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Abstract

We prove that the map A,n — A", where A is a k x k matrix with
non-negative integer coefficients is Ag definable. As a consequence
functions obtained by linear recurrence relations with non-negative in-
teger coefficients are Ay definable. These include the Fibonacci se-
quence as well as functions of polynomial growth rate. It turns out
that it is impossible to mimic the well known Ag definition of the ex-
ponential map n — 2™. A combinatorial approach based on counting
the number of solutions of linear diophantine equations is instead used.

1 Introduction

Among the fragments of Peano Arithmetic (see [K,HP] for an overview) we
can distinguish among;:

1. strong fragments: PA D I3, D I¥1 D PRA D IA¢ + exp,
2. medium fragments: TAy+ Qy D 1Ay D IEq,

3. weak fragments: 10+ normality D 10O D Robinson’s Q).

Strong fragments interpret a reasonable amount of the theory of heredi-
tarily finite sets and a large part of elementary number theory can be carried



out over these fragments. Weak fragments possess an elegant agebraic char-
acterization which links them to the theory of real closed fields [S]. Medium
fragments are the most elusive ones, due their deep connection with central
issues in computational complexity (see [Bu]). On the other hand, some
medium fragments are also of special interest in that they are the natural
framework to determine which finite combinatorial principles, formulated
as schemes for bounded formulas, are needed to prove classical theorems of
number theory (see [WI, W, PWW, BI2]). In this note we are interested in
the most typical medium fragment, IAg or “bounded arithmetic”, obtained
by restricting the induction scheme to Ay formulas.

We recall that a subset P C N¥ is Ay (definable by a A formula)
iff it can be defined using only the arithmetical operations +, -, the order
relation <, boolean connectives, and bounded quantifiers Vz < p(7) and
3z < p(7), where p is a polynomial. A function F:N*F — N is Aq iff its
graph G(F) = {(z,y) | F(z) = y} is a Ag subset of N*+1,

One is interested both in the Ay definability of functions, and in the
proof of the “relevant properties” of the functions inside the theory IA,.
When this can be done, then the function can be extended in a meaningful
way from N to an arbitrary model of IA,.

In general it can be a difficult task to prove that a given function is Ay,
not to speak of the IA( provability of its properties. For instance let:

) 0 if zis prime
F(z) = { 1 if z is composite

F is Ag because “n is prime” can be expressed using only bounded
quantifiers: Vz,y < n(x > 1Ay > 1 — n # zy). So testing for primes is
Ay. It is however an open problem [W] whether “counting the primes < n”
is Ay, namely whether the function

G(n) = TicaF (i) 1

is Ag . On the other hand, by the prime number theorem G(n) is approx-
imately equal to the Ay function given by the integer part of ﬁ. So,
by some number theoretic fact G(n) could turn out to be Ay representable,
and nevertheless it might happen that one cannot prove in 1A its relation
with primes. In general Aj functions are not closed under composition. If

however we restrict to those Ag functions which are polynomially bounded,

then we obtain a class of functions Agoly which is closed under composition



and is contained in the second class & of the Grzegorczyc hierarchy. It is not
known whether Aopoly = &9. The problem is that & is closed under bounded
recursion (i.e. those primitive recursive definitions which do not lead out-

side the polynomially bounded functions), while the example of equation (1)

shows that A%))Oly is not even known to be closed under summations (which
is a special case of bounded recursion). In view of these remarks a crucial
problem is:

Which kinds of recursive definitions do not lead outside Ay?

A satisfactory answer is still very remote. A basic result is that the graph
of exponentiation z¥ = z is Ay [B,GD,P,D,BI]. Woods, Paris and Wilkie
have partial results on the summation problem. If G is defined recursively
in terms of F' as in equation (1) and k € N, then:

1. n— G(logk(n)) is Ag [W, PWW].

2. n — min{G(n),logk(n)} is A¢ provided F is 0,1 valued [PW] (we can
interpret this by saying that we can count sparse Ag sets).

Using these results one can solve the corresponding problem for products:
G(n) :=I;<, F (i) is always A whenever F is Ag [BD].
In this note we show that for fixed &, linear recurrence relations

Fin+k)=aF(n+k—1)+aF(n+k—-2)+...+aF(n)

with non-negative coefficients a1, ... ,ar € N and given initial conditions, are
Ay (i.e. the function n — F'(n) has Ag graph, and moreover the dependency
on the coefficients a; and the initial conditions is also Ayp).

We also show that if A is a k£ x kK matrix with non-negative integer
coefficients then the function A,n — A™ (which we call matrix iteration)
has Ay graph as a function from N** x N to N¥*. Actually matrix iteration
and linear recurrence relations are essentially the same thing.

To keep all the definitions Ag, we follow a direct combinatorial approach
which, in the difficult case, reduces the problem of computing A™ to that
of counting the number of solutions of certain linear diophantine equations.
Since complex exponentiation n — o™ (n € N,a € C) is not directly
available as a Ay function, it is not clear whether an approach based on
Jourdan normal forms can be used. On the other hand our approach might
be a tool to deal with complex numbers through matrix encodings.

In the last section we consider the problem of proving the relevant prop-
erties of matrix iteration inside IAy.



2 The Turing predicate

Often one can can prove that a function is Ag with the help of its “Turing
predicate” as follows. Given a function f defined by a set of recursive equa-
tions, we say that a natural number C' codes a computation of f(z) =y
if C codes an equational proof of f(z) = y.

In some cases instead of the equational proof one can use a shorter but
essentially equivalent code. For instance suppose that we define exponen-
tiation via the equations 2° = 1,27+ = 2% . 2 (plus appropriate equations
for addition and moltiplication). We say that C' codes a computation of
2% = 16 iff C codes the sequence of numbers (1,2, 4,8, 16) (as all the needed
information of the equational proof is already contained here).

It is a well known fact of basic recursion theory that if f is defined by
a general recursive system of equations, then the predicate {(C,z,y) | C
codes a computation of f(z) = y} is primitive recursive, and even A if the
coding is done with some care (one can also do it in a uniform way in f,
obtaining the so called “Turing predicate”).

We obviously have:

f(z) =y iff 3C : “C codes a computation of f(z) =y”.

Since the expression between quotes is Ay, the whole expression is ¥y
(i.e. Ag preceded by unbounded existential quantifiers).

If one manages to obtain a polynomial bound on C in terms of max{z, y},
then one obtains a A definition of (the graph of) f. This is somehow easier
if f is rapidly growing, since then y is very big, and there are more chances
of giving a polynomial bound on C in terms of y. This remark is exploited
in the proof that (the graph of) xz — 2% is A definable. Indeed the main
ideas are:

1. Exploit the fact that 2% is rapidly growing;

2. Instead of 20 = 1,2%+! = 2% .2 use the functional equations 2° =
1,22 = (27)2 222z+1 = (2%)2. 2 in order to shorten computations.

Suppose now that A is a k X k matrix with entries in N. We want
to generalize integer exponentiation by giving a Aj definition of the graph
of A,n — A" (as a function F:N*¥* x N — N**). We can still exploit
the functional equations A%® = (A%)2, A2*+1 = (A%)2 . A, but in general
the entries of A™ are not rapidly growing, so one of the two ingredients
of the A( definition of integer exponentiation cannot be used for matrix
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iteration. For instance if A = 01 ) then A" = 0 le , and all the
entries of A™ grow only linearly. Now let max A be the maximum of the
entries of the matrix A. Using essentially the same ideas as those for integer

exponentiation one can (only) show that:

Theorem 2.1 The function A,n — A" (as a function from N** x N to
N**) is Ao provided A" grows ezponentially, i.e. p(max(A™)) > m", where
p(y) is a polynomial depending only on the dimension k of the matriz, and
m is the mazimum between max A and 2.

Proof. It suffices to observe that, as in the case of integer exponentiation,
there is an integer polynomial p(y) such that A™ = B iff 3C < p(m") : “C
codes a computation of A™ = B”. Now if > m" is polynomially bounded in
terms of max(A™), one obtains that C is polynomially bounded by max B
and therefore A" = B is A definable. More details can be found in the
unpublished note [BI]. QED

Now, we would like to eliminate the “proviso” from Theorem 2.1. How-
ever let us first notice that Theorem 2.1 is already sufficient to obtain a
Ay definition of the Fibonacci function n — F(n) as follows (see [BI]).
The function F is defined by the linear recurrence relation F(n + 2) =
F(n + 1) + F(n) with initial conditions F(0) = 0, F(1) = 1. Introduc-
ing an auxiliary function G(n) we obtain a 2 x 2 system of linear equations

Fn+1)=F(n)+G(n) . e .. _ B
{ G(n+1) = F(n) with the initial conditions F'(0) = 0, G(0) = 1.

_ _ [ Fn+1)\ _ (1 1) [ F(n)
Next put the system in matrix form: < Gln +1) ) = ( 1 0) (G(n) .

Fn)\ (11
Deduce that ( G(n) = 10

can easily show:

n
) . ( (1) ) Using such arguments one

Proposition 2.2 The problem of giving a Ag definition of matriz iteration
s equivalent to the problem of giving a Ay definition of functions defined by
linear recurrence relations.

The main ideas to extend Theorem 2.1 are combinatorial. We first con-
sider the case of a 0, 1-matrix G, which turns out to be the crucial case.
These matrices correspond in a natural way to graphs, and G" has a well



known combinatorial interpretation in terms of counting the number of paths
of length n in the graph. We define an “exponential vertex of a graph” as a
vertex which belongs to a non- cyclic strongly connected component of the
graph. We show that if G is a 0,1 matrix, then all the entries of n — G™
are polynomially bounded iff the corresponding graph has no exponential
vertices. In this case computing G™ amounts to counting the number of
solutions of certain linear diophantine equations, and using generating func-
tions we can give an explicit coding-free Ag definition of G™. This will settle
iteration of 0, 1-matrices in the case of polynomial growth case. The cases
of exponential growth are handled by coding computations as in Theorem
2.1. In the general case some entries of G" grow polynomially and others
exponentially depending also on the congruence properties of n. Here a
more detailed analysis is needed of the behaviour of G", leading anyway to
a combination of the above two techniques. The case of an arbitrary matrix,
not necessarily 0, 1, is handled similarly.

3 Graphs and multigraphs

Definition 3.1 A multigraph G is given by a set V = V(G) of vertices, a
set E = E(G) of edges, and two maps source: E — V and target: ¥ — V
giving the initial and end-vertices of every edge. A path in a multigraph is a
finite sequence o = (z1, e1,Z2,€2,...,en_1,Ly) Where each e; is an edge with
source z; and target x;+1. The number n of edges is the length of the path
o. We write o:a — b if a is the initial vertex of o and b is its final vertex.
If a = b we say that ¢ is a circuit. A circuit of length 1 is called a loop. A
path o = (z1,e1,%2,€2,...,en—1,%,) is simple if target(e;) # target(e;)
whenever i # j. Note that a loop is always simple. A simple circuit is a
simple path which is also a circuit. Two paths « and S can be concatenated
if there are a, b, c € V(G) with a:a — band $:b — ¢. Their concatenation
is the path af:a — c.

Definition 3.2 A graph is a multigraph G such that given two ver-
tices a,b € V(@) there is at most one edge e with source(e) = a and
target(e) = b. So the edge e is uniquely determined by the ordered pair
(a,b) and we can identify the set E of edges with a subset of V2. A path

o = (z1,e1,%2,€2,...,€,_1,%Ty) in a graph G can be identified with its se-
quence of vertices (z1,Z2,...,T,) since the information about the edges is
redundant.



Given a path o = (zg,...,zy) in a graph G, we denote by |o| its under-
lying graph, namely the graph with set of vertices {zo,...,z,} and set of
edges (z;,zi+1), 7 =0,...,n — 1. A graph is a (simple) cycle if it is the
underlying graph of a (simple) circuit.

Definition 3.3 Given a graph G and a,b € V(G) we say that a and b are
connected, written a~ b, iff there is a path from a to b and a path from b
to a. The connected component a/~ of a is the set of all vertices connected
to a. The graph G is connected if it has only one connected component.
The edges (a,b) € E(G) with a ~ b will be called permanent edges. The
edges (a,b) € E(G) with a £ b will be called transitory edges.

Remark 3.4 Any path ¢ in a graph G can traverse a transitory edge at
most once.

Definition 3.5 Given a graph G the quotient multi-graph G/ ~ is
defined by taking as set of vertices V(G/ ~) the connected components
of G, and taking E(G/ ~) = E(G). Given (a,b) € E(G/ ~) we set
source(a,b) = a/~ and target(a,b) = b/ ~.

Remark 3.6 A path of G/~ is simple if and only if it is a loop or it has
no loops.

Definition 3.7 Given a graph G and a simple path 6 in G/ ~ we define
Gy as the subgraph of G with the same set of vertices V(Gy) = V(G),
and with set of edges E(Gg) C E(G) C V(G)? defined as follows. Given
(z,y) € V(G)?, we put (z,y) in E(Gy) iff one of the following holds:

1. (z,y) is a transitory edge of G and (z,y) is one of the edges of 6.

2. (z,y) is a permanent edge of G and the connected component C of z
(which coincides with the one of y) is one of the vertices of 6.

The subgraphs of G of the form Gy will be called segments of G.

Remark 3.8 There is a natural bijection between simple paths in G/ ~
and segments of G.

Definition 3.9 Given a graph G and a,b € V(G), let S(G,a,b) be the set
of all simple paths 0:a/~— b/~ in the multigraph G/ ~.



Remark 3.10 Given 6 € S(G,a,b) and a path o:a — b in Gy, o crosses
each transitory edges of Gy exactly once.

The following easy result will be important.

Theorem 3.11 Let a,b € V(G). For every path o:a — b in G, there exists
one and only one § € S(G,a,b) such that o is a path in the segment Gy.

So paths from a to b can be partitioned into the various segments from
a to b.

Definition 3.12 G has three kinds of connected components: the trivial
ones consisting of only one vertex and no edges; those consisting of a simple
cycle; and those containing at least two cycles. We call the last ones expo-
nential components, and its vertices exponential vertices. A path in
G is exponential if it contains an exponential vertex.

The reason for this name is that inside an exponential component we
can find exponentially many circuits of length n, provided n is a multiple of
the greatest common divisor of the sizes of all the circuits of G (see later).

It is easy to see that if ¢ belongs to a segment Gy, then c is exponential
as a vertex of Gy iff it is exponential as a vertex of G.

4 Number of non-negative solution of a linear dio-
phantine equation

Given a diophantine equation:

cxr1+...+cxp=n (2)
where ¢y, ..., cg, n are non-negative integers and each ¢; is non-zero, we want
to find a Ay formula giving the number of non-negative solutions (z1, ..., zk)

of the equation. We need the following well known result (see [G], p. 321)
which can be proved using generating functions.

Lemma 4.1 The number of non-negative solutions of (2) is the coefficient
of y™ in the power series expansion of 1/(1 —y)(1 —y°)... (1 — y%*).

Corollary 4.2 Let ¢ be the least common multiple of c1,...,c,. Then for
every 0 < r < c there is a rational polynomial P,(y) € Q[y| such that for
every n = r mod (c) the number of solutions of (2) is Pr(n).



Proof. Since each ¢; divides ¢, we have that each polynomial (1 — y*)
divides (1—y°) in Z[g]. So 1/(1—y*)(1—y%)... (1 —y%) = G(y)/(1—y)*
for some G(y) = by + biy + ... + bsy® € Z[y].

Now the power series development of 1/(1 — y°)* is given by

2520 ( q—;k y“?. Then when n = ¢¢ + r with 0 < r < ¢, the co-

efficient of y™ in G(y)/(1 — y©)* is br<q_]:k> +br+c<q_]1g+k ) +

bry2c ( g-2+k ) + .t briie ( g t+k where ¢ is maximal such that

k k
r+tc is less or equal to the degree of G(y). The statement of the proposition
now follows at once noticing that for fixed k, the binomial coefficient Z

is a rational polynomial in ¢, hence in n. QED

A similar computation is carried over in a specific case in ([GKP], p.
324).

Corollary 4.3 For fized c1,...,ck, the function f(n) = the number of so-
lutions of (2) is Ag-definable.

Question 4.4 Is the number of solution of (2) a Ay function also of the
coefficients ci, ..., c;?

We also need the following easy facts:

Lemma 4.5 There is a number d = d(c1,...,ci) such that if (2) has a
solution (z1,...,zy) in ZF (or in particular in N¥), then it has a solution
in ZF within distance d from any given real solution (ry,...,r) € R¥ (in
the sense that |z; — ;| < d).

Proof. The integral points on the hyperplane ciz1 + ... + ¢z = n
constitute a module over Z generated by k£ — 1 independent vectors (if it is
non-empty). Take d to be the diameter of the polyedron generated by these
vectors. QED

It follows in particular that there are “balanced solutions” in the sense
of the following result:



Corollary 4.6 There is a number q = q(ci,...,ck) such that if (1) has
a non-negative integer solution, then it has a non-negative integer solution
(z1,...,75) € N¥ with z; > [n/q] for all i.

Proof. Consider a real solution (ry,...,r) with r; = ... = rp =
. QED

_n_
c1+...+cg

5 A decomposition theorem to compute the ma-
trix G"

We identify a graph G with set of vertices V(G) with its adjacency matrix
(Gyp) defined by: for any a,b € V(G), Gqp =1 if (a,b) is an edge of G and
Gyp = 0 otherwise. We write (G")q for the (a,b)-entry of the matrix G™.
It is well known that (G™), has the following combinatorial interpretation:

Proposition 5.1 (see [AHU], p. 202) (G")ap is equal to the number of
paths of length n from a to b in the graph G.

By the previous proposition and Theorem 3.11 we immediately obtain
the following decomposition theorem.

Theorem 5.2 (G")ap = Xpes(,a6)(Gh)ab

Let 6 € S(G,a,b). By the above theorem in order to give a A definition
of (G™)ap it is enough to give a A definition of (G}),p as function of n.
The definition differs according to:

e (Gy has an exponential vertex. In this case it is convenient to compute
the whole matrix (Gy)"™ using a Turing predicate, and then extract its
(a, b)-entry.

e (Gp has no exponential vertices. In this case it is better to compute
the entry (G} )ap directly without computing first the whole matrix
(Go)™.

In the following sections we consider the two cases.
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6 The non-exponential case

Remark 6.1 Let § € S(G,a,b). If Gy has no exponential vertices then
every path o:a — b in Gy has the form 0 = a1 A7' 81 ... a AY* B, where A;
is a simple circuit of length ¢; and p = a18; ... B is a simple path from
a to b. Moreover p is the only simple path from a to b in Gy.

Definition 6.2 Given 6 € S(G, a,b) with Gy without exponential vertices,
let L(#,a,b) be the the length of the unique simple path p:a — b in Gy.

It follows from the previous remark:

Lemma 6.3 Let 6 € S(G,a,b). If Gy has no exponential vertices, then
(GB)ap s equal to the number of non-negative solutions (z1,...,zx) € N¥ of
the diophantine equation c1z1+...+cxzp+L(0,a,b) = n, wherecy,...,c are
the sizes of the non-trivial connected components of Gy (necessarily simple
cycles).

Using Corollary 4.2 we conclude:
Corollary 6.4 If the segment Gy has no exponential vertices, then n +—
(G§)ap is a Ag function of n.
7 The exponential case for a connected graph

If G is connected and exponential (i.e. it has an exponential vertex) we
will find an exponential lower bound on (G")4p for n belonging to some
arithmetical progressions.

Definition 7.1 For an arbitrary graph G, let gcd(G) be the greatest com-
mon divisor of the lengths of all (not necessarily simple) circuits of G.

gcd(G) is well defined because the greatest common divisor of an infinite
set of integers coincide with the greatest common divisor of a big enough
finite subset. In particular, it is easy to prove that:

Proposition 7.2 gcd(G) is equal to the greatest common divisor of the of
the size of all simple circuits of G

So gcd(G) can be easily computed by inspecting the finitely many simple
cycles of G.

11



Remark 7.3 If G , # 0, then ged(G) divides n.

Conversely we will prove that if n is a big enough multiple of ged(G),
then (G™)q,q is exponential in n. We need a representative finite family of
“independent” circuits.

Proposition 7.4 Let G be an exponential connected graph. There is a finite
family F of (not necessarily simple) circuits of G passing through a given
verter a, such that:

1. gcd(G) coincides with the ged of the lengths of the circuits in F;

2. each circuit in F cannot be decomposed as the concatenation of two
circuits through a;

3. every vertex of G is in some circuit in F;
4. F has at least two elements.

Proof. Every ciruit A in GG, not necessarily through a, can be obtained as
the “difference” of two circuits passing through a, namely there is a circuit
o through a such that oA is also a circuit through a. Indeed it is enough
to take a circuit o consisting of a path from a to the initial vertex b of A,
followed by a path from b to a. Such paths exist since G is connected.

It follows that, for the sake of computing d = gcd(G), it is enough to
consider only the circuits passing through a. Then clearly there is a finite
set F of circuits through a, such that d is the gcd of the lengths of the
circuits in F. Moreover, we may freely assume that every vertex of G is in
some circuit in F.

We can further arrange so that F consists entirely of circuits that cannot
be written as the concatenation of smaller circuits through a. Indeed if F
contains an element o which can be written as o = o109 where o1 and o9
are circuit passing through a, then we can modify F by removing ¢ and
adding the two circuits o1 and 2. Observe that no vertex is lost in this
transformation. It only remains to ensure that F has at least two elements.
This is easily done using the fact that G has an exponential vertex. QED

The following lemma explains the name “exponential vertex”.

Lemma 7.5 Let G be a connected exponential graph. Let d = ged(QG).
There is an integer ¢ = q(G), such that for every a € V(G) and every

sufficiently big n (with respect to the number of vertices of G), (G9)g,0 > 24
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Proof. Let F = {71,...,7x} be the family of Proposition 7.4. We asso-
ciate to F and to n the diophantine equation

1Ty + ... +cprp = dn (3)

where ¢; = lh(T;).

Since d = ged(G) = ged{cy, ..., ¢k}, it follows from Corollary 4.6 that
there is a number ¢ = ¢(cy, . .., ¢x) such that the equation (2) has a solution
with z; > [2] for every i.

To any given solution (z1,...,x;) we associate a circuit o:a — a of
length dn by taking o = 7175 ... 7% Since all the 7;’s are circuits through

the same vertex a they can be traversed in any order. Moreover since the
circuits 7; cannot be decomposed as the concatenation of smaller circuits
through a, any order of traversing them yields different circuits as a result.
So each solution of (2) actually yields as many solutions as the number of
ways of ordering x1 copies of 11, zo copies of 7o, ..., x; copies of 7. Since
k > 2, if we fix a solution with z; > 7 for all ¢ (it actually suffices ¢ = 1,2),

then this particular solution yields more than 24 circuits. QED

In particular we have proved that for n big enough (G™),, # 0. For
small n’s there can be exceptions. Note that since there are finitely many
graphs G with k vertices, the integer ¢ = ¢(G) can actually be chosen so
that it depends only on k.

Lemma 7.6 Let G be a connected exponential graph and let d = ged(QG).
Given a,b € V(G), there is a number r = r(G,a,b) < d, such that every
path from a to b has length congruent to r modulo d.

Proof. Suppose a:a — b and B:a — b are two paths from a to b. Since
G is connected there is a path v:b — a. Then a7y and Sy are two circuits
from a to a, so they have length congruent to zero modulo d. By subtracting
v it follows that the length of « is congruent to the length of 8 modulo d.
QED

Corollary 7.7 Let G be a connected exponential graph and let a,b € V(G).
There is an arithmetical progression P = {dm + r | m € N} such that:

1. ifn g P, (G")ap =0,

13



2. if n € P is sufficiently big (with respect to G), (G™)qp > 24 for some
positive integer ¢ = q(G).

Proof. Let d = gcd(G) and r = r(G,a,b). It is enough to concatenate
the exponentially many paths from a to a given by Lemma 7.5 with a fixed
path from a to b. QED

Corollary 7.8 Let G be a connected exzponential graph. There is a some
positive integer ¢ = q(G) such that for every big enough n, max(G™) > 2"/4,

Proof. Let d = ged(G) and let 7 < d be such that n = r mod (d). Take
a,b € V(G) so that r(G,a,b) = r. (For every a there exists such a b: it
suffices to consider any path of length r starting from a and to define b as
its final vertex.) Then (G™)ap > 2™/9. QED

Corollary 7.9 Let G be a connected exponential graph. Then n — G" is
Ag definable.

Proof. By Theorem 2.1. QED

8 The general exponential case

Definition 8.1 Given 0 € S(G,a,b),

e let gcd(f) be the greatest common divisor of the lengths of all the
cycles of the graph Gy;

e let 7'(0,a,b) be defined as the unique number ¢ < ged(0) such that for
every path o:a — b in Gy we have [h(c) = g mod ged(6).

Observe that T'(0, a,b) is well defined by arguing as in Lemma, 7.6.

Theorem 8.2 Let 0 € S(G,a,b) and suppose Gy has an exponential vertez.
If n is sufficiently big (with respect to Gy) we have:

1. if n is of the form n = ged(@)m + T(0,a,b), then (G§)ap > 29 for
some q = q(Gy);

14



2. (G§)ap =0, otherwise.

Proof. Part 2. is easy. We prove 1. Let C,...,Cy be the non-trivial
connected components appearing as vertices of the path 6. At least one of
them is exponential. Without loss of generality suppose C is exponential.
Let d = ged(@). Then d is also equal to ged{ci,...,cx} where ¢; = ged(C;)
is the gcd of all the lengths of the circuits in C;. By Corollary 4.6, if m is
big enough the diophantine equation

azi+ ...+ cgzp =dm (4)

has a solution (zi,...,z,) with all z; > 7 for some ¢ = gcry .- ck).
Thus each z; is “big”. It then follows that each C; has at least one circuit
of length c¢;z; starting from an arbitrarily given vertex. This is clear if
C; is a simple cycle, otherwise we use Lemma 7.5. Again by Lemma 7.5
C1 has exponentially many circuits of length c;z;. Concatenating these
circuits along 6 we obtain exponentially many paths from a to b of length
dm +T(6,a,b). QED

Reasoning as in Corollary 7.8 and Corollary 7.9 we obtain.

Corollary 8.3 o If Gy has an exponential vertez, then max(Gy) > on/q
for some q = q(Gy).

o n— (Gp) is Ag-definable.
For later purposes we need:

Proposition 8.4 Let (a,b) € E(G) be a permanent edge of G. There is
a number ¢ = q(G) such that for all sufficiently large n there is a path of
length n which crosses the edge (a,b) at least n/q times.

Proof. Reason as in Theorem 8.2. QED

9 Ag-definition of A” in the general case

Let k£ be a positive integer. If G is a 0,1 matrix of dimension k, then by
Theorem 5.2, Corollary 6.4 and Corollary 8.3, we have:

Theorem 9.1 n+— G" is Ay definable.
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Since there are only finitely many 0,1 matrices G of dimension k, also
the map G,n — G" is Ay definable. Now let us consider a k x k matrix A
with non-negative integer entries.

Definition 9.2 Let G = G(A) be the 0,1-matrix defined by G, = 1 if
Agp #0and G,p = 0if A, = 0. We identify G’ with a graph as usual.

In the sequel G is the graph G(A). We can think of A as the graph
G plus a weight assigned to its edges. The edge (a,b) has weigth Agp.
Each path ¢ of length n in G can be written as a concatenation of n edges
o =ejey...e, (not necessarily distinct), and its weight w(o) is then defined
as the product of the weitghs w(e;) of its edges. We have the following
combinatorial interpretation of A™.

Remark 9.3 (A"), is the sum of the weigths of the paths o:a — b of
length n.

Remark 9.4 (A")qp =0 iff (G")q = 0.
We will generalize to A™ the results about G".

Definition 9.5 Given 0 € S(G,a,b) we define Ay as the matrix whose
(a,b)-entry is (Ag)ap = Aap(Gp)ap- (This is the product of two numbers,
not two matrices.)

So (Ap)a,p is either A,y or zero. Theorem 5.2 can be easily generalized
as follows.

Theorem 9.6 (An)a’b - ZGES(G,G,I)) (Ag)a’b

Definition 9.7 Let G = G(A) and 0 € S(G, a,b). The matrix A is called a
(0,a,b)-matrix if A = Ay.

Definition 9.8 A reduced (0, a,b)-matrix is a (0, a, b)-matrix A such that
A; ; = 1 for every transitory edge (¢, j) of Gy.

Lemma 9.9 For every (6,a,b)-matriz A there is a reduced (6, a,b)-matriz R
and a number T,y such that for every n € N we have (A")qp = (R")qpTap-
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Proof. Define R as the matrix obtained from A by replacing A;; with
1 whenever (i,j) is a transitory edge of Gy. Define T, as the product of
the weights of the transitory edges crossed by 6. To see that this works it
suffices to recall the combinatorial interpretation of A™ together with the
observation that each path o:a — b in Gy crosses the transitory edges of Gy
exactly once. QED

Note that the array of numbers T, ; form a nilpotent matrix 7.

Lemma 9.10 Let A be a reduced (0, a,b)- matriz and suppose m = max A >
1. There is a number q depending only on G, such that for all sufficiently
large n, max A" > m™/4,

Proof. Let Agp = m. Sincem > 1 and A is reduced, (a, b) is a permanent
edge of 6. Now apply Proposition 8.4. QED

Theorem 9.11 A, n+— A" is Ag-definable.

Proof. By Theorem 9.6 and Lemma 9.9 we can assume that A is reduced.
If Ais a0, 1-matrix we apply Theorem 9.1. Otherwise we apply Lemma 9.10
and Theorem 2.1. QED

Question 9.12 Does the Theorem extend to the case of matrices with en-
tries in Z?7 The difficulty with negative numbers is that a sum of functions
with Ay graph does not necessarily have the same property.

10 Formalization in IA

We have proved that there is a Agformula ¢(A,n, B) in k% + 1+ k? variables
such that A" = B iff N = ¢(A,n, B). In fact, we have not explicity written
down this formula. The reader who has followed the previous sections, is in
position to do this in details. A careful formalization should give us a proof
of the following conditions inside IAj (we have verified most of the details,
they are available upon request to the authors). Matrix variables such as
A, B etc. denote the corresponding array of k% variables. We write A < B
for max A < max B.

(1) Functionality: for every A and n there is at most one B s.t. ¢(4,n, B);
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(2) Base: ¢(A,0,I), where I is the identity matrix;
(3) Recursive equation: ¢(A,n,B) — ¢(A,n + 1, BA);

(4) invertibility conditions: there exists a fixed number k; which de-
pends only on k such that:
vn > ki(¢(A,n, B) = Vi<j<k, (BB' < B)¢(4A,n — j, B')));

These conditions ensure the unicity. If ¢1(A,n,B) is another Aq for-
mula satisfying them, then it is provably equivalent to ¢(A,n, B) inside IAq
(reason by Ag-induction on a code of the pair (n, max B)). It is not entirely
clear whether unicity will hold if we replace the invertibility conditions with
the condition ¢(A,n + 1,B) — 3B’ < p(B)¢(A,n,B'), where p is a fixed
polynomial depending only on the dimension & of the matrices. In the case
of exponentiation of natural numbers z,y — z¥ this alternative form of the
invertibility condition ensures the unicity (see [D]) because exponentiation,
unlike matrix iteration, is always increasing.

The difficulty in the proof of the conditions is that we are using a com-
binations of two methods, namely the Turing predicate and counting the
number of solution of diophantine equations. To formalize the latter part
we use the fact that the formulas involved in Lemma 4.2 are very simple,
namely polynomials with rational coefficients and congruences modulo some
standard integers (ultimately depending only on the structure of the graph
associated to the matrix). Now a simple conservativity argument works:
if an identity between two polynomial expressions is true in the standard
model, then it is true in all models of IA,.
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