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Abstract

Uniformly approachable (UA) functions (introduced in [DP] in a
weaker form) are a common generalization of uniformly continuous func-
tions and perfect functions. We study UA-functions and UA-spaces, i.e.
those uniform spaces in which every real valued continuous function is
UA. Such spaces properly include the UC-spaces (Atsuji spaces). We
characterize the weakly-UA subspaces of R and give a new characteriza-
tion of the UC spaces. We prove a topological result which implies, under
the continuum hypothesis, the existence of a set M C R" such that if
f,g € C(R",R) are not constant on any open set and g(M) C f(M),
then f = g.

1 Introduction

UC-spaces (in which every continuous real valued function is uniformly contin-
uous) were introduced by Atsuji as a natural generalization of compact space
(see [A1, A2] or [Be, BDC] for further generalizations of UC'). Weakly uniformly
approachable functions and spaces (briefly, WU A functions and spaces) were
introduced in [DP]. In a WU A space X every continuous function f: X — R
is WUA, namely it can be approximated, in the sense of Definition 2.1, by
uniformly continuous functions. WU A functions (in fact UA functions) are a
common generalization of uniformly continuous functions and perfect functions
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(Theorem 5.2). Every UC space is obviously WU A, but there are interesting
WU A spaces, for instance R, which are not UC' (however R™ is not WUA for
n > 1).

In this paper we develop some basic tools for the study of WUA spaces
(see Remark 10.3). In this way we arrive to a characterization of the WU A
subspaces of R (Theorem 7.4) and some subspaces of R? (§10).

In most examples the WU A-spaces that we consider have the stronger (and
more natural) property of being UA (Definition 2.4). We have the strict inclu-
sions UC' C UA C WUA. While there are examples of WU A spaces spaces
which are not UA (for instance the real line minus a point), we do not know
whether UA and WU A coincide for connected spaces. A nice property of U A-
spaces is that if we “glue” in an appropriate manner two U A-spaces along a
compact subspace, the result is UA (Theorem 11.1). Other closure proper-
ties of U A-spaces with respect to unions are considered in §11. For instance we
prove that under some quite restrictive conditions, the union of countably many
compact spaces is UA (Theorem 11.4).

In Theorem 12.1 we characterize UC spaces as those metric spaces where
every bounded U A function is uniformly continuous.

The original motivation for WU A spaces comes from the study of closure
operators on the category Unif of uniform spaces (in the sense of [DT] or §13).
In fact if f: X — R is WUA, then f is totally continuous, i.e. it is continuous
not only with respect to the Kuratowski closure operator, but also with respect
to any closure operator of Unif ([DP]).

A crucial tool in the study of UA and WU A spaces, is a quite general
topological result (Theorem 8.1) which can be of independent interest. When
applied to R it implies for example that there is a subset M of R, such that
if R — R is a non-constant continuous function with g(M) C M, then
g coincides with the identity function on an open interval and it is constant
outside. Moreover, under the continuum hypothesis, there exists M C R™, such
that if f,g € C(R",R) are non-constant on any open set and g(M) C f(M),
then f = g.

The study of UA and WU A subsets of R™ is considerably more complicated
than the study of the corresponding subsets of R. We give some examples
and results in §10 which should convey some idea of the difficulties involved.
Further results in this direction will be given in a forthcoming paper with J.
Pelant [BDP]. A list of open question is given in §14.

2 Definitions and preliminary results

Given a uniform space X we denote by C(X) the set of continuous functions
f: X — R. We use the abbreviation “f is u.c.” for “f is uniformly continuous”.
We will make frequent use of Katétov’s theorem: if X is a uniform space, F' is a
closed subset of X, and [a, b] is a compact interval of R, then any u.c. function



f:F — [a,b] can be extended to a u.c. function f: X — [a,b] (see [P]).
Definition 2.1 Let X be a uniform space. We say that a map f: X — R is:

1. uniformly approachable (briefly, U A-function) if for each compact subset
K of X and for each M C X there is a uniformly continuous function
g : X = R such that g(z) = f(x) for each x € K and g(M) C f(M). In
this case we say that g is a (K, M)-approzimation of f.

2. weakly uniformly approachable (briefly, WU A-function) if for each x € X
and for each M C X there is a uniformly continuous function g : X - R
such that g(z) = f(x) and g(M) C f(M). In this case we say that g is a
(z, M)-approzimation of f.

We give several trivial properties of these two notions which show that they
should be considered as a special kind of continuity placed between the usual
continuity and the uniform one.

Fact 2.2 ([DP]) If f is WU A, then f is continuous.

Proof. Let f : X — R be a WUA map. To show that f is continuous
take M C X. For x € M, one may choose a u.c. function g : X — R with
g(z) = f(z) and g(M) C f(M). Since g is continuous, one has f(z) = g(z) €

g(M) C g(M) C f(M). Therefore f(M) C f(M). This proves that f is
continuous. QED

Proposition 2.3 Let f € C(X). We have:

1. Bvery (K, M \ K)-approzimation is also a (K, M)-approximation, hence
it suffices to check the existence of (K, M)-approximations for disjoint K
and M.

2. If KNM =0, then f has a (K, M)-approzimation. Hence it suffices to
check the ezistence of (K, M)-approzimations for disjoint K and M with
KNnM#0.

3. If f(z) € f(M) (in particular, if © € M) then f has a (x,M)-
approzrimation.

Proof. 1. is clear.

2. Suppose K N M = (). If M # 0 take any point m € M and set g;(M) =
f(m), g1(x) = f(z) for each z € K. The function g; : K UM — R is uniformly
continuous. Now Katétov’s theorem allows us to extend g; to a u.c. function
g : X = R which is obviously a (K, M)-approximation of f. If M = () apply
Katétov’s theorem to f|x.



3. Assume that f(z) € f(M). Then the constant function g = f(z) is an
(z, M)-approximation of f. QED

Now we recall the following well-known notion: a uniform space X is a
UC space (also Atsuji space) if every continuous function X — R is uniformly
continuous (see [A1] and [A2] for various characterizations of these spaces'). In
analogy with UC' spaces we introduce the following generalizations.

Definition 2.4 A uniform space X is:

1. a UA space if each continuous function f: X — R is uniformly approach-
able.

2. a WUA space if each continuous function f: X — R is weakly uniformly
approachable.

Clearly every compact space is UA (and a fortiori WU A). Using Part 1
of Proposition 2.3 it is easy to see that each discrete metric space X is UA,
while it is UC iff it is uniformly discrete. This first example shows that our
generalizations of UC spaces behave differently from UC spaces even in the
simplest case of discrete spaces. We will see below that this distinction remains
present also with respect to completeness (UC spaces are complete, while U A
need not be complete) and other properties. The following problem set in [DP)]
will be one of the main objectives of this paper:

Characterize the (metric) UA (WUA) functions and spaces.

Actually in [DP] only WU A spaces are considered (there called UA). A
useful test to prove that a space X is not UA (WU A), is given by the next
lemma.

Lemma 2.5 If X is UA (WUA) then any closed subset of X is UA (resp.
WUA).

Proof. Let F be a closed subset of X. Then any continuous function on F'
can be extended to a continuous function on X. QED

It is natural to call a uniform space X such that every point of X has a
UA (WUA) neighborhood locally UA (resp. locally WUA). Then every point of
such a space has a base of UA (resp. WUA) neighborhoods according to Lemma,
2.5. Example 3.3 points out that neither UA nor WU A are local properties, by
showing that a locally compact space need not be even WU A.

1A metric space X is UC if the set X’ of non-isolated points of X is compact and for each
€ > 0 the set D. = {z € X : d(z, X") > €} is uniformly discrete (i.e. the distances d(z,y), for
z # y in D., have a positive lower bound).



3 First examples

We will show that R is UA while R? is not. A uniform space X is uniformly-
connected if every uniformly continuous function of X into the discrete space
{0,1} is constant.

Lemma 3.1 A uniformly connected U A space is necessarily connected.

Proof. Assume X is a UA space and X = A; U A, is a partition of X into
non-empty closed disjoint sets. Let f: X — {0,1} be the characteristic function
of the set A;. Then f is continuous. Fix any a; € Ai, as € As and set K =
{a1,a2}. Take a (K, X)-approximation g of f. Then g : X — {0,1} is a non-
constant uniformly continuous function, hence X is not uniformly connected.
QED

Corollary 3.2 If a uniform space X contains a closed subspace which is uni-
formly connected and not connected, then X is not UA.

Example 3.3 The following subspaces of R? are not U A:
e The circle minus a finite non-empty set of points.

e The metric subspace X of R? consisting of the two hyperbolas zy = 1,
zy=2andz >0,y >0.

By Example 3.3 R? is not UA since it has X as a closed subspace.
M. Burke proved the following stronger result.

Fact 3.4 ([B1]) R? is not a WU A space since the multiplication m(z,y) = zy
is not WUA. This is witnessed by the subset M = {(z,y) € R? : 0 < z,y <
o0, (zy) ' € N} and the point (0,0) € R™.

Burke’s proof that R2 is not WU A will be generalized in Section 6 to yield
a result about arbitrary uniform spaces. It can be shown that the spaces in
Example 3.3 are not even WU A (see Proposition 10.1). This yields another
proof that R? is not WU A.

Proposition 3.5 R with the uniformity induced by the usual metric is UA.

Proof. Let f: R — R be a continuous function. Let K C R be a compact set
and let M C R be an arbitrary subset. Then K is contained in some interval
[a,b]. If the set (—oo,a) N M is non-empty, let a’ be an element of this set.
Otherwise let @’ be an arbitrary real < a. Analogously, if the set (b,00) N M
is non-empty, let b’ be an element of this set, otherwise let ¥’ be an arbitrary
real > b. Now define g(z) = f(z) for z € [a',V'], g(2) = f(a') for z < o' and



g(z) = f(') for z > b'. Then g is uniformly continuous, coincides with f on K,
and satisfies g(M) C f(M). QED

Actually one can prove a stronger result by characterizing the UA metrics
compatible with the euclidean topology of R (see Theorem 9.1).

4 Truncations

The function g used in the proof of Proposition 3.5 turns out to be of great
importance in our study of uniform approximation. This is why we give the
following more general definition.

Definition 4.1 1. Let X be a topological space and let f, g € C(X). We say
that g is a truncation of f if g is constant on each connected component

of {z | f(x) # g(x)}.

2. Let a,b € [—00,+00] be two extended real numbers. We say that g is a
(a, b)-truncation of f, if g(z) = f(x) when a < f(z) < b, g(x) = a when
f(z) < a, and g(x) = b when f(z) > b.

Clearly every (a,b)-truncation is a truncation. We denote by 745 the (a,b)-
truncation of the identity of R and by f, 5 the (unique) (a,b)-truncation of f.

(Obviously, fop =repo f.)

Example 4.2 Let f be a strictly increasing continuous function on R. Then
every truncation of f is an (a, b)-truncation (for some a,b € [—o00, 0]).

Thus the truncations of the strictly increasing continuous functions on R
can be classified by giving two extended real numbers a,b € [—00, +00]. On the
other hand the sin function has truncations which are not of the above form.

Note that if g is a truncation of f and U is a connected component of
O ={z | f(z) # g(x)}, then g is constant on the closure of ¢ and coincides
with f on OU. If moreover g is uniformly continuous, then g is constant on the
uniformly connected components of O.

The characterization of the truncations of the strictly increasing functions
on R (Example 4.2) can be extended as follows.

Definition 4.3 (Pseudo-monotone functions) Let X be a topological space.
We say that f € C(X) is pseudo-monotone, if for every real number c, the sets
{z | f(z) > c} and {z | f(z) < ¢} are connected.

Lemma 4.4 If f € C(X) is pseudo-monotone, then the only truncations of f
are (a, b)-truncations for some a,b € [—00, +00].



Proof. Let g be a truncation of f and let O = {z | f(z) # g(z)}. O is the
union of two disjoint open sets O~ = {z | f(z) < g(z)} and OF = {z | f(z) >
g(z)}. We claim that OF and O~ are (empty or) connected. Granted this g
is constant on O~ and Ot and therefore it is of the desired form. To prove
the claim suppose for a contradiction that one of O~ and O, say OT, is not
connected, and let I; and U, be distinct connected components of OF. It follows
that ¢, and U, are also connected components of O. Since g is a truncation
of f, there are constants ¢; and cs such that ¢ = ¢; on UY; and g = f = ¢; on
oU; (i = 1,2). Without loss of generality suppose that ¢; < ¢; and let [f > ¢]
be the open set {z | f(z) > ¢1}. Since [f > c1]N AUy = 0, [f > c1] can be
written as ([f > ¢;]NUy) U ([f > e1]N X \Us)- The first member of this union
coincides with U; and therefore is a non-empty open set. The second one is
an open set containing Us, and therefore it is also a non-empty open set. It
follows that [f > ¢1] is not connected, contradicting the hypothesis that f is
pseudo-monotone. QED

5 Perfect functions on R"™ are UA

A continuous map f : X — Y between topological spaces is called perfect if it
sends closed sets to closed sets and inverse images of points of Y are compact
subsets of X. Then also inverse images of compact sets are compact (cf. [E,
P3.X]). It is easy to see that in case Y is locally compact, a continuous map
[+ X =Y is perfect iff the inverse image under f of every compact subset of Y
is a compact subset of X. In the sequel we consider perfect functions f: X — R.

It is easy to find perfect continuous functions which are not uniformly con-
tinuous. For example take for n > 1 and X = R" the function f defined by
flx1,.yxy) = ala:'fl + ..+ anx’ﬁb", where each a; is a positive real number and
each k; is an even natural number.

Lemma 5.1 If f:R™ — R is perfect, then every (a,b)-truncation fop of f with
a,b € R (i.e. witha # —oo and b # +00) is uniformly continuous.

Proof. Assume g = f, is not uniformly continuous. Then a # b and there
exist € > 0 and two sequences {z,, } and {yn,} in R™ such that

d(&m;ym) <1/m and |f(@m) = f(ym)| 2 €. (1)

By the continuity of f neither of the sequences has a convergent subsequence.
Since the closure K of the open set g~'(a,b) = f~'(a,b) is compact, it follows
that only finitely many points z,, and y,, belong to K. By the definition of g
this means that for all but finitely many m’s, g(z,,) and g(y,,) belong to {a,b}.
By (1) we can assume that {g(zm),9(ym)} = {a,b}. Let C,, be the segment
[Zm,Ym] in R™. Then there exists a point z,, € Cy, such that g(z,,) = (a+b)/2.



Since K1 = f~!((a + b)/2) is compact and f(zm) = g(zm) € K1, we can find
a converging subsequence of {z,,}. This will produce a converging subsequence
of {zmn} (and {ym}), a contradiction. QED

Theorem 5.2 FEvery perfect continuous function f:R™ — R is UA.

Proof. Fix K C R"™ compact, and M C R™. Let a,b € R be such that
f(K) C[a,b]. If possible choose a and b in f(M), namely choose a,b € R such
that f(K) C [a,b] and:

i) either a € f(M) or there are no points of f(M) smaller than a;

ii) either b € f(M) or there are no points of f(M) greater than b.

Let g = fa. Clearly gjx = fix. By our choice of a and b, g(M) C f(M).
By Lemma 5.1, g is uniformly continuous. QED

Remark 5.3 The proof of Theorem 5.2 works in a much more general situation,
for example with R™ substituted by any metric space X with “short connecting
sets” - this means that for every pair of points x,y we can choose a connected
set A(z,y) containing z and y in such a way that the diameter of A(z,y) con-
verges to 0 as d(z,y) goes to 0. Note that there are connected and locally
arcwise connected metric spaces X for which Theorem 5.2 fails, for instance the
circle minus one point. So the assumption of having “short connecting sets” is
necessary.

Theorem 5.2 does not not permit the approximation of bounded functions.
Actually, if a bounded function f is perfect, then its domain is compact, so f
is uniformly continuous. To give the reader a feeling of the properties of UA
functions, we characterize the UA quadratic forms.

Lemma 5.4 Let f(z,y) = ax® + bxy + cy?, a,b,c € R, be a quadratic form in
R2. Then the following are equivalent:

a) f:R? = R is UA;
b) f:R2 > R is WUA;
c) A =b% —4ac<0.

Proof. a) — b) is obvious. To prove the implication b) — ¢) assume that
A > 0. Then f factorizes in distinct linear factors and after an appropriate
linear substitution one can assume that f(z,y) = zy. Now f is not UA by
Example 3.4.



To prove the last implication ¢) — a) assume that A = b?> — 4ac < 0. Then
after an appropriate linear substitution one can assume that either f(z,y) = z2
or f(z,y) = 2 + y?. In the first case f is UA as a function depending on only
one of the variables. In the second case the function is perfect, so we can apply
Theorem 5.2 to conclude that f is UA. QED

Corollary 5.5 A quadratic form f is UA if and only if every (a,b)-truncation
of f, with a,b € R, is uniformly continuous.

Proof. After a suitable linear transformation 7: R? — R? we can reduce to
the case in which f is either of the form zy, or 22 +%2, or 22 (we use the fact that
(foT)ep = fapoT). Clearly (z* +y*)q, and (z%),,, are uniformly continuous
for every a,b € R. On the other hand (2y)o,1 is not uniformly continuous. QED

One can use Lemma 5.4 to show that the sum of two U A functions (quadratic
forms) need not be even WU A: just take fi(z,y) = 2% and fa(x,y) = —y>. Note
that fi is UA although it is neither perfect nor uniformly continuous (indeed,
the sum of a UA and a u.c. function is always UA). We also obtain fur-
ther examples of non-perfect U A functions which are not uniformly continuous:
flxy,...,x,) = alx’fl + ...+ amakm for 1 < m < n, positive real numbers a;,
and even natural numbers k;.

6 Spaces containing pseudo-hyperbolas are not
WUA

Lemma 2.5 tells us that to show that a uniform space X is not UA (WU A), it
suffices to find a closed subspace which is not UA (resp. WU A). For instance
in the case of R? one can take as a closed subspace the union of the z-axis, the
y-axis, and the family of hyperbolas H,, = {(z,y) € R? | zy = 1/n} for n € N.
This example can be generalized as follows.

Definition 6.1 Let X be a uniform space. A family of pseudo-hyperbolas in X
is given by a countable family {H,} of disjoint subsets of X such that for every
n € N:

1. H, is closed and uniformly connected;

2. H, U H,,; is uniformly connected;

w

. the set H = J,, Hy is not closed in X.

=~



Example 6.2 A family of pseudo-hyperbolas in R? is given by the sets H,, =
{(z,y) | (zy)~" =n}.

Theorem 6.3 If a normal uniform space X has a family of pseudo-hyperbolas,
then X is not WUA.

Proof. Let the family of pseudo-hyperbolas be given by the closed sets
H, C X. Let H =J,, H,. Fix a point p € H\ H. Define f: H — [0,1] as
follows:

a) The restriction of f to Hy, is the constant function 1/n;
b) For z € H\ H, f(z) = 0.

We claim that f is continuous on H. We first show that f is continuous at
every point x € H,,. To this aim it suffices to find a neighborhood of z where
f is constant. Since H, NU,,s, Hm = 0, there is a neighborhood of z not

intersecting Um>n H,,. Moreover since each H,, is closed and the H,,’s are
disjoint, there is a neighborhood of z not intersecting the closed set Ho U H; U
...UH,_1. On the intersection of the two neighborhoods f is the constant 1/n.

It remains to show that f is continuous at every point € H\H. Let m € N.
Then F' = J,,,, Hn is closed and z ¢ F. Hence there exists a neighborhood U
of  missing F. Obviously |f(u)| < 1/m for each u € U. Hence f is continuous
at x.

Since X is normal and H is closed, we can extend f to a continuous function
f: X —[0,1]. Suppose for a contradiction that X is U A and let g be a uniformly
continuous function on X such that g(p) = f(p) = 0 and g(H) C f(H). Since
H, is uniformly connected, g(H,) is uniformly connected. On the other hand,
9(Hp,) C f(H) = {1/n | n € N}. Thus g(H,) is a singleton, hence g is
constant on H,,. Now since H,UH,,; is uniformly connected and g is uniformly
continuous, g is constant on the whole of H. It follows that g is constant on
H and therefore g = 0 on H (as g(p) = f(p) = 0). Thus g(H) € f(H) since
0€g(H)and 0 ¢ f(H). Contradiction. QED

7 Subsets of R

We know that R itselfis U A. It follows from Lemma 2.5 that any closed subset of
R is U A. However many subsets of R contain pseudo-hyperbolas and therefore
are not even WU A (by Theorem 6.3). We will show that pseudo-hyperbolas are
sufficient to characterize the WU A subsets of R.

Lemma 7.1 Let X be a subset of R with the uniformity induced by the usual
metric and let x belong to the interior of X. Then for every M C X and every
f € C(X) there exists a (x, M)-approzimation of f.
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Proof. First note that it suffices to find an (z, M N [z, +00))-approximation
of f* = fixn[z,+00) and an (z, M N(—00, z])-approximation of f~ = fix(—cc,z]s
for then we can glue together the two approximations. Without loss of generality
we consider fT. By Proposition 2.3 we can assume that z ¢ M and z €
M N [z,+00). Hence there exists m € M such that z < m and [z,m] C X (as x
is in the interior of X). Define g: [z, +00) — R by setting g = f on [z, m] and
g(t) = f(m) for t > m. Then g is an (z, M N [z, +00))-approximation of f+.
QED

Corollary 7.2 Every open subset of R is WUA.

Example 7.3 The space X = R\ {0} is WU A, but not UA. In fact, being
uniformly connected and not connected, X cannot be UA by Lemma 3.1. By
Corollary 7.2 X is WU A as it is an open subset of R. More generally, one can
show that an open subset of R is UA iff it is regular open (i. e. coincides with
the interior of its closure).

We come now to a characterization of the WU A subspaces of R.

Theorem 7.4 For a subspace X of R the following are equivalent:

a) X is WUA;

b) X does not contain pseudo-hyperbolas;

¢) for every interval A of R such that X N A is dense in A, X N A is an
open subset of A.

Proof. a) — b) is done in Theorem 6.3.

b) — ¢). Suppose that X is dense in the interval A and X N A is not open
in A. Then there is a point p € X N A and a converging sequence z,, — p
with =, € A\ X. By taking a subsequence we can assume that z,, is strictly
increasing or strictly decreasing. Suppose without loss of generality that x,, is
strictly increasing, i.e. £, < Zny1. Let H, = X N(zy, Tpy1). Then the sets H,
constitute a system of pseudo-hyperbolas. So X is not WUA.

¢) — a). Assume that for every open interval A of R such that X N A is
dense in A, X N'A is an open subset of A. Let f: X — R be a continuous
function, z € X and M C X. To get an (x, M )-approximation of f it suffices to
find an (z, M N [z, +00))-approximation of f restricted to X N [z, +00) and an
(z, M N (—o0, z])-approximation of f restricted to X N [(—oo,z]. Without loss
of generality we consider f|xn[z,4o00)-

By Proposition 2.3 we can assume z ¢ M and z € M N[M, +00). If there is
an interval [z,b) entirely contained in X, we argue as in Lemma 7.1. So we can
assume that there is no such an interval. But then by our assumptions on X,
it follows that X is not dense in [z,b) N X for every b > z. Hence there exists
a decreasing converging sequence a, — z in R such that for each n, a, has a
neighborhood disjoint from X. Since x € M N [z, +00), there exists a sequence

11



up € f(MN[z,+00)) converging to f(z). Define g: X N[z, 4+00) — R as a step-
wise function which assumes the constant value u,+1 on X N[any1,ay,], assumes
the value ug on X N[ag, +00), and coincides with f at z. Then g(z) = f(z) and
g(M N [z,+00)) C f(M N[z,+0)). To prove that g is u.c. it suffices to note
that g is continuous at z and uniformly continuous on [c, +o0) for any ¢ > z.
QED

The above characterization of WU A subsets of R provides the following
“local” criterion (which fails for subsets of R?).

Corollary 7.5 Let X be a subset of R. Then the following are equivalent:
1. X is WUA;
2. X is locally WU A.

Example 7.6 The rational numbers form a non-WU A space according to The-
orem 7.4. An example of a continuous function f:Q — R which cannot be
approximated by a uniformly continuous function can be given as follows. Con-
sider an increasing sequence of irrational numbers a,, converging to 0. Define
f:Q—=Rby: f(z) =1/nif a, < < anyt1, f(z) = 0 on the remaining rational
numbers.

By Corollary 7.5 locally compact subsets of R are WU A. As the following
example shows the converse is not true (for the set X). It also shows that the
property WU A may be destroyed by adding only a single point.

Example 7.7 For n € N set A, = (1/(n + 1),1/n), ¥ = US2,Asp, Z =
U Ay and X = {0} UY. Then: i) Z is WUA but not UA, while {0} U Z is
not WUA, ii) X and Y are UA.

Proof. i) follows from Corollary 7.2 and Lemma 3.1 since Z is uniformly
connected, but not connected.

ii) To check that X is UA let f € C(X) and take a compact subset K of
X and ) # M C X. Then for each n K,, = K N A,y, is a compact subset of
As,. It is not restrictive to assume that 0 € K. For each n there exist reals
1/2n 4+ 1) < ap < b, < 1/(2n) such that K,, C [an,bn]. As next step we
“enlarge” each compact K, to a compact interval [a], b],] C Aay, containing the
interval [an, b,] and having the property that either a}, € M or a], = a,, and
(1/(2n+1),a,)N M = (. Define b}, analogously. Define g to agree with f on the
set {0} U U olal, by, 9(2) = f(a,) for each z € (1/(2n + 1), al], 9(2) = £(b),)
for each z € [b],,1/(2n)) and let g be linear in the intervals [a),, a,] and [by, b},].
It is easy to see that the restriction of the function g on the compact set
X' ={0}ulU,_,la,,bl,] is continuous, so u.c. Elsewhere the function is locally
constant, so that again the restriction on X \ X’ is u.c. Since the sequence of
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these constants converges to f(0) it is easy to conclude that g is the desired
approximation.

It is much easier to see that Y is UA. In fact, fix f € C(Y)and M CY. Now
each compact K C Y meets only finitely many intervals A,,. On these intervals
we carry out the same construction as in the case of X. On the remaining
intervals we let g assume a constant value in f(M). QED

8 The magic set

We prove a topological result which can be used to show that many subsets of
R? are not UA (actually not even WU A). Our result applies to any separable
topological space. We recall that the fibers of a function f: X — Y are the
counterimages f~1(y) of the points y € Y.

Theorem 8.1 Let X be a separable topological space. Then there is a set M C
X such that for every f,g € C(X), if f has countable fibers and g(M) C f(M),
then g is a truncation of f. Moreover if H is a countable subset of X, we can
choose M so that M N H = (.

Proof. Let C be the set of all pairs of continuous functions (f,g) € C(X) x
C(X) such that f has countable fibers and g is not a truncation of f. Since X
is separable, C has cardinality 2%0. Thus we can write C = {(fa,9a) | @ < 2%0}.
We must prove that there is M C X such that for every (f,g) € C, g(M) €
f(M). We construct M C X by stages. At stage a < 2% we will put a new
element m, in M. The idea is that at stage a we want to “kill” (fs,ga). The
definition of m, € X is done by transfinite induction on a < 2%°. Suppose
that for each 8 < a we have already defined mg € X. We need to define my,.
Consider the function g, of our enumeration. Since g, is not a truncation of
fa, there is a connected component Uy of {z | fo(z) # ga(z)}, such that g,
is non-constant on U,. The image go(Uy) is a non-trivial connected set of R,
so it has the cardinality of the continuum. Choose m, so that the following
conditions hold:

o my €U, 1a
° mo ¢ H (2)a
o ma & U, <o fy ' (97(my)) (3)a
* ga(ma) ¢ Uycq fa(my) 4)a

Note that m, exists as desired because: i) [Uy| > 280, ii) |H| < No, iii) the
set on the RHS of (3) has cardinality < 2% (since f, has countable fibers), iv)
|90 (Us)| > 280 (as it is a non-trivial connected subset of R).
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Let M = {m, | @ < 2%}. It is clear that M N H = (). To finish the proof it
suffices to show that go(mq) ¢ fo(M). Suppose for a contradiction that:

ga(ma) = fa(mv) (2)

There are three cases:

Case 1. Suppose a = 7. Then go(mqy) = fa(mea) contradicting mq € Uy,.
Case 2. Suppose a < 7. By (2), m, € fy'ga(ma), contradicting (3)..
Case 3. Suppose a > 7. By (2), go(ma) = fa(m,), contradicting (4),.
QED

We call the set M of Theorem 8.1 a magic set. We give now an application
to the study of U A spaces.

Corollary 8.2 Let X be a separable uniform space and suppose that there ex-
ists K C X compact and f € C(X) such that f has no uniformly continuous
truncations g which agree with f on K. Then X is not UA.

Proof. Fix a magic set M C X. If X is UA, then it has a (K, M)-
approximation g. Then g is a u.c. truncation of f which agrees with f on
K. QED

The set H in Theorem 8.1 is needed to give the following application to
WU A spaces.

Corollary 8.3 Let X be a separable uniform space and suppose that there ex-
ists f € C(X) with countable fibers without non-constant uniformly continuous
truncations. Then X is not WUA.

Proof. Let f € C(X) be as stated in the hypothesis. Let o € X, let
yo = f(zo), and let H = f~!(yo). By Theorem 8.1 there exists a set M C X
such that M NH = () and such that every function g € C(X) with g(M) C f(M)
is a truncation of f. Since M NH = 0, yo ¢ f(M). It follows that there
cannot be a ({zo}, M)-approximation of f. In fact suppose that g is such an
approximation. Then g is a uniformly continuous truncation of f, hence it is
constant. But since g(zo) = f(xo) = yo, g must be the constant function with
value yo. This is absurd since g(M) C f(M) and yo ¢ f(M). QED

Remark 8.4 Note that many spaces do not admit continuous functions with
countable fibers, but we can still apply the above result by considering instead
of the space itself a suitable closed subspace admitting such functions (in fact
if a closed subspace is not WU A, then the space itself is not WU A). Note also
that in the above corollary we have actually proved a stronger result: not only
X isnot WU A, but f does not admit (z, M)-approximations for every x € X.
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Assuming the continuum hypothesis CH, a slight modification of the proof
of Theorem 8.1 yields the following result.

Theorem 8.5 (CH) Let X be a separable Baire space (e.g. X = R"™). Then
there is a set M C X such that for every f,g € C(X) non constant on each
open set, if g(M) C f(M), then f = g.

Proof. Let C = {(fa,9a) | @ < 2%} be the set of all pairs of continuous
functions (f,g) € C(X) x C(X) such that f and g have nowhere dense fibers
and f #g. Let Uy = {z € X | fo(z) # ga(z)}. Since g, has nowhere dense
fibers, g, is non-constant on U,. Now define M = {m, | a < 2%} in such a
way that m,, satisfies the clauses (1), (3), and (4), of Theorem 8.1. m,, exists
as desired since in a Baire space the union of countably many nowhere dense
sets has empty interior. QED

The continuum hypothesis is not needed if we assume that f and g have
countable fibers. So we have:

Proposition 8.6 Let X be a separable locally connected Tychonoff space with-
out isolated points. Then there is a set M C X such that for every f,g € C(X)
with countable fibers, if g(M) C f(M), then f = g.

The proof is a trivial modification of the previous one. The assumption
that X is a locally connected Tychonoff space is only needed to ensure that the
non-empty open sets have cardinality > 2%°.

Example 8.7 There exists M C R such that if g € C(R) has countable fibers
and g(M) C M, then g is the identity.

Note that in Example 8.7 M must be dense in R. Also note that one cannot
take for M the rational or the irrational numbers (for g(z) = |z|).

9 R with other metrics

Theorem 9.1 Let d be a metric on R compatible with the euclidean topology
of R. Then the following are equivalent:

1. (R,d) is not UA;
2. (R,d) is not WUA;
3. Hap} = —o0, H{yn} = +oo with d(zy,yn) — 0.
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Proof. 2 — 1 is obvious.

To prove 3 — 2set X = {z, : n € N} and Y = {y, : n € N}. It is not
restrictive to assume that X and Y are disjoint and all points of X are on the
left of Y. Define the function f: X UY — R, by setting f(conv(X)) =0 (conv
denotes the convex hull), f(conv(Y)) = 1 and linear otherwise. Now f has no
uniformly continuous truncations beyond the constant ones, so f is not WU A.

1 —3. It suffices to see that if 3 fails then X is UA. In fact, let f:R — R,
n € N and M C R. To find an ([—n,n], M)-approximation of f choose a,b € R
such that a < —n, n < b and such that: i) either a € f(M) or there are no
points of f(M) smaller than a; ii) either b € f(M) or there are no points of
f(M) greater than b. Define g to be the truncation of f which agrees with f
on [a,b]. Then g is constant on (—oc,a] and on [b,+00). If g were u.c., then
g would an ([a,b], M)-approximation of f. If g were not u.c., then obviously
f(a) # f(b). Then for some € > 0 I{z,}, I{yn} with d(zn,y,) — 0 and

l9(zn) — g(yn)| 2 & 3)

By the continuity of g no subsequence of these sequences is convergent. Thus
every compact interval contains only finitely many of these points. Taking
subsequences we may assume that both sequences diverge to —oc or +00. By
(3) one of them diverges to +oco and the other - to —oo. This shows that 3
holds, contrary to our assumption. QED

Corollary 9.2 R has one metric for which it is UA (the usual one), and one
metric for which it is not even WU A (the one induced by a homeomorphism of
R with the unit circle minus one point).

The proof of Theorem 9.1 works also for uniformities &/ compatible with the
euclidean topology of R. Then clause 3 becomes: for each entourage U € U and
each natural n there exist < —n and y > n with (z,y) € U.

10 Subsets of R"

We have seen that a subset of R is WU A iff it has no pseudo-hyperbolas. This
fails for subsets of R? as the following proposition shows.

Proposition 10.1 The following subspaces of R? are not WU A (and yet they
do not have pseudo-hyperbolas).

1. The space X1 consisting of the unit circle minus a non-empty finite set of
points.

2. The space Xy consisting of the union of the two hyperbolas xy = 1 and
zy =2 with ¢,y > 0.
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3. The space X3 = Ladder A depicted in Figure 1.

Proof. We leave to the reader the easy verification that X7, X» and X3 have
no pseudo-hyperbolas. To prove that they are not WU A we apply Theorem
8.3. So we must find, on each of the above spaces, a continuous function with
countable fibers and without non-constant uniformly continuous truncations.

1) We can identify X as a cofinite subset of the set of complex numbers e
with 0 < 8 < 27. Define f: X; — R by f(e?) = 6. Then f is as desired.

2) Define f: Xo — R as follows. If zy = 1 set f(z,y) = e®. If zy = 2 set
f(z,y) = —e~*. This works.

3) Define f: X3 — R as follows. First identify X3 as the subspace of R2
consisting of the union of the two vertical axes x = 0 and x = 1, together with
the horizontal segments I,, = {(z,n) € R? | 0 < z < 1} (n € N). Define
f0,y) = ¢e¥, f(1,y) = —e Y. This defines f on the two axes of the ladder.
On each horizontal segment I,,, f is linear. This defines uniquely f since we
have already defined f on the extrema of the horizontal segments I, (since they
lie on the axes). f is pseudo-monotone, so each truncation of f is an (a,b)-
truncation. It is easy to verify that any non-constant such truncation is not
uniformly continuous. Since f has countable fibers, Theorem 8.3 applied and
X; is not WUA. QED

i0

Ladder A Ladder B Ladder C
non-WUA UA UA

Figure 1: Three subsets of R?
(The pictures are meant to be infinitely prolonged upwards)

Corollary 10.2 There are closed subsets of R? which are not WU A and yet
have no pseudo-hyperbolas.
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Proof. Take the spaces X» and X3 of the previous proposition. QED

Remark 10.3 We have so far four criteria for showing that a uniform space X
is not U A:

1. X has a closed subset which is uniformly connected and not connected.

2. X has a family of pseudo-hyperbolas (this entails that X is not even
WUA).

3. X has a separable closed subspace Y and a function f € C(Y) with
fibers of cardinality < Ny and without non-constant uniformly continuous
truncations (this entails that X is not even WU A).

4. X has a compact subspace K C X and a function f € C(X) such that f
has no uniformly continuous truncations g which agree with f on K.

For separable spaces the last two criteria are stronger. Criterion 1 suffices
for showing that the spaces X; and X» of Proposition 10.1 are not UA. The
space X3 = ladder A is an example in which criteria 1) and 2) fail, and we do
need the third criterion. Another interesting property of the space X3 is that it
is not UA under every metric compatible with its topology (see [BDP]). This
can be used to show that any non-compact metrizable manifold of dimension
> 1 is not UA since it has a closed subspace homeomorphic to ladder A (see
[BDP]). The reader may easily check (applying Remark 5.3) that every perfect
function of X3 is UA, while X; and X» do not have this property.

In Section 11 we will show that the spaces ladder B and ladder C of Figure
1 are UA.

11 Unions of UA spaces

The property of being U A is not preserved under the taking of subspaces and
continuous images. On the other hand the next theorem shows that U A spaces
behave well under “gluing” along a compact set, provided we make the gluing
in a careful manner. We do not know whether a similar result holds for WU A
spaces even if we glue along a single point.

Theorem 11.1 Let X be a uniform space which can be written as X = X7 UX>s
where X1 and X5 are UA. Suppose that:

1. X1 N X5 is compact;

2. if g1: X1 = R and g2: Xo = R are uniformly continuous functions which
agree on the common domain, then their union is uniformly continuous.
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Then X is UA.

Proof. Let K C X be compact and let M C X. Given f € C(X) we
want to find a (K, M)-approximation g of f. Let M; = M N X; and K; =
(KNX;)U(X1NXy) (. =1,2). Note that K; is compact. In X; there exists a
(K, M;)-approximation g; of fx,. Then g = g; Ugs is a (K, M)-approximation
of f. QED

The above theorem says that the pushout (in the category of uniform spaces)
of two U A spaces along a compact space is U A. Tt can be shown that we cannot
weaken the condition that X; N Xs is compact, to the condition that X; N X,
is UA. In fact the ladder space (Example 10) is not U A and yet it is the union
of two U A spaces whose intersection is a uniformly discrete subspace.

Question 11.2 Under which conditions a countable union of compact sets is
UA?

In the metric case Theorem 11.4 gives a sufficient condition.
Definition 11.3 Define Osc(g) = SuP,cdom(y) 9(2) — infzcdom(q) 9(2)-

Theorem 11.4 Let X = (X,d) be a metric space which can be written as a
countable union X = ;o Xi of compact set X,,. Suppose that:

1. for all n the set X,, intersects Xp4+1 in exactly one point, and does not
intersect X,,, form >mn +1;

2. for alln € N, U;s,, Xi is a closed subset of X.
Then X is UA.

Proof. Let f € C(X), let K be a compact subset of X and let M be an
arbitrary subset of X. We must find a uniformly continuous function g: X —+ R
such that g = f on K, and g(M) C f(M). From hypothesis 1. it follows:

Claim: Ifg: X — R is a continuous function which is uniformly continuous
on J;s,, Xi for some n, then g is uniformly continuous on the whole of X.

Claim: If ¢: X — R is a continuous function with the property that
Osc(g)x,,) < 1/2™ for every sufficiently large n, then g is uniformly continu-
ous.

Claim:  Any compact subset of X = |J, X; is contained in the union of
finitely many X;’s.

We leave the verification of the above claims to the reader. Going back to
the proof let p, € X be such that X,_1 N X,, = {p,} (n > 0). Since K is
compact there exists ng > 0 such that K C XoUX;U...UX,,. We can assume
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that K is disjoint from M and intersects the closure of M. We consider the
following cases:

Case 1. If for some n > ng, f(pn) € f(M), we define : X - Rby: g=f
on XoUX; U...UX, and g is the constant f(p,) on the rest of X. Then g is
as desired.

(From now on we assume that for every n > ng f(pn) ¢ f(M). Under this
assumption we distinguish the following cases:

Case 2. There exists z € f(M) and n > ng with f(p,) < z < f(pp+1) or
flpn) > 2 > f(Pn+1)- Suppose f(pn) < 2z < f(pn+1) (the other case being
similar). We define g: X — R as follows. g(z) = f(z) for z belonging to
XoU...UX,_1 and for those x € X,, with f(z) < z. In the remaining cases
g(z) = z. Clearly g is continuous and g(M) C f(M) (as z € f(M)). Since g is

constant on J;,,,,, Xi, g is uniformly continuous.

Case 3. There exists n with f(p,) # f(pn+1) but case two fails. We can
assume f(pp) < f(pny1) (the other case being similar). Choose y € f(M). Let
A=XoU..Xp1U{z € X | f(z) < flpp)} and B = ;5 XiU{z €
X | f(z) > f(pnt1)}- Then A is compact and B is a closed set at distance > 0
from A. Define g = f on A and let g assume the constant value y on B. Then g
is u.c. on AUB and therefore it can be extended to a u.c. function on the whole
of X. In the case that we are considering, M is disjoint from X \ (AU B). So
regardless of how we extend g from AU B to X, we have g(M) C f(M) (since
its restriction to A U B has this property).

Case 4. Assume JaVn > ng fp, = a. Moreover suppose that there are points
of f(M) arbitrarily close to a both greater than smaller than a. This means that
for each n € N we can find real numbers z,, < a < y,, with z,,y, € f(M) and
(yn — xn) < 1/2". Let f, be the (z,,yn)-truncation of f. Define g: X — R so
that g coincides with f on XoU...UX,, and g = f, on X, for all n > ng. g is
continuous since it is a union of continuous functions defined on the various X,,’s
which take the same value a at the points p,. Moreover since Tp,yn € f(M),
g(M) C f(M). To see that g is uniformly continuous it suffices to note that for
n >ng Osc(g x,) < 1/2™

Case 5. Assume JaVn > ng f(p,) = a and suppose that there are points of
f (M) arbitrarily close to a, but Case 4 fails. Without loss of generality suppose
that a = 0 and there is a sequence of points u, € f(M) converging to 0 from
below, but there is no such sequence converging to 0 from above. Fix n > nyg
andlet Mt ={z e MNX,| f(z) >0}andlet [f <0]={z € X,, | f(z) <0}.
From our assumptions it follows that M+ and [f < 0] are closed subsets of X, at
distance > 0. Therefore there exists a continuous function g,: X,, — [uy, 0] such
that g,(z) = max{f(z),u,} if f(z) <0 and g,(z) = u, if # € M+. Note that
all the g,’s assume the same value 0 at the points p,, so the union ¢' = |, 9n
is a continuous function. Finally define g = f on XoU...U X,, and g = ¢’ on
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Unsno Xn- g is uniformly continuous since Osc(g|x,,) < un < 1/2" for n > no.
From the definition of g it follows that the only points € X in which g(z) is
different both from f(z) and from one of the constants u, € f(M) are points
not belonging to M. It follows that g(M) C f(M).

Since the above cases exhaust all the possible cases, the proof of the theorem
is now complete. QED

Note that the hypothesis that X,, U X, 11 consists of a single point cannot
be weakened. Ladder A (Figure 1) provides an example of a non-UA space
which can be written as a countable union of compact spaces X,, with X, N
X1 consisting of two points (and all the other hypothesis of Theorem 11.4 are
satisfied).

Corollary 11.5 The spaces ladder B and ladder C of Figure 1 are UA.

A simple application of Theorems 11.1 and 11.4 gives also a new proof of
the fact that R is U A.

Proposition 11.6 Theorem 11.4 holds also if we replace compactness of X,, by
UA, asking that for each n € N the union (X1 U...UX,)UXp41 is a pushout.

Proof. The third claim in the proof of Theorem 11.4 remains true also in
this case. The other two claims work also in this more general case if we require
the continuous function g to be uniformly continuous on each X,. Now an
intermediate step has to be carried out before arguing as in the proof of Theorem
11.4: using U A-ness the function f € C(X) has to be replaced by h € C(X)
such that for each n the restriction h|x, is a (K N X,) U {pn,Pnt1}, M N X,)-
approximation of the restriction f|x,. Now the proof continues as in Theorem
11.4. QED

We do not know a characterization of the U A subsets of R. The next corol-
lary gives some partial information and allows to reduce the study of arbitrary
U A subspaces of R to UA subspaces of the compact interval [0,1]. It follows
immediately from Proposition 11.6.

Corollary 11.7 A subspace X of R is UA iff for each n € Z the subspace
XNn,n+1]is UA.

12 A new characterization of UC spaces

Let for X € Unif, Cyuo(X) (Cyua(X)) denote the set of UA (resp. WUA)
functions X — R. Since every WU A-function is continuous by Fact 2.2, we
have the following chain of inclusions

Cu(X) € Coa(X) € Cuna(X) € C(X). (4)
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Proposition 5.2 shows that the gap between C,(R™) and C,,(R") is big
for any n > 0. We note that the inclusion (3) in (4) is an equality iff X is a
WU A space. Now Cyua(X) is as big as possible. At this point one is tempted
to try the “symmetric” property, namely the spaces X with Cy,(X) = Cy(X),
so that now Cp.(X) is as small as possible. Evidently this occurs when X
is UC, i. e. when all inclusions in (4) become equalities. Surprisingly, it can
be shown that this trivial observation can be substantially sharpened: a metric
space X is UC iff (1) is an equality (see Theorem 12.1 below). Our theorem was
stimulated by an earlier result of M. Burke [B2] where the stronger assumption
Cwua(X) = Cy(X) was used to get UC for a metric space X space. The function
f in our proof is the same as in [B2], Theorem 6.

Theorem 12.1 A metric space X is UC iff every bounded uniformly approach-
able function is uniformly continuous, so that a space X with Cyy(X) = Cyua(X)
is necessarily a UC space.

Proof. If X is UC then obviously (1) is an equality in (4). Assume X is
not UC. Then there exists a continuous non u.c. function g: X — R. Hence for
some set S = {s, : n € N} and some € > 0 we have |g(s2n) —9g(s2n+1)| > € while
d(82n, S2n+1) = 0 as n — oo. Clearly S is closed and discrete (see for example
[A1]). Hence we can choose balls U,, = B,, (s,) so that {Ba,, (s,) : n € N} is
a disjoint collection. Let U = J,, Up. Then U = J,, U.

We are going to use this data to define a UA non-uniformly-continuous
function f: X — [0, 1] as follows: fis 0 on X\UJ,, Uzn—1,forn € N f(s2p,—1) =1
and the restriction f|;—— is uniformly continuous (take for example f(z) =
(1/ron—1)(ron—1 — d(x, 52n-1)) for € Uzp_1).

Note that f is not uniformly continuous since f(s2,) =0, f(s2nt1) = 1. To
show that f is UA consider a compact set K in X and a non-void set M C X.

Case 1: KNU = 0. If f(m) = 0 for some m € M, then the constant 0
is a (K, M)-approximation of f. Otherwise M C U, so KN M = § by our
assumption. By Proposition 2.3 there exists a (K, M)-approximation of f.

Case2: KNU #0. Let N ={k € N: KN By, (s;) # 0}. Then N is finite
since K is compact. Set C' = UkeNm and note that fjougk is u.c. Moreover,
F= UkeNU_k is closed, K C X \ F and C N F = (), more precisely d(C, F) > 0.

a) If f(m) = 0 for some m € M, then let g agree with f on C and be iden-
tically 0 elsewhere. Then g is a (K, M)-approximation of f and g is uniformly
continuous.

b) If f(m) > 0 for every m € M, then

M | Usesr. 5)
kEN

Our aim is to define a u.c. function g: K U M — [0,1] which is a (K, M)-
approximation of f|. 7. Then obviously any u.c. extension g : X — [0,1] of
g, existing by Katétov’s theorem, will be a (K, M)-approximation of f.
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If MNF =0 then M C C. So it suffices to recall that g = flouk is u.
c. Suppose now that M N F # () and fix c € f(M NF). Define g: KUU —
[0,1] as follows: define g(z) = f(2) if z € KUC and g(z) = ¢ for z € F.
Since K N F = () by the choice of C, we get, in view of the compactness of
K, dKUC,F) = min{d(K, F),d(C,F)} > 0. This means that the function
g: KUCUF =KUU — [0,1] is u.c. Since M C U by (5) we are through.
QED

13 WUA-functions are totally continuous

Let Unif be the category of uniform spaces and u.c. maps. We call closure
operator on Unif a family C' = (cx) ycynif of maps

ex :2X — 2% M — ex (M)

such that for every X in Unif

i) M Ccx(M) for all M € 2%;

i) M CM' €2X = cx(M) C ex(M');

iii) f(ex(M)) C ey (f(M)) for all f: X — Y in Unif and M € 2X.

A closure operator C is additive if cx (AU B) = c¢x (A)Ucx (B) always holds
for A,B C X. The leading example is the usual Kuratowski closure operator
K, more can be found in [DT], [DTW].

Let U: Unif — Set be the usual forgetful functor. For a closure operator C
of Unif we say that the map f:U(X) — U(Y) is C-continuous, if it satisfies
iii), f is totally continuous if it is C-continuous for each closure operator C.
Obviously, totally continuous maps are continuous (being K-continuous). The
next proposition clarifies the relation between this new notion of continuity and
WUA functions. The proof is analogous to that of Fact 2.2.

Proposition 13.1 ([DP], Corollary 4.4) WUA functions are totally continuous.

Let for X € Unif, Cy(X) denote the set of totally continuous functions
f:X — R and let Cy, denote the set of all maps f: X — R which are C-
continuous w.r.t. all additive closure operators. Now we put together all we
observed on various types of continuity for real-valued functions. By Proposition
13.1, we can add two inclusions to the chain (4) to get the following longer chain
of inclusions

¢y 2 (3) (4) (8)
Cu(X) € Cua(X) € Cyna(X) C Ci(X) C Cra(X) C C(X).  (6)

The recent results from [DTW] permit to show that the inclusion (5) is
actually an equality in some cases.

23



Theorem 13.2 Let X be a metric space which is either zero-dimensional or
connected and locally arcwise connected. Then Cyo(X) = C(X).

Proof. Our proof is based on a result of [DTW]. To give it here we need the
following definitions. The discrete (trivial) closure operator D (resp. T') of Unif
is defined by setting dx (M) = M (resp. tx(M) = X) for each X € Unif and
M C X (see [DT]). It is proved in [DTW] that on a space X as in our hypothesis
K, D and T are the unique additive closure operators. Since every continuous
map is obviously C-continuous for any of K, D and T, we are through. QED

The above theorem suggests the following

Question 13.3 Is there a metric space X with Cy(X) # C(X) (resp. Cio(X) #
cx)?

14 Questions

A general question is to characterize the UA and WU A spaces and functions.
We list below more specific questions.

1. Can we prove Theorem 8.5 without the continuum hypothesis?

2. We know that if X is separable and f € C(X) is UA, then for every
compact K C X there is a u.c. truncation g of f with gjx = fix. Is this
a characterization of the U A-functions on a separable space?

3. Characterize the U A-functions f:R? — R. Do they coincide with the
functions f whose (a, b)-truncations, for a,b € R, are uniformly continu-
ous. (This is true for polynomials f:R™ — R, see [BDP]).

4. Characterize the U A subsets of R.

5. Characterize the topological spaces which admit a UA uniformity, and
those which are U A under every uniformity compatible with their topol-
ogy. Does the latter class of spaces include the UC spaces?

6. Do WU A and U A coincide for connected spaces?

7. Suppose that a uniform space X has a dense U A subspace. Does it follow
that X is UA? (This fails for WU A.)

8. Let X be the pushout of two WU A space over a single point. Is X WUA?
(This holds for UA.)

9. Suppose that every pseudo-monotone function f € C(X) is UA. Is the
space X UA?
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