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Abstract

We prove that if G is a group definable in a saturated o-minimal
structure, then G has no infinite descending chain of type-definable
subgroups of bounded index. Equivalently, G has a smallest (necessar-
ily normal) type-definable subgroup G of bounded index and G /G
equipped with the “logic topology” is a compact Lie group. These
results give partial answers to some conjectures of the fourth author.

1 Introduction and preliminaries

Classical mathematical objects may arise from purely logical considerations,
once the appropriate context is chosen. In this paper the classical objects
are compact Lie groups, and the logical context is that of groups definable
in sufficiently saturated o-minimal structures. (See [5] for the notion of a
saturated structure, and see [18] for that of an o-minimal structure.) There
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has been a long series of papers highlighting the connections and analogies
between groups definable in o-minimal structures and Lie groups. See for
example papers by Pillay, Peterzil, Starchenko, Steinhorn, Edmundo, Razenj,
Strzebonski, Berarducci and Otero ([1], [2], [3], [4], [6], [7], [10], [11], [12],
[13], [16], [17]). In the case where the underlying ordered structure of the
o-minimal structure M is (R, <), then already in [13], it was shown that any
group definable in M has definably the structure of a Lie group. However, to
posit the reals in advance is to beg the question. It is more natural, from the
purely model-theoretic viewpoint to take M to be a k-saturated o-minimal
structure, for some large cardinal . In this case we have the general notion
of a bounded type-definable equivalence relation £ on a definable set X.
Bounded means that there are strictly less than x many equivalence classes,
and type-definable means defined by a conjunction of fewer than x many
formulas (with parameters). The quotient set X/E can be equipped with
the “logic topology”: the closed sets of X/E are those whose preimage in X
is type-definable. Then X/F is a compact topological space. As a special
case, consider a definable group G and a type-definable normal subgroup H of
G of bounded index. Under the logic topology G/H is a compact topological
group. In [14], the fourth author raised some conjectures about the structure
of G/H, when M is o-minimal. The gist of these conjectures is that for any
definable group G in M there is a smallest type-definable subgroup G of
G of bounded index, and that the quotient G/G® is a compact Lie group.
Moreover if G is “definably compact” then the dimension of G/G% as a Lie
group should equal the o-minimal dimension of G. Intuitively G should
be seen as the “intrinsic” infinitesimal subgroup of G and the projection
G — G/G should be seen as the “intrinsic” standard part map. In [14]
the conjectures were proved in two extreme cases, when GG has o-minimal
dimension 1, and when G is “definably simple”. In this paper we prove the
first part of the conjectures in full generality:

Theorem 1.1. Let G be a group definable in a saturated o-minimal structure
M. Then G has the DCC on type-definable subgroups of bounded index, and
if G is the smallest such, then G /G, equipped with the logic topology, is a
compact Lie group. Moreover if G has no proper definable subgroups of finite
indez, then G/G™ is connected.

We also give some consequences such as:

Corollary 1.2. Let G be as in the hypotheses of Theorem 1.1. Suppose G
1s commutative and suppose H is a type-definable subgroup of G of bounded
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index which is torsion-free. Then H = G®. In particular if G is a com-
mutative torsion-free definable group then G = G®. Moreover any definable
torsion-free subgroup of G is contained in G,

Notice that by [12] if G is commutative and not definably compact, then
G contains a torsion-free definable subgroup H such that G/H is definably
compact. By the Corollary any such H is contained in G.

We should mention that the general question of the structure of arbitrary
type-definable groups in o-minimal structures has not yet been examined in
full generality, and appears to be quite interesting.

In the remainder of this introduction we will give precise definitions, recall
the relevant results from [14], and make a few additional observations. In
section 2, we discuss definable connectedness and local connectedness, and
prove a crucial lemma: in the o-minimal context, any type-definable bounded
index subgroup H of a definable, definably connected group G, contains a
“canonical” type-definable bounded index normal (in G) subgroup N such
that G/N is both connected and locally connected. In section 3, we deduce
the main theorem, by reducing to the case of commutative groups and a
countable language, as well as invoking the following result of Pontryagin
[15]:

Fact 1.3. Let G be a connected, locally connected, second countable, compact
commutative group. Then G is the direct sum (as a topological group) of at
most countably many copies of S* (the compact Lie group R/Z).

For now let us fix M to be a saturated structure (not necessarily o-
minimal) of cardinality x, where k is say inaccessible, and strictly greater
than the cardinality of the language of M. By a definable set in M we mean
a subset of some M"™ defined by an L-formula with additional parameters
from M. By a type-definable set in M we mean a subset of M™ which is the
intersection of < k-many definable sets. We say that X is (type-)definable
over A if X can be defined by a formula (set of formulas) with parameters
from A. If X is a (possibly type)-definable set and E is a type-definable
equivalence relation on X, then we call E bounded if | X/E| < k. We should
make it clear the role of the inaccessible cardinal x is just cosmetic and
is present only because of the model-theoretic convention of working in a
“universal domain”. The real meaning of boundedness of a type-definable



equivalence relation F on a type-definable set X, is that the set X/E of
equivalence classes does not get bigger when one passes to an elementary
extension M’ of M.

By a definable group we mean a definable set G equipped with a group
operation which is definable. By a type-definable group G we mean a type-
definable set equipped with a group operation whose graph is type-definable.
This actually implies that there is a definable function whose restriction to
G x G is the given group operation.

Remark 1.4. (i) Let X be a definable set and E a type-definable equivalence
relation on X. Then there is a family (E; : i € I) (|I| < k) of equivalence
relations on X, with each E; being defined by at most a countable set of
formulas and with E = N; F;.

(11) Suppose H is a type-definable subgroup of a definable group G. Then there
are type-definable subgroups H; of G for i € I (with |I| < k) such that each
H; is defined by at most a countable set of formulas, and with H = N;cr H;.

Proof. (i) Suppose that E is defined by {¢;(z,y) : j € J}. We may assume
that this set of formulas is closed under finite conjunctions and that for each
Jjed, ): Vr € X(¢](.’E,$)) and |: Vz,y € X(¢J(xay) - ¢J(y’m))

Now fix some ¢;,(z,y), with jo € J. Then by compactness and our assump-
tions, we can find j; € J such that = Vz,y,z € X(¢;,(z,y) A ¢,,(y, 2) —
®jo(z, 2)). Continue to find js, js, ... € J, such that {¢,,(z,y) : n < w} de-
fines an equivalence relation. This construction is clearly enough to prove
().

The proof of (ii) is similar. O
Fact 1.5. (See [9] and [14].)

(i) Let X be a definable set and E a bounded type-definable equivalence re-
lation on X. Let m : X — X/E be the canonical surjection. Then X/E is
a compact (Hausdorff) topological space under the “logic topology” in which
Z C X/FE is defined to be closed if m(Z) is type-definable.

(i1) If moreover G is a definable group and H is a normal type-definable
subgroup of bounded index then G/H with the logic topology is a compact
topological group.

(i5i) In the context of (ii) suppose that G has no definable proper subgroup of
finite index. Then G/H is connected.

Remark 1.6. Here are two equivalent descriptions of the logic topology on
X/E given above:



(i) Z C X/E is closed iff Z = w(Y') for some type-definable subset Y of X.
(ii) Suppose My is some model (elementary substructure of M) such that X
is definable over My and E is type-definable over My. Then Z C X/E is
closed iff n71(2) is type-definable over My. Hence the compact space X/E
has a basis of cardinality at most |My| + |L|, where L is the language of M.

Proof. (i) Suppose Y C X is type-definable, then so is 7= (7 (Y)).

(ii) If a,b € X and tp(a/M,) = tp(b/M,) then, since E is bounded, E(a,b)
(see for example [9] Lemma 1.6). Hence if Z C X/E, n71(Z) is My-invariant,
so if it is type-definable it must be type-definable over M,. Now suppose
r € X and U is an open subset of X/E containing x/E. Then 7~ }(U) is
the union of some small (< k) collection of definable sets. By compactness
(saturation of M) there is some finite subunion Y such that the E-class of
x is contained in Y. So 7(Y°) is closed and does not contain z/E. Thus
z/E is in the interior of 7(Y). As Y is an My-definable set, we see that
X/FE has a basis determined by Mj-definable sets, so of cardinality at most
|Mo| + | L. O

Lemma 1.7. Let X,E and m : X — X/E be as in Fact 1.5. Let a € X
and let aFE denote its E-equivalence class as a subset of X. Suppose Y is a
definable subset of X such that aE CY. Then n(a) = a/E is in the interior

of m(Y).

Proof. By Remark 1.6(i), Z = (X \Y) is a closed set in X/F which does not
contain 7(a). So the complement of Z is an open set in X/E and Z N7 (Y)
contains 7(a). O

Fact 1.8. Suppose G is a definable group, and H s a type-definable subgroup
of G of bounded index. Then N = NgeqHY is normal in G, of bounded index
in G, and type-definable over any set of parameters over which H and G are.

Proof. G/N acts faithfully on G/H so has bounded cardinality. Thus N =
NgerHY for some subset I of G of cardinality < k. As N is fixed by auto-
morphisms which fix G and H, the last part follows. O

Fact 1.9. (See [14].) Suppose G is a definable group. Then the following
are equivalent:

(i) G has the DCC on type-definable subgroups of bounded index, namely there
s no infinite descending chain Hy > Hy > .... of type-definable subgroups of
G, each of bounded index in G,



(ii) G has a smallest (necessarily normal) type-definable subgroup of bounded
index, which we call G, and G/G, equipped with the logic topology, is a
compact Lie group.

Lemma 1.10. Suppose G is a definable group, and N a definable normal
subgroup of G. Suppose that both N and G/N have the DCC on type-definable
subgroups of bounded index. Then so does G.

Proof. Suppose that H; < Hy are type-definable subgroups of G of bounded
index in G (and H, is a proper subgroup of Hy). Then H;N\N and H;N/N are
type-definable subgroups of N, G/N respectively, of bounded index. More-
over, either H; N N is a proper subgroup of H, N N, or HN/N is a proper
subgroup of HyN/N. This is enough. O

We now specialize to the case that M = (M, <, ....) is o-minimal (and still
saturated). If G is a definable group in M then by [13], G can be definably
equipped with the structure of a “definable M-manifold” in such a manner
that multiplication and the inverse map become continuous. In particular
G is equipped with the structure of a topological group, although because
the underlying order on M is very far from that of R, the topology is very
disconnected. We want to be able to apply the results on groups definable in
o-minimal structures to quotient groups G/N. So we make a tacit assump-
tion of ”elimination of imaginaries”, which will hold for example if M is an
expansion of an ordered group. For simplicity of notation we will assume that
any definable group G' we consider, is embedded in M™ in such a way that
the M-manifold topology on G agrees with the induced topology from the
ambient space M™, so in particular multiplication on G is continuous in the
topology induced from M™. We may call this topology on G the M-topology.
(It should be said that this assumption is not essential, and all our proofs
hold if we work instead with the “definable M-manifold topology” on G.)
By [13] any definable subgroup of G is closed, G has the DCC on definable
subgroups, and G has no proper definable subgroup of finite index if and only
if G is “definably connected”, namely has no proper definable clopen subset.

Fact 1.11. ([14]) Suppose H is a normal, type-definable subgroup of G of
bounded index. Then

(i) H is an open subgroup of G in the M-topology (so G/H equipped with the
quotient topology is a discrete group).

(1i) The canonical surjective homomorphism m : G — G/H is continuous
(where G has its M-topology and G/H the logic topology).
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Finally recall the conjectures from [14].
Conjecture (i) If G is a group definable in an o-minimal structure, then G
has a smallest type-definable subgroup G of bounded index in G and the
quotient G/G® equipped with the logic topology is a compact Lie group.
(ii) If G is definably compact then the o-minimal dimension of G equals the
dimension of G/G" as a Lie group.
(iii) If G is commutative then G is divisible and torsion-free.

We will prove part (i) of the Conjecture in this paper. In [14], the full con-
jectures were proved in the two extreme cases: dim(G) = 1, and G definably
simple (noncommutative). However at the present time we still do not know
whether for G an arbitrary definably compact, definably connected, commu-
tative definable group, G is even a proper subgroup of G.

2 Definable connectedness and local connect-
edness

For this section and the remainder of the paper we work in a (saturated)
o-minimal structure M.

Definition 2.1. Let X C M™ be a type-definable set. We equip X with the
induced topology from M™. By a relatively definable subset of X we mean
something of the form Y N X where Y C M™ is definable. We say that X
1s definably connected if there do not exist disjoint relatively definable open
subsets Z1, Zo of X whose union is X.

Lemma 2.2. Let X C M™ be type-definable. Then X is definably connected
if and only if X = N1 X; for some directed family (X; : i € I) of definable,
definably connected sets, and where |I| < k.

Proof. Suppose the right-hand side holds and suppose for a contradiction
that X is not definably connected. So there are definable open subsets Y7, Y5
of M™ such that

i) XNYiNY; =0, and

i) XN ((Y1uYy)c=0.

By compactness, (i) and (ii) hold with X; in place of X, for some i € I,
contradicting definable connectedness of X;.

Conversely, suppose X is type-definable and definably connected. We may
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assume X to be N;crY; where the Y; are definable and the family is directed.
Pick a point g € X. Let Z; be the definably connected component of Y;
which contains 3. Then X C Z; as X is definably connected. It follows that
X =NyerZ; and note that the family (Z; : i € I) is still directed. O

Theorem 2.3. Let X be type-definable. Then X is the disjoint union of
< k-many mazrimal definably connected type-definable subsets of X, which
we call the definably connected components of X. If X is type-definable over
a set A, then so is each of its definably connected components.

Proof. Assume X to be type-definable over A. We can write X = (., Xj,
where {X; | 7 € I'} is a directed family of definable (over A) sets with |I| < &.
Let X;o,...,Xinu be the definably connected components of X;, each of
which is also A-definable. For each z € X let f, € ILic/{0,...,n(i)} be
such that « € (,c; Xi 1. i)- Then the family {X; s, | 7 € I} is directed. Let
Yy, = MNies Xi.()- By Lemma 2.2, each Yy, is definably connected. Moreover
since each f, belongs to IL;¢/{0,...,n(i)}, the family of such functions has
cardinality < 2/ < k. So F ={Y; | 3z € X f = f,} is a partition of X into
a bounded number of type-definable definably connected sets. It remains
to prove that each Y; € F' is a maximal definably connected type-definable
subset of X. To this aim it suffices to prove that every definably connected
type-definable subset C of X is contained in one and only one member of F'.
This follows from the observation that for each 7 € I, C' must be contained
in one and only one definably connected component X; ;) of X;. So, for f
defined in this way, C C Y;. O

Remark 2.4. If X is a type-definable set and f : X — X a definable
homeomorphism, then f will permute the definably connected components of
X.

We state the next result for an arbitrary type-definable subgroup H of a
definable group G, although we will only be applying when H has bounded
index in G.

Theorem 2.5. Suppose that G is a definable group, and H a type-definable
subgroup of G (not necessarily of bounded index). Then the definably con-
nected component of H which contains the identity is a normal (type-definable)
subgroup of H of bounded index in H, which we call H°. If H is normal in
G, then H is normal in G too.



Proof. If € H® then as multiplication by x is a definable homeomorphism
of H, and zH® N H° # 0, by Remark 2.4 we see that xH® = H°. Similarly,
considering the definable homeomorphism z — z~*, H® = (H®)~!. Conjuga-
tion by h € H is also a definable homeomorphism of H so H’ = hH°h ! for
any h € H. Thus H° is a normal subgroup of H. Similarly one shows that
if H <G, then H° << G. Note that the translates of H® in H are precisely
the definably connected components of H, hence by Theorem 2.3, H® has
bounded index in H. 0

We now work towards proving that if H is a bounded index type-definable
definably connected normal subgroup of the definable group G then G/H
is “locally connected”. First a lemma relating definable connectedness and
connectedness.

Lemma 2.6. Suppose G is a definable group, and H a type-definable nor-
mal subgroup of bounded index in G. Let m : G — G/H be the canonical
surjection. Suppose X C G 1is type-definable and definably connected. Then
7(X) C G/H is connected (when G/H is equipped with the logic topology).

Proof. Note that w(X) is closed by Remark 1.6(i). Suppose that 7(X) is not
connected. Then 7(X) is the disjoint union of two closed sets Z; and Z,.
Let Y; = n71(Z;) for i = 1,2. The Y; are type-definable, and by 1.11 (ii) are
closed in G. X is the disjoint union of its closed subsets Y7 N X and Yo N X.
By the compactness theorem, both Y1 N X and YoN X are relatively definable
subsets of X. This gives a contradiction to the definable connectedness of
X. O

Definition 2.7. (/8], Chapter 3.)

(i) A topological space is said to be locally connected at a point z if every
open set U containing x contains an open connected neighbourhood of x.

(11) A topological space is said to be locally connected if it is locally connected
at each point.

(iii) A topological space is said to be connected im kleinen at a point x if
for every open neighbourhood U of x there is an open neighbourhood V of x
contained in U, such that for every y € V there is some connected subset of
U containing both x and y.

A space may be connected im kleinem at x without being locally con-
nected at z. However a space is locally connected at each point (thus locally
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connected) if and only if it is connected im kleinem at each point. The latter
is the definition of local connectedness given by Pontryagin ([15], Chapter
V, 36, A). The proof that the two definitions are equivalent can be found in
Chapter 3 of [8]. We will use the following consequence:

Proposition 2.8. A topological space is locally connected if and only if for
every point © and open set U containing x, there is a connected (not neces-
sarily open) neighbourhood V' of x, with V C U.

Proof. Left implies right is clear. On the other hand, the right hand side
clearly implies that the space is connected im kleinem at every point: Given
an open set U containing x, let V' be as in the right-hand side. Let V° be
the interior of V. Then V' is an open neighbourhood of x contained in U
and V witnesses that for every y € V° there is a connected set containing x
and y. O

Theorem 2.9. Let G be a definable group, and H a normal, type-definable,
definably connected subgroup of bounded index. Then G/H with the logic
topology s locally connected.

Proof. As G/H is a topological group, by Proposition 2.8 it is enough to
prove that every open neighbourhood U of the identity 1/H in G/H con-
tains a connected neighbourhood of 1/H. Let 7 : G — G/H be the canonical
surjection. Then 7=!(U) is a union of (boundedly many) definable subsets
of G. As 771 (U) contains H, by compactness (or saturation), there is a de-
finable set Y C 7= '(U) such that H C Y. Let Y; be the definably connected
component of Y which contains 1. As H is definably connected H C Y;. By
1.7, 1/H is contained in the interior of 7(Y7). Clearly n(Y;) C U. Moreover
by Lemma 2.6, w(Y7) is connected. Hence 7(Y}) is the required set. O

So if GY exists (namely if there exists a smallest type-definable subgroup
of G of bounded index), then G% is definably connected and G/G" is locally
connected. Moreover if G is definably connected, then G /G is connected.

3 Proofs of main results.

Again M is a saturated o-minimal structure.

We will first give
PROOF OF THEOREM 1.1.
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We fix G a group definable in the saturated o-minimal structure M and we
will prove that G has no infinite descending chain of type-definable subgroups
of bounded index. By Fact 1.9, this will yield the full statement of Theorem
1.1. The proof goes through a few steps and reductions. Clearly we may
assume from the beginning that G is definably connected (equivalently has
no definable proper subgroup of finite index).

STEP 1. We may assume that G is commutative.

Proof. By [10] G has a sequence of definable normal definably connected sub-
groups 1 = Ny < N; < .. < Ny such that each N;;;/N; is commutative and
such that G /Ny is semisimple, namely has no proper infinite definable normal
commutative subgroups. By [10] again, any definable connected semisimple
group is, after quotienting by its finite centre, an almost direct product of
finitely many definably simple (noncommutative) groups. But by [14], The-
orem 1.1 is true for definably simple groups, thus clearly G/Ny has the DCC
on type-definable subgroups of bounded index. So by Lemma 1.10, it suf-
fices to prove that each N;y;/N; has the DCC on type-definable subgroups
of bounded index. This completes Step 1.

We now assume for a contradiction that GG is definably connected, commu-
tative and has an infinite descending chain H; > H, > .... of type-definable
subgroups of bounded index.

STEP 2. We may assume that the language of the structure M is countable,
and that each H; is (type)-defined over a countable elementary substructure
My of M (over which G is defined too).

Proof. By Remark 1.4 (ii) we may assume that each H; is defined by at most
a countable set of formulas. Let L' be a countable sublanguage of the lan-
guage L of M such that the ordering is in L’ and such that G is L'-definable
(with parameters) and that each of the countably many formulas involved in
the definitions of the H; (i < w) is an L'-formula with parameters from M.
So we may assume M = M|L', and clearly there is a countable elementary
substructure M, such that both G and the H,’s are (type-) defined over M.

Now let H be the smallest subgroup of G' of bounded index which is type-
definable over M. (This clearly exists and was called in [14] G .)

CLAIM 3. H is divisible and definably connected.
Proof. By [17] G has only finitely many elements of order n for any n. Thus
the kernel of the map n : G — G (taking x to nx) is finite and hence this map
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is surjective. So G is divisible. Now for any n, nH is clearly of bounded index
in nG = G. Moreover nH is also type-definable over M,. Hence nH = H
for all n. We have proved that H is divisible. By Theorem 2.3 and Theorem
2.5 the definably connected component of H which contains the identity, is
also a type-definable subgroup of G of bounded index, type-defined over M,
so equals H. Hence H is definably connected.

CLAIM 4. G/H (equipped with the logic topology) is a compact Lie group.
Proof. By Remark 1.6(ii), the compact group G/H has a countable basis.
Moreover, by Theorem 2.9 G/H is locally connected and, by Fact 1.5.(iii),
connected. By Fact 1.3, G/H is a direct sum of (at most countably) copies
of the 1-dimensional compact Lie group S*. To prove CLAIM 4, it suffices
to show that G/H has only finitely many elements of order 2 (for then G/H
has to be a direct sum of finitely many copies of S!, thus a compact Lie
group). But if @ € G and a + H has order 2 in G/H then, as H is divisible
(by CLAIM 3), the coset a + H must contain an element of order 2 in G.
But again by Strzebonski’s result mentioned above, G' has only finitely many
elements of order 2. So Claim 4 is established.

Now the H;/H form an infinite descending chain of closed subgroups of G/H,
contradicting the fact that G/H is a compact Lie group. This final contra-
diction completes the proof of Theorem 1.1.

We complete the paper with some corollaries of Theorem 1.1.

Corollary 3.1. Suppose G s definable in M. Suppose H is a type-definable
subgroup of G of bounded index. Then H 1is definably connected by finite.
Namely H® has finite index in H.

Proof. H contains G°. H/G% is a closed subgroup of the compact Lie group
G/G", so is a compact Lie group itself, thus has a connected component
(H/G")? say, of finite index. The preimage of (H/G%)? in G is then a type-
definable subgroup K of H of finite index. We claim that K is definably
connected. If not then K can be partitioned into two relatively definable
open sets Y;,Ys. Since G is definably connected by Theorem 2.5, each Y;
is a union of translates of G®°. But then the 7 (Y;) disconnect (H/G")% a
contradiction. 0
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Question. Suppose H is a type-definable subgroup (not necessarily of bounded
index) of a definable group G. Is it the case that H is definably connected
by finite?

PROOF OF COROLLARY 1.2.
So G is a definable commutative group, H is a type-definable torsion-free
subgroup of bounded index, and we want to prove that H = G%. Suppose
not. Then H properly contains G® and H/G" is a non-trivial compact Lie
group. Thus H/G® has an element a + G% of some finite order n > 1. As
in the proof of Claim 3 in the proof of Theorem 1.1, G% is divisible. Thus
the coset a + G contains an element b of H with nb = 0, contradicting H
being torsion-free.

For the last statement, let H be a definable torsion-free subgroup of G.
Then H N G% is a torsion-free type-definable subgroup of H of bounded
index, so it coincides with H.
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