COHOMOLOGY OF GROUPS IN O-MINIMAL
STRUCTURES: ACYCLICITY OF THE
INFINITESIMAL SUBGROUP

ALESSANDRO BERARDUCCI

ABSTRACT. By recent work on some conjectures of Pillay, each
definably compact group in a saturated o-minimal structure is an
expansion of a compact Lie group by a torsion free normal divisible
subgroup, called its infinitesimal subgroup. We show that the in-
finitesimal subgroup is cohomologically acyclic. This implies that
the functorial correspondence between definably compact groups
and Lie groups preserves the cohomology.

1. INTRODUCTION

This note is a continuation of [B:07] and settles the main conjecture
of that paper: the infinitesimal subgroup of a definably compact group
in an o-minimal expansion of a field is cohomologically acyclic. The
proof uses recent work in [HP:07] on the “compact domination con-
jecture”. The compact domination conjecture has so far been proved
in the abelian case but we can handle the non-abelian case by a suit-
able reduction. As a corollary of the acyclicity, we obtain a canoni-
cal isomorphism between the (o-minimal) cohomology of a definably
compact group and the cohomology of the real Lie group canonically
associated to it. This answers a question in [B:07]. In the abelian and
semisimple case the isomorphism problem was also addressed in the
recent preprint [EJP:07] without passing through the acyclicity of the
infinitesimal subgroup.

We recall some definitions and facts. In this paper G is always as-
sumed to be a definably compact group in an o-minimal expansion M
of a field. It is convenient to adopt the model theoretic convention of
working in a “universal domain”, so we assume that M is k-saturated
and k-strongly homogeneous with x larger than the cardinality of most
of the sets we will be interested in (except M itself !). In particular the
language L of M is small (i.e. of cardinality < x) and G is actually
definable over a small elementary submodel M < M. We are interested
in a certain canonical subgroup G of G which, except in trivial cases,
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will not be definable but only type-definable. Recall that a set is called
type-definable if it is the intersection of a small family of definable
sets, namely a family of definable sets indexed by a set of cardinality
< K.

Remark 1.1. For those that find themselves unconfortable with uni-
versal domains, let us point out that the notion of smallness may per-
haps be better understood if we identity a definable set with a func-
tor which to each model associates a set. A small family of definable
sets could then be defined as a family whose index set does not de-
pend on the model. Thus for instance if we work over an ordered
field, (,,en[—1/7,1/n] is a small intersection (i.e. type-definable), but
(Ni=ol—1, ] is not, since its index set {¢ | ¢ > 0} becomes larger if we en-
large the model (the first expression defines the infinitesimal elements
of the model, the second one defines the singleton 0). Whenever we say
that a certain property of a given type-definable set holds, we implicity
mean that it holds in all sufficiently saturated models (or equivalently
in the universal domain).

If H is a normal type-definable subgroup of G of bounded index
(i.e. index < k), the quotient G/H can be endowed with a natural
topology (the “logic topology”, not the quotient one) making it into a
compact group [P:04]. It turns out that although G and H depend on
the model, G/H does not, in the sense that if N > M are sufficiently
saturated, G(IN)/H(N) is canonicallly isomorphic to G(M)/H (M) as
explained in [P:04]. Note that this would not be true if the index of H
were not bounded: for instance H could be the trivial subgroup.

By [BOPP:05] G has the DCC (non-existence of infinite descend-
ing chains) on type-definable subgroups of G of bounded index. The
infinitesimal subgroup G of G is defined as the smallest such sub-
group (which exists by the DCC or by [S:05]). The subgroup G is
necessarily normal and divisible, and in [BOPP:05] it is shown that
the compact group I' = G/G® (with the logic topology) is actually a
Lie group (similarly for G/N for any N <1 G type-definable of bounded
index). So a posteriori the index of G% is < 2% and it can be shown
(see [S:05] or [HPP:07, Prop. 6.1]) that G can be type-defined over
the same parameters needed to define G. By definition a subset of T"
is closed in the logic topology if and only if its preimage in G un-
der the natural map 7: G — T is type-definable. We always consider
on G the topology of [P:8§], namely the unique topology making G
at the same time a topological group and a “definable M-manifold”
with a finite atlas. It turns out that G° is an open subset of G,
and the morphism 7: G — I is continuous with respect to the above
topologies. (Warning: since G is open in G, the quotient topology on
[ = G/G"™ coincides with the discrete topology, and not with the one
we are considering.) In [HPP:07] it is proved that in the abelian case
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G is torsion free, so I' and G have isomorphic torsion sub-groups. By
[EO:04] the torsion subgroup of a definably compact abelian group G
is isomorphic to the torsion subgroup of a torus of dimension n, where
n = dimy;(G) is the o-minimal dimension of G. It then follows that
dimy/(G) = dim(I"), where the latter is the dimension of I' as a Lie
group. This equality continues to hold even in the non-abelian case
[HPP:07]. Also the fact that G% is torsion free continues to hold in
the non-abelian case [B:07]. An important ingredient of the results in
[HPP:07] is the notion of generic set already studied in [PP:07] making
use of some work of A. Dolich [Do:04]. A definable subset X C G
is generic if finitely many left translates of X cover G (equivalently
right-translates). The non-generic sets form an ideal [HPP:07, Prop.
4.2], namely if the union of two definable sets is generic one of the two
is generic. Since G has bounded index it is easy to see that every
definable set containing G is generic. The converse fails, as a generic
set may be disjoint from G%. However using the results in [HPP:07] it
was shown in [B:07] that G XX~ We will need this

caracterization in the sequel.

=y generic

2. COMPACT DOMINATION

Using a result in [OP:07] in [HP:07] it was proved that if G is abelian,
then G is compactly dominated in the sense of [HPP:07]. By def-
inition G is compactly dominated (by 7: G — I') if given a definable
set X C G, for all points y € T" outside a set of Haar measure zero,
7 1(y) is either contained in X or in its complement. Said in other
words m(m(X) N 7(X€¢)) = 0 where m is the Haar measure on I'. In
[B:04] it was suggested that one could try to define a probability mea-
sure p on the boolean algebra of the definable subsets of a definably
compact group G by pu(X) = m(m(X)). The problem of verifying the
(finite) additivity of x4 amounts to show that for two disjoint definable
sets A, B C G, m(m(A)Nw(B)) = 0, which is again equivalent to com-
pact domination. Still another equivalent form of compact domination
(see [HPP:07] and [HP:07]), is that the image under 7: G — T of a
definable set X C G with empty interior has Haar measure zero. The
equivalence with the original formulation follows from the the fact that
G (hence any of its translates) is open in G' and definably connected
(as shown in [BOPP:05]), namely it cannot meet a definable set and its
complement without meeting its frontier. The following Proposition is
the only place where compact domination is used in this paper.

Proposition 2.1. If G is compactly dominated and X C G is a defin-

able generic set, then some left-translate (equivalently right-translate)
of X contains G,

Proof. Write G = ;X U...U g X. By compact domination for y € I’
outside of a set of Haar measure zero and for each i € {1,... ,k}, 7 (y)
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is either contained in ¢;X or in its complement. Since it must meet
some ¢; X, it must be contained there. U

Theorem 2.2. Suppose that G is abelian, or more generally compactly
dominated. Then there is a decreasing sequence Ag O A1 D Ay D ...
of definable subsets of G such that (), .y An = G® and, for all n, A,
is definably homeomorphic to a cell (in the o-minimal sense).

Proof. By |[B:07, Lemma 2.2] there is a decreasing sequence Xy D X; D
X5 D ... of definable subsets of G such that (), .y X, = G*. Since G®
is a group, G = (N, X»)(N,, X») ' and by the saturation assump-
tion on on the model this equals (), X, X,,'. Define A,, inductively as
follows.

Case n = 0: Write X as a finite union of cells. Since X, D G, X
is generic. So at least one of its cells is generic. Let C' C X be such a
cell. By compact domination there is g € G such that Cg D G%. Let
AO = Cg

Case n+1: Suppose 4, D G = (N, X; X; " has already been defined.
By saturation there is m such that Xan_ll C A,,. Write X,,, as a finite
union of cells. At least one of these cells is generic. Let C' C X,
be such a cell. By compact domination there is ¢ € G such that
Cg>DG™. Sinceee G g'eCcC X, SoCgcC X, X' CA,. Let
Any1 = Cy.

Note that in case n + 1 we can arrange the construction so that
m > n, so in particular m tends to oo with n. It follows that (1), A; C
N, X» X, ' = G®, and therefore N, 4; = G. O

Fact 2.3. The conclusion of Theorem was already known in the
case when G is a (non-abelian) definably simple definably compact group

[B:07, Thm. 8.5].

3. TYPES

We have seen that we may consider a definable set X as a functor
that given a model M (containing the parameters over which X is de-
fined) yields a set X (M) C M™ (or simply think of X as a formula and
X (M) as the set it defines). As usual we omit M when it is implicit or
irrelevant. Given a definable set X let X (M) be the set of types over
M containing X (which we can identify with ultrafilters of M-definable
subsets of X). As in [P:88] We equip X (M) with the spectral topol-
ogy: a basic open subset of X is a set of the form U with U a definable
relatively open subset of X. With this topology X (M) is a quasi-
compact normal spectral space, in general not Hausdorff (see [CC:83]
and [P:88H]). On X (M) one has also the constructible topology
which is compact Hausdorff and has as basic open sets the sets of the
form U with U a definable subset of X not necessarily open. We will
however be exclusively interested in the spectral topology. Like X,



COHOMOLOGY OF GROUPS IN O-MINIMAL STRUCTURES 5

also X can be considered as a functor, namely the functor that given
a model M (containing the parameters over which X is defined) yields

the set X (M) of all types over M containing X. Given a definable map
f: X — Y over M, we have an induced map f X —-Y (decorated
with M if needed) defined by fla) = {Z | [7YZ) € a}, where Z
ranges over the M-definable sets. As noted in [EJP:06], given a defin-
able function f: X — Y and definable subsets A C X and B C Y,

we have f(A) = f( ) and f~Y(B) = f~(B). From this one readily

deduces that if f: X — Y is continuous then so is f: X — Y with
respect to the spectral topology. Moreover it is easy to see that the
above equalities commute with the operation of restricting the types
to a smaller model. We will also need a technical result (Lemma
below) which, given a definable function f: A — B, allows us to char-
acterize f~1(3) = N{f~*(Z) | Z € B}, where 3 is a type in B, in terms
of f~1(b), where b is a realization of 3. The special case of Lemma
when f is the projection from X x [a,b] to X was proved in [EJP:06
Claim 4.5] and was used there to prove the invariance of o-minimal
sheaf cohomology under definable homotopies. The general case can
be proved along similar lines.

Lemma 3.1. E|Let [+ A — B be a definable continuous function over
the model M. Let 3 € B(M) be a type over M containing B and
let b = (B be a realization in some elementary extension of M. Let
M(b) = M be the prime model over MU{b}. Letr: A(M (b)) — A(M)
be the map which sends a type over M (b) containing A to its restriction
to M. It is easy to see that r is continuous but in general it is not an
open map. However:

re fHO)MB) ~ [H(B)(M),
namely v sends the set of types over M(b) containing f~*(b) home-

omorphically onto f~(8) C A(M). (This holds both in the spectral
topology and in the constructible topology.)

P

Proof. The fact that f~ (ﬁ) is the restriction of f~1(b) to M is clear:

FHB) = FHtp(b/M)) = /- 1) f =r(f7(0)).

Let us prove that r: f~ ( ) — f71(B) is injective. So let a; and ay
be two distinct types over M (b) Containing the definable set f~!(b).
Let a; = a1 and as = as be two realizations. Then there is definable
set over M (b) containing a; and not ay. Since every element of M (b)
is of the form h(b) for some M-definable function h, there is a formula
(z,y) over M such that = ¢(aq,b) and [~ ¥(az, b). But b = f(a;) =

IWe thank A. Fornasiero for providing a telephone proof of this lemma on
demand.
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f(az). So | ¢(aq, f(ar)) and = ¢(aq, f(az)). This shows that ay,as
have a different type over M and concludes the proof of injectivity.

The continuity is easy: a basic open set of f~1(3) is of the form
Un f71(B) for some M-definable open set U. Its preimage under r is

—_——

U N f=1(b).
It remains to prove that r: f=1(b) — f~'(8) is an open map. We
need:

—~——

Claim 1. Letn = dim(f3). We can assume that B is a cell of dimension
nin M", AC M"* and f: A — B is the projection onto the first n
coordinates.

In fact let A" = {(f(z),z) | x € A}. Then f: A — B can be factored
through the definable homeomorphism A — A’ sending z to (f(z), )
followed by the projection A — B sending (u,v) to u. So we can
assume that f is a coordinate projection. To prove the rest of the
claim consider a definable set D of minimal dimension n in 3. We can
assume that D is contained in B and is a cell. Replacing B with D we
can assume that B is a cell of dimension n in some M™ with m > n.
We can further assume that m = n since every cell of dimension n is
definably homeomorphic through a coordinate projection to an open
cell in M™. The claim is thus proved.

To finish the proof of the Lemma consider a basic open subset of

P —_——

f~1(b), namely a subset of Z(M(b>) of the form U N f~1(b) where U is
an M (b)-definable open subset of A. We must show that the restriction

of UN f~1(b) to M is open in f~1(3). To this aim it suffices to find an

M-definable open subset L' C A such that L' N f=1(b) = U N f=1(b)
(as sets of types over M(b)). Indeed the restriction would then be
L'N f~4(B) (over M), which is an open subset of f~*(3). To find the
desired set L’ we reason as follows. Since U is defined over M (b), we
can write U = U, for some M-definable family {U, | x} of definable sets
(not necessarily open). Let W be the set of all x such that U, N f~(x)
is relatively open in f~1(x). Then W is an M-definable set containing
b. So dimW = n and we can assume without loss of generality that
W is open. Let L = {J, o (Uz N f(x)). Then L is an M-definable
set and L N f71(b) = Uy N f~1(b). Recall that, thanks to the claim,
f is assumed to be the projection (x,y) — z. So L is a set which
projects onto the open set W via f and intersects each fiber f~1(z),
with x € W, into the relatively open subset U, N f~!(z). This is not
yet sufficient to ensure that L is open in A. Consider however a cell
decomposition of L. Its projection over W gives a cell decomposition
of W. Since dim(f) = n = dim(W), there is an open cell W' C W
of this decomposition containing b. Now let L' = L N f~(W’). Then
L' is a cylinder over the open cell W’ consisting of a union of cells
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with common base W’. Since moreover L’ intersects each fiber f~!(x),
with z € W/, into the relatively open subset U, N f~1(x), it follows
now that L’ is open in A. We have thus found an M-definable open

P e N

subset I/ C A such that L' N f~1(b) = U N f~(b) and this suffices to
conclude. 4

Similarly to what already said for definable sets, also a type-definable
set Y can be considered as a kind of functor that to each model M
(containing the relevant parameters) associates a set Y (M). Namely if
{Yi | i € I} is a small family of definable sets and Y = (,.; Y;, then
Y (M) = (;e; Yi(M). We can then define the space of types Y (M)
as ();e; Yi(M), and it easy to see that if M is sufficiently saturated
(with respect to the number of parameters in Y) then this is well de-
fined, namely it does not depend on the representation of Y (M) as an
intersection. In other works we are saying that we can define

Nv-NF

iel i€l
(Meaning that the equality holds in sufficiently saturated models.)
Note that the assumption that [ is small is essential, for instance con-

sidering the example in Remark [I.1} we have:

—~—

O} =~t.0c -1

t>0 t>0

but the equality fails (in sufficienly saturated models).

Example 3.2. Although G" is open in G, it turns out that G is
closed in G (and not open unless G is trivial). Indeed by [B:07, Lemma
2.2] G™ can be written as a countable intersection (), Xn of closed
definable sets X,,, so G = [ .y X;, which is closed. The fact that
G is not open in G (except in trivial cases), follows from the fact that
G lives in the definably ‘connected component G° of G and if X is
definably connected then X is connected.

Remark 3.3. Lemma [3.1] continues to hold if f: A — B is the restric-
tion of a definable function g: X — Y to two type-definable subsets
A C X and B C Y. This follows from the fact that for each b € B,

e~ e~

FHb) =g (b)) N A, and g~1(b)N A = g~1(b) N A.

4. COHOMOLOGY

A sheaf cohomology theory for definable sets in o-minimal expansions
M of a group was studied in [EJP:00] and [BE:07]. Given a definable

set X over M and a sheaf F over X (M), the cohomology H*(X;F) is
defined as the cohomology of the sheaf F. Since X (M) is a spectral
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space, it also coincides with the Cech cohomology of F [CC:83]. When
Z is a fixed constant group of coefficients we write H*(X), or H*(X),

for the cohomology H*(X(M)) of the constant sheaf on X (M) with
stalk Z. A priori H*(X) depends on M, but if M expands a field one
can use the triangulation theorem and the results in [EJP:06] to show
that H*(X) does not actually depend on M, namely if N > M then

the restriction r: X(N) — X (M) induces is a canonical isomorphism

H*(X(M)) = H*(X(N)).

The cohomology of a type-definable set ¥ can be defined similarly,
namely H*(Y) = H*(Y/(M)) where Y (M) is defined as in the previous
section (for M sufficiently saturated). To compute the cohomology of a
type-definable set and prove its invariance under elementary extensions
one can use the following result.

Fact 4.1. Let X be a type-definable set, written as an intersection

M, Xi of a small directed family of definable sets X;. Then H*(X) =
lim H*(X;).

Proof. This is a special case of [Br:97, Thm. 10.6]. See also [BF:07,
Lemma C.3]. One needs to observe that X and )Afl are quasi-compact
subsets of a spectral space and therefore they are “taut” subsets. This
argument was used in [De:85, Thm. 3.1] and in [J:06, Prop. 5.3.1], but
note that here we do not assume the X;’s to be open. U

Remark 4.2. If M is only assumed to expand a group Fact still
holds. However for a definable set X in an o-minimal expansion of a
group the invariance of H*(X(M)) under elementary extensions N >
M has so far been proved only when X is definably compact [BE:07].
Clearly it then also holds for those type-definable sets, such as G,

which are small intersections of definably compact sets.

5. ACYCLICITY

As usual let G be a definably compact group in a sufficiently satu-
rated o-minimal expansion M of a field.

—_—

Theorem 5.1. G% is acyclic, namely H*(é\(ﬁ) s isomorphic to the
cohomology of a point (over any sufficiently saturated model).

Proof. By Fact[2.3Jand Theorem 2.2} if G is definably simple or abelian
then G is a decreasing intersection of a countable sequence of sets
definably homeomorphic to cells. So by Fact G s acyclic in these
case. (Similarly if G is compactly dominated.) The general case can
be reduced to the abelian and definably simple case as follows. Let

0—>HL>GL>B—>O
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be an exact sequence of definable groups and definable group homo-
morphisms. Then by [B:07, Thm 5.2] we obtain an induced sequence
of type-definable groups:

OHHOOL)GOOL)BOOHO

Passing to the space of types (over some model) we obtain a sequence
of topological spaces and continuous maps

00 N G T, goo
It does not makes sense to ask whether the sequence is exact since
these spaces do not carry a group structure. However, assuming that

H™ is acyclic (i.e. HO(M) is acyclic for all M sufficiently saturated),
it follows that the fibers of 7 are acyclic. Indeed if we work over the

model M and f3 E@(M), then by Lemma the fiber 771(3) is

homeomorphic to H%(M (b)) where M (b) is the prime model of a re-
alization b = . (There is a small point to consider here. A priori we
have defined H%(N) only for N sufficiently saturated, and M (b) need
not be so even if M is such. So what we mean is: let {X; | i € I} be

a small family of definable set such that ;I\(—’B(M )= X;(M) and de-

fine HOO(M(b)) = (N;e; Xi(M(b)). Now go to a saturated N > M(b),
use the acyclicity assumption in N, and go back to M(b) using the
invariance of cohomology under elementary extensions.) Now by the
appropriate version of the Vietoris-Begle theorem (see [Br:97, §1I, Thm.
11.7] and [EJP:06, Thm. 4.3]) under very general hypothesis a surjec-
tive continuous closed map with acyclic fibers induces an isomorphism
in cohomology (with constant sheaves). This is well known for maps
between Hausdorff compact spaces, but it continues to hold for arbi-
trary topological spaces under the hypothesis that the fibers are “taut”.
This hypothesis is verified by 7 since its fibers are type-definable, hence
quasi-compact (see [EJP:06, Prop. 2.20]) in the spectral topology.

Therefore we have an isomorphism 7*: H*(B%) — H*(G%) over any
sufficiently saturated model.

It follows that the property of having an acyclic infinitesimal sub-
group is preserved under group extensions (i.e. if 0 - H - G — B —
0 is exact and the property holds for H and B then it holds for G),
and under isogenies (i.e. if it holds for G and H is finite, it holds for
B). Since the property holds for the definably compact abelian groups,
the definably compact definably simple groups, and obviously the finite
groups, one gets it for the class P generated by these groups by ex-
tensions and isogenies, namely for every definably compact group. In
fact suppose for a contradiction that G is a definably compact groups of
minimal dimension not belonging to P. We can assume that G is defin-
ably connected since the definably connected component G° of a defin-
able group G has finite index (so G° € P iff G € P). If G has an infinite
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definable abelian subgroup N, then G/N has lower dimension then G
and by the exact sequence 0 - N — G — G/N — 0 we obtain G as an
extension of two groups in P. So G has no infinite definable abelian sub-
groups, namely G is definably semisimple. By [PPS:00, Thm. 2.38]
if G is definably connected and definably semisimple, then there are
finitely many “definably almost simple” normal subgroups Hy, ..., Hy
of G such that G = II; H; and H;NIl;.;H; < Z(G), where Z(G) is the fi-
nite center of G. Recall that a group H is said to be definably almost
simple if it is non-abelian and has no infinite normal proper subgroup
(we obtain an equivalent definition replacing “infinite” by “definably
connected and non-trivial”). On the other hand if H is definably al-
most simple, then its center Z(H) is finite and H/Z(H) is definably
simple (using the fact that a finite normal subgroup A of a definably
connected group H must be contained in its center). So all the H;
belong to P. Now let R,, = Il;<,,H;. Considering the exact sequence
0— R, — R.Huy1 — RunHp1 /Ry = Hyot/(Ryy N Hypi1) — 0 and
noting that R,, N H,,;; is finite (being contained in Z(G)), it follows
by induction that each R,,, hence G, belongs to P. O

From the acyclicity of G% it follows, as explained in [B:07, Cor. 8.8],
that there is a natural isomomorphism in cohomology H*(G/G") =
H*(G), where the latter is defined as H*(G). In fact let ¥: G — G/G

be the map sending a type v € G(M) (M sufficiently saturated) to the
coset gGY of a realization g = 7 in some bigger model. Then ¥ is
a closed continuous map (independent of the choice of ¢g) with acyclic

fibers (as U~'(y) &~ G(M(g))). So by the Vietoris-Begle theorem we
obtain:

Corollary 5.2. U induces an isomorphism
Ut HY(G/G™) = H*(G)
in cohomology.

Acknowledgement. I thank Antongiulio Fornasiero for his comments
on a preliminary version of this paper and for the proof of Lemma [3.1]
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