lambda
representation of the old data structures as well. This problem can be solved
by applying Definition 2.6 to each data structure separately rather then to the
whole set of constructors. If we do so it might happen that the constructors of
two different data structures are represented by the same lambda term. However
this will cause no harm if we assume that the programs specified by the equa-
tions £ “respect the types” in the sense that if £ contains two equations of the
form f;(c;(Z),¥) and f;(c; (Z),7), then ¢; and ¢;r both belong to the same data
structure (this might be taken as a definition of “data structure”). Note that it
is allowed that the codomain of f; belong to a different data structure. In this
setting the proof of Theorem 2.5 goes through with minor changes. For instance
if the first argument of the program f is of type “integer” (with constructors
{s,0}), then the lambda representation of f will involve a 2-tuple (since 2 is the
cardinality of {s,0}) rather than a r-tuple (where r = |Xg]).

Remark 2.13 Wesay that £ = £;UEU. . .UE, is stratified if £; does not use any
program symbol mentioned in £;11 (although £;11 may use program symbols
in &). In such a case instead of solving directly &, it is simpler to solve the
various &;’s consecutively. (Of course before solving &; 11 we need to substitute
those program symbols of &1 which were mentioned in some previous &; by
the corresponding lambda terms.)

3 Interpreting a term rewriting system inside lambda cal-
culus

In this section we consider the problem of interpreting a term rewriting system
(TRS) inside lambda calculus. We strengthen the results of the previous section
by taking into account reductions and not only equalities. First note that the
notion of B-reduction “—” makes sense also for extended lambda terms t €
A(%). So for example (Az.f(z,y))z — f(z,y). As usual a-convertible terms are
considered identical.

Definition 3.1 Given a set of equations £ on A(X) we define a notion of reduc-
tion by orienting the equations of £ from left to right. So £ generates a binary
relation —¢ on A(X) defined as the least transitive relation containing — and
the oriented equations of £, and closed under substitutions and contexts. So if

& =A{f(g(x),y) = =}, then (Az.f(z,y))g(Av.v) =¢ f(g(A\v.v),y) —=¢ Av.v.

Note that (£, —¢) can be considered as a generalized TRS in which the terms
to be rewritten are in A(X) rather than in Ter(X). If £ is a set of algebraic



equations and we restrict —¢ to Ter(X), we recover the usual notion of a TRS
on Ter(X).

Definition 3.2 An interpretation of (£,—¢) in A is a representation ¢ : ¥ — A
which solves all the equations of £ (in the sense of section 2) and preserves
reduction, namely for all M, N € A(X), if M —¢ N, then M?¢ — N¢.

Lemma 3.3 Let M € Ter(Xy), and ¢ : Lo — A be the canonical representation
of the constructors (as in Definition 2.6). Then M? is strong normalizing.

Proof. We reason by induction on the length of M. Suppose that M =
¢;(My,..., M,) where ¢; € £o. By inductive hypothesis M{,..., M? are
strong normalizing. Recall that & = oy ...zpe.eUjzy ... zne. Hence M? =
cj’Mf’ M~ /\e.er"Ml‘p ...M2%e. The latter term is strongly normalizing

since each M f’ € SN. But then also M? is strongly normalizing since the above
reduction is an I-reduction. QED

Theorem 3.4 Let £ be a canonical system and let ¢ : ¥ — A be the solution
constructed in Theorem 2.5. Then:

1. ¢ is an interpretation of (£, —¢) inside lambda calculus (i.e. if M —¢ N,
then M?¢ — N9).

2. Moreover if £ is complete, canonical and algebraic, then for every closed
term M € Ter(X), if M is strong normalizing relative to —¢, then M? is
strong normalizing relative to — (i.e. ¢ preserves strong normalization of
closed algebraic terms).

Proof. To prove part 1 it is enough to follow the proof of Theorem 2.5
replacing everywhere equalities with reductions. To prove part 2 assume that
£ is complete, canonical and algebraic and M € Ter(X) is a closed term which
is strong normalizing relative to —¢. Then there is an integer n such that all
the £-reduction paths starting from M have length < n. We prove that M? is
strong normalizing (relative to —) by induction on n.

If n = 0, then it easily follows that M € Ter(Xg) (here we use the assumption
that M is closed and & is complete). Hence by Lemma 3.3 M?¢ € SN.

If n > 0, then M contains at least one occurrence of a program sym-
bol f € ¥;. By considering an innermost program symbol occurring in M

—

we see M must contain an subterm of the form f;(c;(X ),Y) where f; € %,
¢j € Yo and X = Xi,..., Xy and Y = Y1,...,Y, are finite sequences of closed
terms in Ter(Xg). Since £ is complete, £ contains an equation of the form
filej (1,5 Tm),Y1,---,Yn) = bij, so the subterm fj(Cj(X),?) is an (—¢)-
redex. By contracting it we have M —¢ N where N € Ter(X) since & is
algebraic. We write X¢ for the sequence X?,...,X$ and similarly for Y¢. We
then have the following reductions (using the notations of the proof of Theo-
rem 2.5):



(fi(e;(X),Y))? oL

=<ty tigs - tio > (fX9)Y?

— I Xttt VO

— tUIX Ptitiqy ..t 1 VO

=<ti1,t2,. .., tiﬂ-—’> U;fd)titﬂ_l e t,;l?(ﬁ
= Ultiatin. . tip XOtitigr .. 1,1 Y?

— ti’jf¢titi+1 . ti_l?(ﬁ

= (AFvig1 - Vi1 T X ity . 4 VO
= b7 = X%, =Y

We claim that all the redexes reduced in the above reduction are perpetual.
This is clear for the first three reductions since they reduce an I-redex. The last
two reductions may reduce some K-redexes, but in any case they can only erase
closed terms which are strong normalizing. In fact the terms X and Yj¢ are
strong normalizing by Lemma 3.3 and all the various ¢;’s and ¢; ;’s are strong
normalizing by Lemma 2.11 because the system & is algebraic. Moreover all such
terms are closed because M is closed and ¢ does not introduce free variables.
Since N? is obtained from M? by the above sequence of reductions (inside a
context), we can conclude that there is a perpetual reduction M? — N¢. By
induction hypothesis N¢ is strong normalizing (since N certainly has a lower
n). But since M? — N? is perpetual, also M? is strong normalizing. QED

Remark 3.5 The assumption M € Ter(X) in Theorem 3.4 is necessary. Con-
sider in fact the signature ¥ = {s} where s is a unary constructor. Take £ to be
the empty set of equations and M = s(Az.zz)(s(Az.zz)) € A({s}). Then M is
in normal form with respect to —¢ (for any &), but M? is a lambda term with-
out normal form (recall that according to Definition 2.6 s? = \ze.eUlze). We
believe that by changing Definition 2.6 it is possible to strengthen Theorem 3.4
by allowing M to be an arbitrary term in A(X).

4 The self-interpreter

Let us fix a signature of constructors ¥y D {Var, App, Abs} (mnemonic for
“variable”, “application”, “abstraction”) where Abs, Var are unary, and App is
binary.

Definition 4.1 Define amap | | : A = A(Zo) as follows:
1. |z| = z if x is a variable,
2. [MN| = App(|M], [N]),

3. |Az.M| = Abs(Az.|M|[Var(z) := z]) where [Var(z) := z] is the opera-
tion of replacing all the occurrences of Var(x) by z.



The above definition is similar to the one in Mogensen [9] except that
Mogensen defines |Az.M| = Abs(Az.|M]). The difference between the two
approaches is that Mogensen puts Var around each variable, while we put
Var only around the free variables (in fact equation 3 says to take off the
Var in the case of a bound variable z). So with our definition |A\z.zy| =
Abs(A\x.App(z, Var(y))). We abbreviate Abs(Az.t) by [Az].t. So equation 3
reads: |Az.M| = |Az|.|M][Var(z) = z].

Definition 4.2 The godelization [M] € A of M € A, is defined by [M] =
#(|M]) where ¢ : Sy — A is given in Definition 2.6. So if the signature of
construcotrs ¥y contains no other symbols other than Var, App, Abs we have:
1. Var® = \ze.eUbze, 2. App® = Azye.eUdzye, and 3. Abs® = \ze.eU3ze.
(If other constructors are present we must replace the upper index 3 by the
cardinality of X.)

Definition 4.3 Let ¥ = %o U {E}. Consider the following set £ of equations
in A(Z).

1. E(Var(z)) = =,
2. E(App(z,y)) = E(z)E(y),
3. E(Abs(z)) = Mw.E(zVar(w)).
Lemma 4.4 Let £ = . Then E(|t]) —¢ t for every t € A.

Proof. By induction on the length of the term ¢. Equation 1 takes care of the
case when ¢ is a variable. By equation 2 we have E(| M N|) —¢ E(|M|)E(|N|)
and we can apply the induction hypothesis. By equation 3, E(|Az.M]) =
E(Abs(Az.|M|[Var(z) := z])) =¢ Ww.E((A\z.|M][Var(z) := z])Var(w)) —¢
M. E(|M][Var(z) := z][z := Var(w)]) —¢ Aw.E(|M][Var(z) := Var(w)]) =
Az.E(|M]) (by a-conversion) and we can apply the induction hypothesis. QED

Note that £ is canonical (but not algebraic), with set of constructors ¥
and set of programs ¥, = {E}.

Theorem 4.5 There exists a lambda term E (enumerator) such that E([t]) — t
for every t € Ag. Moreover if t € SN (strong normalizing), then E([t]) € SN.

Proof. Let ¢ be given by Theorem 2.5 applied to the set of equations & = £f.
Let E = E?. By Lemma 4.4 E(|[t]) —¢ t. Thus (E([t]))? — t?, that is
E([t]) — t (t? =t since t € A). An explicit computation of E? shows that E¢
has a normal form. We leave to the reader the verification that if ¢t € SN, then
E[t] € SN, namely the reduction E[t] — ¢t is perpetual. Note that we cannot
invoke directly Theorem 3.4 since £f is not algebraic. QED

To illustrate the method in detail we compute explicitly the lambda term
E? = E in the case ¥y = {Var, App, Abs}. Since ¥; = {E} has cardinality



1, and ¥¢ has cardinality 3, according to Theorem 2.5 E? is a Church 1-tuple
whose only element is a Church 3-tuple. Thus we have E¢ = \z.xFEy where Ey =
< By, B App> Epy1,q > for suitable choices of the lambda terms Ey,,, B App’
Epps- Applying ¢ to the equations £ we obtain:

1. E¢(Var®z) = ,

2. E¢(App®zy) = E¢z(E%y),

3. E?(Abs®z) = Aw.E?(z(Var®w)).

Since E? =< Ey >= Az.zE, we obtain the equivalent set of equations:
1. Var’zEy =z,

2. App®zyEy =< Ey > z(< Ey > y),

3. Abs?zEy = Mw. < Ey > (z(Var®w)).

Recalling the definitions of Var?, App?, Abs? this simplifies as follows:
1. EyUlzEy = z,

2. EgUdzyEy =< Ey > x(< Ey > y),

3. FyU3zEy = \w. < Ey > (z(Var®w)).

Since Eg =< Evyjy,, EApp’ EA1,q > we obtain:

1. EnjgrxEo =,

2. EpppayEo =< Eo > z(< Eg > y),

3. EppgtEy = Aw. < Eg > (z(Var®w)).

We can now solve these equations in a natural way as follows.

1. Evjyr = Aze.z,

2. EApp = Azye. < e > z(< e > y) = Azye.xze(ye),

3. Eppg = Avew. < e > (z(Var®w)) = Azew.z(Var®w)e.

Thus:

E=) 2z <K, S,Axew.x(Var¢w)e >

where K, S are the well known combinators and Var® = Aze.eU}ze. This
is a quite simple solution for a self-interpreter. Note in particular that E has a
normal form.



Remark 4.6 If we modify equation 3 of Definition 4.1 by setting [Az.M | =
Abs(Az.| M |) we get the even simpler solution E = A\z.z < K, S, C > where C =
Azew.zwe is the well known combinator. However this alternative gédelization
has the disadvantage that the reductor (see section 6) becomes much more
complicated and does not work for closed terms. Moreover the proof of the
second fixed point theorem (section 5) for this alternative gédelization would
be quite difficult.

5 Second fixed point theorem

Any reasonable godelization must satisfy the second fixed point theorem, namely
for every F' € A there exists t € A such that F[t] =¢. To prove this fact for our
godelization note that since Abs is a constructor, Abs? has a left inverse (for
instance Az.zUj is a left inverse).

Lemma 5.1 Let Sub be a left inverse of Abs®. Then Sub[lz.M][N] —
[M[z := NJJ.

Proof. We have: Sub[Az.M][N] = Sub(Abs®(\z.[M][Varfz := z]))[N]
= (Az.[M][Varfz :=z]))[N] = [M][Var®z := ][z := [N]] = [M][Vartz :=
[N]] = [M[z := NJ]]. QED

Theorem 5.2 For every F € A there is t € A such that F[t] =t.

Proof. Let A = Az.F(Subzz), and t = F(Sub[A][A]). Then we have: t =
F(Sub[\z.F(Subzz)][A]) — F[F(Sub[A][A])] = F[t]. QED

6 The reductor

In this section we consider a signature of contructors X9 O {Var, App, Abs,
Bou, True, False} and the signature of programs ¥y = {H, Test, R, R'}. The
symbol Bou (mnemonic for “bounded”) plays a role similar to Var and it is used
in the definition of R. The program symbol H represents a “single-step head
reductor” defined as follows.

Definition 6.1 Let £y be the following set of equations.
1. H(Var(z),y) = H(Bou(z),y) = Error,
2. H(App(u,v),y) = App(H(u,v), ),

3. H(Abs(z),y) = zy
where “Error” is an arbitrary term.



It follows from equation 3 and Definition 4.1, that H(|Az.M|, |N]) —¢
|M[z := N]|. Equations 2 and 3 imply: H(|(Az.M)Q1...Qk|,|N]) —¢
Mz := Q1]Q2-..QrN], namely H performs a single head-reduction. We
can now define a reductor R by iterating H is a suitable way. We need a test
for the presence of head redexes:

Definition 6.2 Let & be the following set of equations:
1. Test(Var(z)) = Test(Bou(z)) = False.
2. Test(App(z,y)) = Test(x),
3. Test(Abs(z)) = True,

Note that Test(|zMi ... My]|) —¢ False and Test(|(Az.M)M; ... M]) —¢
True, where & = E7. We now give the canonical equations defining the reductor
R.

Definition 6.3 Let g be the following set of equations.

1. R(Var(z)) = Var(x),

o
=

(Bou(z)) = =,

(App(z,y)) = R'(Test(z),z,y),
R(Abs(z)) = Abs(Aw.R(zBou(w)),

S ok w
=

R'(True,z,y) = R(H (z,y)),
R'(False, z,y) = App(R(z), R(y)) -

Intuitively equations 3, 5 and 6 mean: R(App(z,y)) = if Test(z), then
R(H(z,y)), else App(R(z), R(y)). The purpose of Bou is to mark those variables
which are bounded “externally” (namely the corresponding lambda abstractions
are not in the scope of R).

Lemma 6.4 Let £ = Eg UEr UER. If M € A has a normal form N, then
R(IM]) —=¢ |N].

Proof. We must show that R finds the normal form of a term when it ex-
ists. Since the normal form of Az.t is Az followed by the normal form of ¢,
R must somehow commute with |Az|. By equation 4 we have: R(|Az.M]) =
R(Abs(Az.| M |[Var(z) := z])) —¢ Abs(Aw.R((Az.|M |[Var(z) := z])Bou(w)))
—¢ Abs(Aw.R(| M |[Var(z) := Bou(w)])) = Abs(Az.R(| M |[Var(z) := Bou(z)]))
= |Az|.R(| M |[Var(z) := Bou(z)]). So R commutes indeed with [A\z], but at
the same time replaces x with Bou(z) as a reminder that x has been bounded
“externally”. This will cause no harm since the protection will be eventually
removed by equation 2. (Note that there is no danger that something will
be substituted inside Bou(z) because we never have two nested occurrences of



R.) Equations 1 and 2 ensure that the process stops correctly when it has
arrived at the level of the variables. Consider now R(App(M,N)). Equa-
tion 3 says that we must perform the test “Test” to verify the presence of
head-redexes. If there is such an head redex, then equations 3 and 5 ensure that
R(App(M,N)) —»¢ R(H(M,N)), namely first we contract the head redex by H,
and then we search the normal form of the contracted term. If there is no head
redex we must instead normalize the subterms coded by M and N. This is en-
sured by equations 3 and 6 which entail R(App(M,N)) —¢ App(R(M), R(N))
as desired. QED

Applying Theorem 2.5 and the techniques of Section 3 to the above set of
equations we easily obtain:

Theorem 6.5 There is a lambda term R (reductor) such that R has a normal
form and for every M € Ay, if M has a normal form N, then R[M] — [N].
Moreover if M is strong normalizing R[M] is strong normalizing.

Proof. Let R = R? be the lambda representatio of R given by Theorem 2.5.
R[M] — [N] follows from R(|M]) —¢ |IN]. The fact that R has a normal
form follows by a direct computation of R?. We leave to the reader the verifi-
cation of the normalization properties. The idea is to reason as in the proof of
Theorem 2.5 part 2. Note that we cannot invoke Theorem 2.5 directly since the
third equation of the system defining H is not algebraic. QED

Notice that in general [N] is not in normal form (although it is strongly
normalizing). If we verify Theorem 6.5 on a computer using a standard lambda
reducer, it may happen that [N] be hardly recognizable from its normal form.
Such a drawback will be eliminated in a forthcoming paper of Béhm and Piperno.
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