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Abstract

Let X be a definable sub-set of some o-minimal structure. We study the spec-
trum of X, in relation with the definability of types.
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1 Introduction

Let M be an o-minimal structure, expanding a group, &d M" be a definable sub-
set. The spectrum &4, denoted b)A as defined by P|Ila){[8] is the set of complete
types ovelA, with the topology with the following basis of open sets:

{U:U C A& U open and definable

Note thatA has also the Stone topology, which is finer than the spectral &Vhen
speaking of topological notions abodit we refer to the spectral topology, unless ex-
plicitly said otherwise.

Ais aTp space, but not & space: namely, points are not closed. In this situation,
there is the so-called specialization ordeis a specialization of (written x <'y) iff
cl(x) C cl(y).

[E] proved thatA is a spectral space. Name@has a basis of quasi-compact open
sets stable under finite intersections, and every irredicibsed set is the closure of
a uniqgue point. Coste and Carrﬂ [2] study spectral spacgerieral, and the normal
ones in particular (sinca is definably normalA is normal).

We continue the study of the properties/f The main theme is the relationship
between the specialization ordsr, the Rudin-Keisler ordex, and the dichotomy

between rational and irrational types (cf. Theof¢m 3, Ler‘ Corollary 6.29).
In §E we list some results on o-minimal structures and on tapo#d spaces, which
will be used in later sections.

In §B we collect some basic results on the spectrur.dih particular, we prove
that, for everyx € A, cl(x) is totally ordered by the specialization order (Lenjma]3.14)
Any definable functiorf : A— Binduces a functiori : A— B, which is continuous

if fis. We say thay < xiff y= f(x) for some definable functiofi In §H we study the

properties off and of< In particular, we prove that, < x, thenx < x(Theorerrﬂl)
RK

In the remainder of the article, we assume tagxpands a field. A typris called
strongly closed iffx is closed in somd, with A definably compact. I@E we study
the definable compactifications of definable sets, and gineesesults about strongly
closed types (Definitioh 5.]L5 and TheorEm 2).

The main results of the article are §f and[’y. In§E, we investigate the relation-
ship between rational and strongly closed types (Thecﬂermlé)further analyze the
relationship betweest, = and rationality (Theoreff} 4, Lemrha 617, Lemma}5.19, and

Corollary[6.2p).

In §|?| we study the amalgam of a rational and a totally irrati@dénsion ofM

(Theoren{p).

I thank A. Berarducci for his help on conceiving and writigstarticle, and for
the numerous discussions on these and similar topics.
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2 Preliminaries about o-minimal structures

Let M be an o-minimal structure, expanding an ordered group.Alle¢ a definable
sub-set oMK, for somek € N.

In the following, if M expands an ordered field, then 1 will denote the neutral
element of the multiplication. Otherwise, 1 will be some fixelement ofM such
that 1> 0. Definable will mean “definable with parameters frh, unless explicitly
stated otherwise.

2.1 Notation. Let X be a topological space. For evéfy_ X we shall denote by g(Y)
(or simply by clY) if X is clear from the context) the topological closureYoin X.
The frontier ofY is

de = C|x(Y) \Y.

2.2 Remark.If AC B C MK are non-empty and definable, then ddmA) < dimA.

2.3 Definition. Let X € MK, We say thak is definably compact, ad-compact for
short, iff X is definable, closed and boundeédis locally d-compact iff X is definable,
and for every € X there exists a d-compact neighborhood ¢ih X).

The reader can skip the remainder of this section, and refek o it when needed.

2.4 Lemma. Let Z be a topological space. LetlQ C Z such that U is open (in Z).
Then,
Unclz(C)=Unclz(UNC) =cly (UNC).

Proof. The factthatd Nnclz(C) DU Nclz(UNC) is obvious. For the opposite inclusion,
letx € UnNclz(C). Hencex € U. If, for contradictionx ¢ clz(U NC), then

xeclz(C\U) Cclz(Z\U)=2Z\U,
becaus#J is open, absurd. O

2.5 Corollary. If C,U C A are definable, and U is open, then
dim(U NC) =dim(U Nncl(C)).
Proof. UNcl(C) = cly (U NC), and din{cly (UNC)) = dim(U NC). O

2.6 Lemma. Let G, C; be definable disjoint sub-sets of A, andpmnax(dim(cl), dim(Cz)).
Then,
dim(cl(C1) Ncl(Cz)) <m.

Proof. In fact,
C|(C1) n C|(C2) = ((C|(C1) n C|(C2)) \Cl) U ((C|(C1) n C|(C2)) \Cz) -
- (C|(C1) \Cl) U (C|(C2) \Cz)
Since din’(cI(Q) \Ci) < dimC; < mfori=1,2, we are done. O

2.7 Lemma. Let G, G, C A be closed and definable, and G- C; NCy. Then, there
exist Y C A open and definable- 1,2, such that

1. G\M=Co,i=12
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2. VinV, = 0;
3. C|(V1) ﬂC|(V2) C Co.

Proof. Define
Vii={aeA:d(aC) < 3d(aCy)},

whered is the Euclidean distance (or equivalently the max distaht& has no field
structure), and similarly fovs.
Alternative proof: let
U :=A\Cy,
Ci/::Ci\C()v |:152

U is definable, and therefore definably normal. Moreo@m=ndC;, are disjoint open
sub-sets o). Therefore, there exist,V, C U disjoint and open ity (and hence open
in X) such thatC/ C V. O

2.8 Definition. Let X be a topological spac« is aTs space (also calledompletely
normal) iff every sub-space ok is T4.H

Note that any metric spaceTs. Note moreover thaly does not implyTs.
2.9 Remark.Let X be a topological space. The following are equivalent:

1. XisTs.
2. Foreveny C X, if U is open, thetJ is Ty.

3. LetCy,C, C X be closed, an@ := C;NCy. Then, there existy,V, C X open,
and satisfying conditions 1-3 of Lemrhal2.7.

4. For everyD;,D, C X, if DyNcl(Dy) = cl(D1) N D2 = 0, then there exist1, Vs
disjoint open sub-sets &f, such thaD; C V.

2.10 Lemma. Let CC U C D C MK be definable, such that D is d-compact and U is
openin D. Let : D — M be a definable continuous function, such thatG—1(0).
Then, there exists € M such tha0 < € and f~*(]—¢,&[) CU.

Proof. Note thalC must be closed. Assume, for contradiction, that for every there
existsa; € D\ U such that f(t)| <t. By definable choice, we can firsg as above that
is a definable function df SinceD is definably compact, there exists |imy+ & =: a.
However,a e C\ U, a contradiction. O

Therefore, ifD is d-compact and : D — M is definable and continuous, the family
{ f71(]-t,t]) :t > 0} is a fundamental system of open neighborhoodsdf0). Note
that this is not true iD is not d-compact.

A variant of the following lemma is|E4, Lemma 1.1].

2.11 Lemma. Let CC A C M" be definable, such that C is a cell. Then, there exists a
definable open neighborhood V of C (in A) such that C is a réw&Y . Namely, there
exists a definable continuous mapV — C, such that the restriction g¢f to C is the
identity.

1We do not assume thaj implies Hausdorff.
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Proof. First, we will do the case wheA = M". The proof is by induction om. If
n= 0, the conclusion is trivial. Sind@is a cell, there exists a céll C M"~1 such that
one of the following cases happens:

1.C=r(f):={(xy)eM":xeD& f(x) =y}, wheref : D— M is a continuous
definable function;

2. C=]f,gb{(xy)eM":xeD & f(x) <y<g(x) }, wheref,g:D — ML {xw}
are continuous definable functions such that g.

By inductive hypothesis, there exist a definable open ne&igidodw of D and a re-
tractiono : W — D. In the first case, l&f :=W x M, and define

pw.t) == (a(w), f(w)).

In the second case, define
F-WxM-—-=DxM

(Wt) — (a(w),t).

LetV :=F~1(C), andp be the restriction oF toV. SinceC is open inD x M, V is an
open neighborhood &.

WhenA # M", letV’ andp’ : V' — C be the open neighborhood@fin M" and the
retraction whose existence we proved above. Dafine V'NA, andp :=p' |V. O

2.12 Example Note that in generdl is not a retract of alM". For instance, leh = 1
andC=]0,1].

2.13 Lemma. When M expands a real closed field, in Lenjma]2.11, we can wéfaden
hypothesis to C locally closed in A, instead of C cell.

Proof. Itis [[Ld, Proposition 8.3.3]. O

2.14 Question.What happens if we drop the condition thdtexpands a real closed

field in Lemmd 2.13?

2.15Lemma. Let X be a topological spaces, and Y, U be sub-spaces of X lsatH t
is dense and U is openin X. Thaty (YNU) =clx (U).

Proof. It is obvious that Y NU) C cl(U). For the opposite inclusion, léte cl(U),
andV be an open neighborhood bf SinceU is openW :=V NU is also open, and
sinceb e cl(U), W # 0. Therefore(YNU)NV =WNY # 0, becaus¥ is dense irX,
and thus € cl(Y NU). O

2.16 Lemma. Let A be definable, closed and locally d-compact, and B be algén
such that AC B and Ais dense in B. Then, A is openin B.

Proof. Fix a € A. LetK be a d-compact neighborhoodafLetU C K be a definable
open neighborhood @& (in A). Therefore, there exisi C B open and definable such
that andJ :=V NA. Therefore,

ADK=clg(K) 2 C|B(U) =clg(V ﬂA).

By Lemma[2.3p, ¢J(V NA) = clg(V). ThereforeV C clg(V) C A, and thereford is
a neighborhood cd. O
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2.17 Lemma. Let CC MKtN be a cell, andrr: Mkth — MK be the projection on the
first k coordinates. Then, exactly one of the following 2dkihappens: eitherr | C is
injective, ordimm(C) < dimC.

2.18 Lemma. Let f: M" — MK be definable. Then, there exists a decomposition"of M
into definable set%Ci i< n}, such that for every € n, either f| G is injective, or
dimf(G) < h.

Proof. f| Let
S:={(f(a),a) e Mk :acM"}.

DecomposeM*th into cells, in a way compatible witts. Let DC S be a cell,
C:=f1(D), and ir: MK*h — MK the projection on the firsk coordinates. Note
that f(C) = (D), and hence dir® < h. Moreover,f | C is injective iff T [ D is
injective. By Lemm4 2.17, either dimD) < h, or 77| D is injective. O

2.19 Lemma. Let X be a topological space,Z X be connected, and d X be open.
IfZNU #£ 0 and Z\U # 0, then ZndU # 0.

Proof. Assume thaZ NoU = 0. Then,
Z=(ZnU)u(z\U) = (Zncl(U))u(Z\U),

contradicting the fact that is connected. O

3 Specialization

Let M be an o-minimal structure, expanding an ordered group.Alle¢ a definable
sub-set ofMI¥, for somek € N, andX := A be the spectrum ok (namely, the set of
complete types oveX).

In this section we study the basic properties<ofMost of these results are well-
known, at least in the case whishexpands a field]2][[7],[18], and][5].

3.1 Definition. LetC C X. C is definableiff C is of the formD, whereD C A is de-
finable.C C X is type-definable iff Cis closed in the Stone topology, or, equivalently,
C is an intersection of definable sets.

3.2 Definition. Thespectral topologyin X is the topology generated by the sets of the
formU, whereU C Ais open and definable; Cﬂ [8].

3.3 Remark.Since the Stone topology is Hausdorff, any finite set is tgpénable.
Any definable set is type-definable. Since the Stone topdkglyonger than the spec-
tral one, any closed set is type-definable. Since the Stquadgy is compact, the
spectral one is quasi-compact.afC X is type-definable, andl : A — B is definable,
thenf(C) is also type-definable.

3.4 Remark.” is an injective morphism of Boolean algebrae between thenalefi
subsets oA and the subsets of. Moreover, ifB C Ais definable, then

—_—

cl(B) = cl(B).

2Thanks to prof. Berarducci for the proof.
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3.5 Example However, doesnot preserve infinite unions or infinite intersections. For
instance, leA :=[0,1], U; :=]—t,t[ C A. Then,Noctem Yt = {0}, but

ﬂ th = {OiaOaOJr}v

o<teM
where 0 is the cut]—, 0], ]0, +o[, and similarly for 0.
3.6 Lemma. Let CC X be open. Then, C is quasi-compact iff C is definable.

Proof. The “if” direction is trivial. On the other hand, sin€is open,C = i, Ui,
where eacl; is open and definable. € is quasi-compact, then there exigsC |
finite, such thaC = Ui, Ui, and thusC is definable. O

3.7 Definition. Letx € X. Thedimensionof x is
dimx:= min(dimC),

whereC varies among the definable sub-setXafontainingk. GivenC C X definable,
thelocal dimensionof C atx is

locdim(x;C) := min(dimU NC),

whereU varies among the definabd@ensub-sets oK containingx. Define locdintx;C) =
—oo iff there exists an definable opdnh containingx suchU NC = 0. Note that
locdim(x;C) > 0'iff x € cl(C), where c[C) is the closure o€ in the spectral topology.
We shall write loc din(x) instead of locdinix; A).
We say that locdirfC) is constantly equal ta iff locdim(x;C) = n for everyx €
cl(C). GivenD C A definable, we define locdifr; D) := locdim(x; D).

3.8 Lemma. dimx is the dimension of/i, for any N> ¢ = x.
3.9 Remark.For everyx € X,
dimx < locdim(x) < dimA.
For everyC C X definable, Corollar5 implies that
locdim(x;C) = locdim(x; cl(C)).
If D C Ais a cell of dimensiom, then locdinD is constantly equal to. If locdimC is

constantly equal to, then loc din{cI(C)) is also constantly equal t@

3.10 Remarklocdim(x) is the minimum of the dimensions of the definable open sub-
sets containing.

Intuitively, the local dimension of is the dimension of the ambient spagen a
neighborhood ok. On the other hand, the dimensiordells us “how big” a definable
sub-set containing must be.

3.11 Example. Xs notT; in general (namely, not every point is closed). For instance
letA:=M, x=0". Then, c(x) = {0,0" }.

3.12 Definition. For everyx,y € X, we say thak is aspecializationof y (andy is a
generalizationof x) iff x € cl(y), where cly) is the closure ofy} in the spectral topol-
ogy, and we writex < y for this. We shall say thatis a closed point iff ¢ix) = {x},
namely iffx is minimal w.r.t. the ordex.
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3.13Lemma. 1. <isa partial order on X.
2. Ifx<y, thendimx < dimy < locdim(x).
3. Ifx<yand DC X is definable, thefocdim(x; D) > locdim(y; D).
4. If x<y (namely, < y and x#£ y), thendimx < dimy.

Proof. 1) The transitivity of< is obvious. To prove that is a partial order, it is
enough to show that ik < y andy < x, thenx=y. The hypothesis is equivalent to
cl(x) = cl(y). Assume for contradiction that£y. Let B,C C X be definable subsets
such that

xeB\Cand

yeC\ B.

W.l.o.g., we can assume that ddn= dimx > dimy = dimC, andB andC disjoint.
Therefore, by Lemmp 3.6,

dim(cl(B) ncl(C)) < dimB.

Thus,x ¢ cl(B)Ncl(C), and sax ¢ cl(C). However, cly) C cl(C), absurd.

2) LetU C X be definable and open, such that U and dinJ = locdim(x).
Moreovery € U, and therefore dim < dimU = locdim(x).

Assume, for contradiction, that<y, butm:= dimx > dimy =:n. LetC C X be
definable such thate C and dimC = n. Moreover, dimgC) = dimC = n, therefore
we can assume thétis closed. Besides ¢ C, because dim > dimC. HoweverC is
closed and/ € C, and therefore ¢y) C C, absurd.

3) LetU C X be a open and definable, such that inm D) = locdim(x; D), and
xe€U. Theny €U, and we are done.

4) Assume, for contradiction, that< y, but dimx = dimy =:m. LetE C A be
definable, such that € E, and dimE = m. Let A’ := cl(E). Then, dimA' =m, and
X,y € A'. Therefore, w.l.0.g., we can assume that dim m. Since< is irreflexive,
y ¢ cl(x), namely there exidt) C X open and definable such that U, butx ¢ U.
Howeverx € cl(U) \ U, becausa € cl(y). Therefore, dinx < m, absurd. O

3.14 Lemma. For every xe X, cl(x) is totally ordered by<. Moreover#(cl(x)) <
1+dimx < 1+locdim(x) < 1+ dimA.

Proof. Assume, for contradiction, that there exysty. € cl(x), such thay; < y» and
y2 % y1. LetD; C A be definable such that

dimD; =dimy;=:m, and y,eDi\Dy i, i=12

W.l.o.g., we can assume thap < mj.
Claim1l. y» <yi.

Note that the claim contradicys £ yi1, which is absurd.

Assume not. Then, there exidtsC A open and definable, such thate U, but
y1 ¢ U. By substitutingD; with D;NU, andD, with D, \ U, we can assume that
D, CU, andD; C A\ U, and in particular thab; "D, = 0.

LetG :=cl(Di), i = 1,2, andCy := C;NCy. Note thatCy C cl(U) \U. Hence,
Yo & Co. Besides, sincB;ND, =0, by Lemm6 we have diy < my, and therefore
y1 ¢ Cp. LetVq andV, be asin Lemm.?. Sindg NV, = 0, x cannot be both i, and
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in V2. Assume thax ¢ V. Sincey; ¢ Co, we havey; € Vi. Howevery; € cl(x) C X\ Vi,
absurd.

Therefore, we have proved thatis a total order on ¢k). Using Lemmd 3.33, we
conclude that &l(x)) < 1+ dimx. O

3.15 Example.Letx € A. The set{y exX:y> x} in general isnot totally ordered
by <. For instance, leh =M, x=0,y=0" andy = 0. Thenx <,y but neither
y<ynory <y.

3.16 Example.Both cases are possible(cf(x)) = dimx and #cl(x)) < dimx. For
instance, leA = M. Letx= 0" andX = +. Then, dimx = dimx' = 1. However,
cl(x) = {0,0" }, while cl(x) = {X}.

3.17 Remarklf x,y € X are such that neither< y nory < x, then there exist disjoint
open definable sub-sdtkV C X such thak € U andy € V.

3.18 Definition. Let 1 : A— X be the natural embedding, sending A to the type

“ ”

x(a) :="a=c".

3.19 Remark. is a continuous map.

3.20 RemarkLetx € X. Then, dink= 0 iff x=1(a) for somea € A. In that casex is
a closed point.

3.21 ExampleNot all closed point have dimension 0. For instancé,# M, then+-co
is a closed point of dimension 1.

3.22 Remark.Letx € X. Define the following partial types:

®(a) = {ac U :U C Adefinable and operx € U },
W(a) := {ac C:C C Adefinable and closed € C}.

Then, B
®={yeX:x<y},

Y={yeX:x>y}=clx.
Equivalently,

{yeX:x<y}=(){U:U C X definable and operxc U }
cl(x) =(){C:C C X definable and closec € C }.

3.23 Remark.More in general, iD C X, then
cl(D) =(){C:C C X definable and closed C C }.
Moreover,D is closed iff
D =("){C:CC X definable and closed C C}.
3.24 Corollary. Let xe X such thatdimx = locdim(x). Then,
{x} =(){VU :U C X definable and operxc U }

3.25 Lemma. Let xe X. Let m:= dimx, and n:= locdim(x). Then, there existsg X
such that x< y anddimy = n.
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Proof. If m=n, takey:=x. If m< n, let
®(a):={acU\C: C,U C Adefinablexc U, dimC < n, U open}.
By definition of local dimension, it is easy to see tkats consistent set of formulae.
Lety € @. By definition of®, dimy =nandx <. O
3.26 Remark.Let dimA = n, andk < n. The setXy := {xe X dimx > k} is of the
form @, (and hence is type-definable), wher®y(a) is the partial type
{a¢ C:Cc Adefinable dimC < k}.

Moreover, both (A) and X are dense irX, and, ifk > 0, they are disjoint. Finally,
1(A) is open in the Stone topology, becavsg! (A) = X;.

Proof. 1(A) is dense, because it is dense in the Stone topology, whid¢toisger than
the spectral oneXy is dense by Lemmfa 3.p5. 0

3.27 Example.Let x,y € X with x < y andm:= dimx andn := dimy. It is not true
in general that ifm < | < n, then there exists € X such thaix < z< y and dimz=1.
For instance, led’ := M?, x= (0,0), z= (0", 0) (z isa complete type) anglc A’ such
that dimy = 2 andz < y (y exists by Lemm4 3.25). Note that< z<y. LetA be
A :={(a,0):a>0}. Sinceze X'\ X, and in cly) there is at most on# such that
dimZ =1, there is n& € X such thatZ < yand dinZ = 1.

Let A be definably compact. Lety € X with X < y andm:= dimx andn := dimy,
and letl € N be such tham < | < n. Later (examplef §.3 afjd p.4) we will show that
there mighotexistz € X such thak < z< y and dimnz=1.

3.28 Lemma. Let CC X be type-definable. Then,
cl(C) = J{cl(x) :xeC}.

Proof. It is obvious that ¢IC) D U{cl(x) : x e C}. For the other inclusion, we have
to prove that for every € cl(C) there existx € C such thay € cl(x). SinceC is type-
definable, we can writ€ = ¢, Gi, where eack; is definable. Letp be the following
partial type

®(a)={acUNG:iel, UCAopenand definabley e U }.
Sincey € cl(C), @ is consistent. Any € ® satisfiesy < x andx € C. O
3.29 Corollary. Let CC X. Then, C is closed iff C is type-definable and
¥xeC cl(x) CC. (3.1)

Proof. The “only if” direction is trivial. For the “if” direction, lemma[3.28 implies
that clC) =C. O

3.30 ExampleThere are some sub-s&s- X that are not closed, but do satism&l).
By the Corollary, any suc@ cannot be type-definable. For instanceet 1 (A). Cis
not closed (unlesa is finite), because (C) = X, butC does satisfy[(3]1).

3.31 Lemma. A is definably connected iff X is connected.
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Proof. Easy. O
3.32Lemma. Let M< N, and

—_—~

0:AN) — AM)

be the restriction map. The#,is continuous both in the Stone and the spectral topolo-
gies.

3.33 Example.0 is neither closed, nor open. For instance Aet M, X = 0", ceN
such thatt = 0", y:=1(c) € N. Then,y is a closed point, buf(y) = x is not. Let
U :=]-c,c[C N. ThenU is open, buB(U) = {0-,0,0* } is not open.

3.34 Question s 0 closed or open in the Stone topology?

3.35Lemma. Let A B be definable, and : A x B — A be the projection onto the first

—

coordinate. Let N- M, c€ A(N), and x:= tp(c/A) € X = A. Lett: B(M(c)) —Ax B
defined by
1(y(b)) :=x(a) & { @(a,b) : p(c,b) € y(b) }.

Then,t is well-defined, and it is a (surjective) homeomorphism.

The case = [0, 1] of the above Lemma is irf][3].

3.36 Lemma. Let ZC X be type-definable and connected. Bdie as in the Lemma
above. Theng~1(Z) is type-definable and connectd.

Proof. LetZ =, G. Then,
W:=6"1Z) =Gi(N).
icl
Assume, for contradiction, th&¥ is disconnected. Namely, there existandT, open
such that
WCTUTy,
TINTo,NW =0,
WNTi#0, i=12

Claim 1. We can also assume that theare definable (iN).
In fact,
T= Ui,
j€d

where thel; j are open and definable (M). By compactness of the Stone topology,
there exist) C J; finite,i = 1,2, such that

WCT/UT;,
WNT £0, i=1,2,

whereT/ :=Ujcy Ui j. MoreoverT/NT;NW C TiNTNW = 0.

3Thanks to Berarducci for the proof.
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In particularNi¢,; Ci(N) C T, UT,. Using again the compactness of the Stone topol-
ogy, we conclude that there exi$gsC | finite, such that

6—(\[\—]/) CThiUTy,
C/:—(\I\I/)QT]_QTZZQ),

whereC := (¢, Ci. We have thaZ C C. SinceZ is connectedzZ C D for a (unique)

e

definably connected componebtof C. Hence,W C D(N) C T UT,. Moreover,

e —_

D(N)NTi 2WNT, # 0. HoweverD(N) is definably connected, henEgN) is con-
nected, a contradiction. O

3.37 ConjecturelLetM < N, Z C X be type-definable, and/ := 9:1(2), where®f is
as in Lemmd 3.32. Therf induces an isomorphism between Beck cohomology
of Z and the one o#v.

The conjecture is true iM expands a field. In fact, in that case we know that it
holds if Z is definable, and therefore

HZ)= lm HC)= lm H(6C)= Ilm  HD)=%H(6 '),
CeDA(Z) CeDA(2) DeDAN (6-1(2))
where

©A(Z) ;= {CCA:ZC C& Cis definablg.

The fact thati{(Z) = M onz) F(C) will be proved elsewhere. Note that the same

proof works wherN is an o-minimal expansion dfl, instead of an elementary exten-
sion.

3.1 Beyond o-minimality

Let M be a first order topological structure (in the sense of P[@y We shall say
thatM is definablyTs iff every definable sub-set & is definablyTy, for everyk € N.

3.38 Lemma. The following are equivalent:

1. Mis definably .

2. For every UC MK, if U is definable and open, then U is definably T
3. Lemmd 2]7 is true for any definablezAMX.
4

. For every Q,D, C X definable, if Q Ncl(D2) = cl(D1) N D2 = 0, then there
exist \f,V, disjoint definable open sub-sets of X, such tha€l¥,.

ol

. For every AC MK definableA is .

3.39 Conjecture. Ms definablyTs iff, for every A C MK definableAis Ts.

Most of the results in this section apply to the followingusition, with the same
proofs (in particular, Lemmafa 3]13 ahd 3.14 hold)).is a first order such that for
everyk € N there is a function

dim: oM — [~1,K],
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where ’
oM = {AC M¥: Adefinable},

satisfying the following conditions:

M is definablyTs; (3.2)
dmA=-1 iff A=0; (3.3)
dim(AUB) = maxdimA, dimB); (3.4)
dim(dA) <dimA if A#£0; (3.5)
dim{a} =0vae M, (3.6)

Note thatM must beT,. In fact, dim(cl(a) \ {a}) = —1 for everya € MX. Hence M¥
is Ty, and, sinceM is also definablyly, we have thaM is T, too.

3.40 RemarkIf AC MK is definable, the is aT, spectral space.

Proof. The proof of ES Lemma 1.1] works also in this context. Moregsely, the

definable open sets form a basis of quasi-compact open ssilofsd, stable under
finite intersections. Therefore, we need only to show thatyeirreducible closed set

is the closure of a unique point. LEtC A be closed and irreducible. Note tHat
type-definable, and hence compact in the Stone topology. Let

D:={D C A: D is definable and closed €\D#0}.

Claim 1. There existxe C\UD.

If, for contradiction,C C |JD, thenD is a covering ofC by definable sets, and
therefore, by compactness, there exBs... Dy € D such thaC C |J{' ; Di. SinceC
is irreducibleC C Dj for somei < n, absurd.
Itis now easy to see th&= cl(x). Uniqueness is a consequence of Len@] 3.13.
SinceA is definablyTs, AisT, (but we do not know whether it i&5). O

3.41 Remarklf AC MK is definable, theA is a boolean combination of open definable
sets.

Proof. Induction on dimA. Since dinfdA) < dim(A), we have thabA is a boolean
combination of open definable sets. The conclusion folloesfA = cl(A) \ dA. O

Therefore, all the results irﬂ[Z] about normal spectral spase true in this context.
Moreover, by Lemmf 3.14, the Krull dimensionAff, 91.4] is less or equal to dir.

3.42 Remark.Let A C MK be definable. IA ha empty interior, then dis < k.
Proof. Let B:= MK\ A. SinceA has empty interiorA = B. O

4 Functions

LetB C M", for someh € N, Y := B, andf : A — B be a definable function.



4 FUNCTIONS 14

4.1 Definition. Define
as

Namely,
f(x)=("{f(U):U C Adefinable xe U }.

Note thatf(x) is indeed a type, since for everye X, eitherg(f(a)) € x(a), or
-@(f(a)) € x(a). Since™ preserves the composition of maps, we can Vieas a
covariant functor between the category of definable sets définable maps, and the
category of sets.

4.2 Remark.LetU C AandV C B be definable. Then

~ ~ e

fY(V)=f-1(Vv), and f(U)=fU).
4.3 Remark.f is continuous with the Stone topology.
4.4 Remark.f Z CY is type-definable, theﬁ*l(z) is quasi-compact.
Proof. SincefN*l(Z) is type-definable, it is also quasi-compact. O
4.5 Remark If f is continuous, therf is also continuous.

Proof. LetU C B be definable and open. It suffices to prove tﬁa%(ﬂ) is open inA.
LetV := f~1(U). Sincef is definable and continuoué, is definable and open. Since
f~1(U) =V, we are done. O

Therefore, we can also vievas a covariant functor between the category of defin-
able sets with definable continuous maps, and the categeopological spaces.

4.6 Remark.Letx,y € X such thay < x. If f is continuous, therfi(y) < f(x).
Proof. Becausef is continuous. O

4.7 Remark.For everyx € X, dim(f(x)) < dimx.

4.8 Definition (Rudin-Keisler ordering) Let x € §(M) andy € §,(M). We will say
thaty is less or equal tain for the Rudin-Keisler ordering, and WriIeR<K y, iff y=0(x)

for someg : MK — M" definable. We will say thatandy are RK-equivalent, and write
X ~y, iff x < yandy < x.
RK RK RK

4.9 Lemma. Let xe §(M) and ye $,(M). The following are equivalent:

Ly<x

RK
2. for every N= M elementary extension, if N realizes x, then N realizes y;
3. M(x) realizes y.

Proof. Mhas definable Skolem functions. O

4Here we use as a mute variable ranging A& and similarly forb.
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Note that< is a quasi-order, and that the relatiggis an equivalence relation.
RK

4.10 Lemma. Let xe §(M) and ye $,(M) be such that y< x. Thendimy < dimx.
RK
Moreover, ifdimy = dimx, then y;K X.

Proof. The fact that diny < dimx is trivial. For the second part, lét: MX — M" be
definable such that(x) =y. LetN = M andc € N¥ |= x. Therefored := f(c) v,
andd € M(c). Since

dim(c/M) = dimx = dimy = dim(d/M),
dim(c/M(d)) = 0, namelyM(c) = M(d). O

4.11 Lemma. Let X (M) and y€ $,(M) such that x~ y, and f: MK — MM be

definable, such thaf(x) =y. Then, there exist & MK, BC M", and g: B — A
definable such that

1. xe Aand ye B;
. dimA = dimx = dimy = dimB;

. fis continuous on A, and g is continuous on B;

2
3
4.4(y) =x;
5. go f is the identity on B;
6

. fogisthe identity on A.

Proof. Let A C MK be a cell, such thate Aand dimA = dimx =: . W.l.o.g., we can
assume that = k andA = M". By Lemmg2.1)8, thee exists a c€lIC M" such that
x € C and eitherf | C is injective, or dimf(C) < n. If f | C were not injective, then
dimy < n, and hence # y, absurd. Hencef, | Cis injective.

RK

SubstituteA with C, and letB := f(A). Hence,f : A — B is a bijection. Let
g:= f~L; the remainder of the conclusion follows (after restrigikandB if necessary,
in order to get the continuity af). O

4.12 Lemma. Lety€ S(M). There exists \C M¥ open and definable, and a definable
continuous map : V — MX such that, for every x V, if x>y, thenp(x) = y.

Proof. Let E C M" be a definable cell, such that diin= dimy =: n andy € E. By
Lemma[2.1]1, there existé definable open neighborhoodBfand a continuous defin-
able retractionp : V — E. Note thatv open and/ € E imply thatx € E.

Claim1. Foreveryx >y, p(x) =Y.
By Remar4}6 we have= p(y) < p(x). Moreoverp(x) € E. Sincey is maximal
in E, the claim is true. O

1 Theorem. Let xy € S(M), such that y< x. Then, y< x.
RK

Proof. LetN > M be an elementary extension realizing
Letp :V — MK be as in Lemm§f4.]2. Note thatNK > ¢ = x, thenp(c) =y, and
thereforeN realizesy. O
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4.1 Closed maps

4.13 Remark.LetC,D C X be closed and disjoint. Then, there ex@$tD’ C X defin-
able closed and disjoint such th@tC C’' andD C D'.

Proof. By compactness. ([

4.14 Definition. f : A— Bis definably closedff for everyC C Aclosed and definable,
f(C) is also closed.

4.15 Example.Note that a “definably open” map is nothing else than an opep. ma
On the other hand, a (definable) map can be definably closédoutibeing closed.
For instance, leM be countableA := [0,1]?, B:=[0,1], f : A— B be the projection
onto the first coordinate. Sindeis d-compactf is definably closed. Ley €Y be a
gap (for instance, iM = Q, we can take] = %2). The intervalgn, 1] and]0,1] are
order-isomorphic, because they are both countable, dandeyith no minimum and

a maximum. Leg: ]0,1] — ]n, 1] be an order-isomorphism. Define

C:={(b,g(h)):0<b<1}.
Then,Cis closed (because ligno+ g(b) = n ¢ A), but f(C) =10, 1] is not closed.
4.16 Lemma. f is an open map iff is open. f is definably closed iffis closed.

Proof. The “only if” directions are trivial.
_ Toprove thatf is open, it suffices to prove that for evedyC A open and definable,
f(U) is also open. However, this is immediate from Renfark 4.2.

Also immediate form the remark is the fact thaGfC A is closed and definable,

thenf(C) is also closed (iff is closed). N

It remains to prove that i€ C X is anyclosed set, theifi(C) is closed. Sinc€ is
closed, it is type-definable, and therefd(€) is also type-definable. Thus,

C=(){D:D C Adefinable and close& C D },
f(C)=({E:E C Adefinablef(C) CE}.

Let f(C) C E, with E definable. ThenC C f~1(E). By compactness, there exigds
closed and definable such that

ccbcfYE).
Hence,f(C) C f(D) C E. However, by what we said abovE(D) is closed. Therefore,

f(C)=(){ f(D):D C AdefinableCC E},

and in particularf (C) is intersection of closed sets, and hence closed.
O

4.17 Corollary. If A is d-compact, f is continuous, and=xX is a closed point, then

f(x) is also a closed point.

Proof. The hypothesis imply thakt is definably closed. O
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4.18 Lemma. Assume that f is continuous. f is definably closed i is a closed
point for every closed point x.

Proof. The “only if” direction follows form Lemmd 4.36.

For the other direction, |6 C A be definable and closed, aBd= f(C). We have
to prove thaD is closed.

If, for contradiction, D is not closed, letb € cl(D)\ D, andz:= ((b). By
Lemma[3.28, there exisjse D such thaz < y.

Letyp be minimal (w.r.t. the ordering) such that:

YoeD
o’ ecl(D)\D (b)) <y.

Choosebg € dD such thatzg := 1(bg) <y. Letxe f1(yp) NC be minimal. Ifx
is cIosed,l?(x) =Y is also closed, and thereforg = yp, absurd. Ifx is not closed,
then clx) = {Xo,...,Xn }, wherexp < x; < --- <X, =x€C, andn > 1. Sincef
is continuous,f(x) € cl(f(x)) = cl(y) for everyi < n. Sincef(x) € cl(yo) N f(C),
f(x)=yofori=0,...,nby minimality ofys. However, this contradicts the minimality

of X, sincexg < X. O

4.19 Example.lf f is not closed, we cannot conclude tHak) is closed for every
closed points, even if is continuous. Here are two examples.

1. LetA:=]0,1[, B:=10,1], f : A— B be the inclusion map, and= 0*. Then,
f(x) = x is not closed inY, because ¢l(x) = {0,0" }. However,x is closed
in X.

2. LetM expand a real closed field,:= M?, B:=M, 15 : A— B i= 1,2 be the
projections on the first and second coordinate respectilelyx(a;,ay) € X be
only type satisfying the following conditions:

m(x) =0",
Tp(x) = 0",
a-ax=1

xis on the infinite branch of the hyperbola “near infinity”, ahis closed. How-

ever, sincef (x) = 0, f(x) is notclosed.

4.20 Example. Assume thatf is not continuous. By Lemmia 4]16, ffis definably

closed, therf (x) is closed for every closed poirte X. However, the converse is not
true. For example, led=[—-1,1],B=[-1,2], andf : A— B so defined:

f(x)_{x if x<O0

Xx+1 ifx>0.

Then,f(A) = [—1,0]U]1,2], and thereford is notdefinably closed. Howevef,x) is
closed for every closed poirte X.

4.21 Corollary. Assume that f is continuous. The following are equivalent:

1. f is definably closed;
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2. fis closed:;
3. f(x) is closed for every closed point x.
Proof. 1= 2 by Lemmd4.16. 2> 3 by definition. 3= 1 by Lemmd 4.18. g

4.22 Lemma. Assume that M expands a real closed field, and letMX be definable.
The following are equivalent:

1. AC MX¥is d-compact;
2. for every B and every :fA — B definable and continuous, f is definably closed;
3. for every B and every :fA — B definable and continuous(A) is closed in B.

Proof. 1= 2 and 2= 3 are trivial. It remains to prove that=3 1. Letg: MK — M¥
be any definable injective continuous map, such that the énodig is bounded Let
B:=M¥, andf be the restriction ofj to A. Sincef (A) is closed and bounded(A) is
d-compact. Sincé is invertible,A is also d-compact. O

In the proof of the above lemma, we used the fact Matxpands a field only to
construct the mag. However, the existence of such a map is equivalent to theHat
M expands a real closed fielﬂ [6, Corollary 9.2].

5 Compactification

5.1 Definition. A d-compactification of A (also called completion irm.2]) is a map
p : A— Csuch that:

1. C € MM is d-compact;
2. pis a definable homeomorphism onto its image;
3. p(A) is denseirC.

If the mapp is clear from the context, we will simply say thais a d-compactification
of A.

5.2 Example.In the definition of d-compactification, we cannot weakent{®}p is
definable, continuous and injective”. For instance, let

A:=[0,1)cR, C:=S'cC, p(t):=¢€™
p : A— Cis not a d-compactification.

5.3Lemma. Letp : A— C be a d-compactification of A. Then, A is locally d-compact
iff p(A) is openin C.

Proof. For the “only if” direction, use Lemmia 2.L6. For the otheredition, leta € A,
andU C C definable and open such thata) € U and c(U) C p(A) (U exists because
p(A) is open andC is normal). Thenp~1(U) is a relatively d-compact neighborhood
of a. O

5.4 Definition. Let f : A — B be continuous. A d-compactificatign: A — C is com-
patible with f iff there exists a definable continuous n@pC — B such thagop = f.
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From now on, we will assume thit expands a real closed field

5.5 Lemma. Given a definable continuous map A — B, where B is d-compact, there
exists a d-compactification of A compatible witﬁ f.

Proof. Assume thatA C MK is bounded. Lef (f) C Ax B be the graph off, and
C:=cl(lF(f)) Ccl(A) x Bbe its closure. Define

p:A—-C
a— (a f(a)),

andg : C — B be the projection on the second coordinate. O

5.6 ExampleLetA:= ([0,1] x [-1,1])\ (0,0), andB := [0,1]. Definef : A— Bas
. a
f(ag,a) = min{ 1,]a—1\ }.

The d-compactification oA given in the proof of the lemma is given by the dis-
joint union of the graph of (which is homeomorphic td), and the vertical segment
{(ar,8,b)eM3 8y =a,=0,0<ag<1}.

5.7 Remark.If dim A = 1, there exists aniversal d-compactification of A (namely,
one compatible with all the definable functiohsvith d-compact co-domains).

5.8 Example.If dimA > 1, such universal d-compactification might not exist. Let
A:=]0,1] x [-1,1]. A universal d-compactification fok does not exist.

5.9 Definition. Letx € X andC C X be definable. We shall say thats near C, and
write C < x, iff every definable open neighborhood @fcontainsx. We shall write
C < xiff C<xandx ¢ C.

5.10 Lemma. The following are equivalent:
1. C<x;
2. everydefinableclosed set containing x intersects C;
3. every closed set containing x intersects C;
4. there exists ¥ C such that y< x (namelygl(x) NC # 0).

Proof. 1< 2 and 3= 2 are trivial.
For 2= 4, let

€:={DNC:D C X closed and definablexcc D }.

C is a family of definable subsets 6f with the F.I.P.. Sinc€ is compact (with the
Stone topology)C # 0. Anyy e N Cisin cl(x)NC.

For 4=- 3, any closed seD containingx must also contairy, and therefore
CnD #0. O

5.11 Remark.

{xeX:C<x}=[){U:CCUCX,U open and definable

5Thanks to M. Mamino for the proof. Itis the same proof asEl'\][lZ
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The above lemma suggests the following extension of th@n&ti< x to the case
whenC is type-definable.

5.12 Lemma. Let ZC X be type-definable. Then,
Z:=(\{U:ZCU CX, U open and definablp=
=({U:ZCUCX,Uopen={xeX:cl(x)NZ#0}.

We say that x is near Z, and write<Zx, iff xe Z.
Note thatZ is type-definable.

5.13 Definition. Let x € X. We will say thatx is far from the frontier ofX iff there

exists a definable s& C A which is d-compact and such that C. Otherwise, we
will say thatx is near the frontier. Thisinge Frin(A) of Ais the set of points oX near
the frontier.

5.14 Lemma. The following are equivalent:
1. xe€ Frin(A);

2. for everyC d-compactification of AGA < x, wheredA is the frontier of A taken
inside C;

3. forsomeC d-compactification of AJA < x;
4. for every definable & A, if D is d-compact, then & D.

Proof. Assume thak € Frin(A). LetU be an open definable neighborhoodd#,
andD :=C\U. SinceC is d-compactD is also d-compact and containedAn and
thereforex ¢ D. Hencex € U, and thus)A < x. Sincex € X, x ¢ dA, and s&dA < x.
Conversely, assume thdA < x for someC d-compactification ofA. LetD C A
be d-compact, and := A\ D. SinceD is d-compactl is open inA. DNJA =0,
becausé® C A, and sdJ is an open neighborhood @fA. Thus,x € U, and therefore
x € Frin(A). O

5.15 Definition. Let x € X. We will say thatx is strongly closediff x is closed anc
is far from the frontier ofA.

5.16 Lemma. The following are equivalent:
1. xis strongly closed;
2. xis closed in some d-compactification of A,
3. xis closed in every d-compactification of A;
4. xe D, for some DC A definable and d-compact.

Proof. 1= 3=-2istrivial. For 2= 1, assume thatis closed in some d-compactification
Cof A Itis then trivially true thak s already closed iA. If, for contradiction gA < x,
we would have that there exisgse dA such thal < x, contradicting the fact thatis
closed inC. O

5.17 Remarklf Ais d-compact, theris strongly closed iff it is closed.



6 RATIONAL AND IRRATIONAL TYPES 21

5.18 Lemma. Let AC B, and x€ X. Then, x is strongly closed in A iff it is strongly
closed in B.

Proof. Let p : B— D be a d-compactification d@. W.l.0.g., we can assume thatis
the inclusion map. LeE :=clp(A). Then,Cis a d-compactification oA.

If xis not strongly closed i, then there existg € Csuch thay < x. SinceC C D,
x is not closed irD either, and therefoneis not strongly closed iB.

If xis not strongly closed iB, then there existg € D such thaty < x. HoweverC
is closed inD, and thereforg € C. Hencex is not strongly closed ii either. O

2 Theorem. Let f: A — B beanydefinable map. If x X is strongly closed (in A),

then f(x) is also strongly closed (in B).

Proof. Decomposé into cellsC; such thatf is continuous on each cell. L& be

the cell countingx. By Lemma[5.18x is strongly closed irC. Let E be some d-
compactification oB. Consider the mag: C — E given by the composition of the im-
mersion ofB in E with the restriction off toC. Letp : C — D be a d-compactification
of C compatible withg. By Corollary[4.1}7 §(x) = f(x) is closed inE, and therefore

f(x) is strongly closed. O

In a slogan, “being strongly closed” is an intrinsic progest a typex (namely,
independent from the ambient spaige

6 Rational and irrational types

6.1 Definition. A typex € Ais rational (a.k.a. definable) iff for every formuld(a, u)
there existg € A such that

{beM": y(ab)ex@}={beM":M[y(cb)}.
If xis not rational, then it igrational .

Note thati (a) is a rational type for everg € A.
Remember tha¥l expands a field.

6.2 Lemma. Let N be an elementary extension of M. Let A be a d-compatiifica
of M (e.g., A=S1). The following are equivalent:

e Xxisrational (and not realized);

either x= 4o, or there exists & M such that x= a*;

e Misnotco-final in M(x)

M is Dedekind complete in ®);

X is not closed irﬂ;

there exists & A such that (a) < x.
The following are also equivalent:
e Xxis irrational;

e M is co-finalin Mx);
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e Xis closed inA.
Proof. See [P] (or [IL]). Note that the hypothesis imply that dim 1. O

The following example is by Coste.

6.3 Example.Let M' := (R,+,~,exp), andA=[0,1]%. Letx=x(aj,a) € A be the
unigue type satisfying the conditions

ar ': 0"
ay =expa).

Note thata, = 0. Moreover, dinx) = 1, and 0< x.

Let M be the reduct o1’ to the field structure alone, aye the image ok under
the reduct map. Note that€@y, and that diny = 2, because the germ of exp near 0 is
not definable ilM. Moreover, there is nae M such that O< z < y, otherwise there
would beZ € M’ such that < Z < x, which is impossible. Note also thyts a rational

type, becausall type overM are rational, sinc# is Dedekind complete.
6.4 Example.Let M be the field of real algebraic numbers. Iébe the real closure
of M(¢g,e), wheree is a positive infinitesimal element (namely(¢gM) = 0T), ande

be a transcendental real number. Bet= [0,1]? C M?, andx(ay,a;) € A be given by

ar ): 0"
a = eq.

Note thata, = 0T, that 0< X, that dimx = 2, but there is ny € A such that 0< y <X
Moreoverxis irrational, because the typegfM) can be defined using and tge/M)
is irrational.

LetM < N be an elementary extension.

6.5 Definition. We will say that the extensiod/M is rational iff, for everyn € N, ev-
eryn-type oveM realized inN is rationaﬂ We will say thatN/M is totally irrational
iff , for every n € N, and for everyc € N"\ M", tp(c/M) is irrational. We will say
that a typex € S,(M) is totally irrational iff there exists a totally irrationektensiorN
realizingx, or equivalently iffM(x) /M is totally irrational.

6.6 Remark.A totally irrational type is either irrational, or alreadgalized inM.

6.7 Lemma. N/M is rational iff everyl-type realized in N is rational. XM is totally
irrational iff, for every ce N\ M, tp(c/M) is irrational.

Proof. See [p] or [1. O

6.8 Remark. )M is totally irrational iff M is co-finalin N.

6.9 Remark.If M < N < P andN/M is totally irrational, theney and=y coincide
(onPK).

6.10 Definition. Let M < N, andb,c € NK. We shall say thab is M-bounded, (or
simply bounded iM is clear from the context) iff there existsc M such thatb| < a.
We shall writeb =y c iff for every a € M such thata > 0, we havdb—c| < a. Note
that=y is an equivalence relation.

6Rational extensions were calléameextensions inIEI3] (in the case of o-minimal theories exjrame
real closed field).
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6.11 Lemma. N/M is rational iff for every ke N and every M-boundede NK there
exists (a necessarily unique)aMK such that a=y c.

We will call aas above th&1-standard part of ¢, and writea = sty (c) (or simply
a=st(c) if M is clear from the context).

6.12 Remark. ¥ $,(M) is totally irrational iff, for every definable functioh: M" — [0, 1],

we havef (x) # 0.

6.13 Lemma. Let CC A be definable. Define :fA — M as f(a) := d(a,C), where d
is the distance. Let& X and y:= f(x) € M. Then, C< x iffy=0*.

Proof. For everye ¢ M0, letV; := f 1[0, ¢].

Assume thaC < x. Sincex¢ C,ye ]6,:—;[. Since,Ve > 0, V¢ is an open de-
finable neighborhood df, andC < x, we havex € V., and thereforg € ]OTE[. Thus,
Y € Ne=0]0.£[, and soy = 0"

Conversely, iff= 0", letU be a definable open neighborhoodoBy Lemm,

Ve C U for somee > 0. Sincey = 0", x € V. ThereforeC < x. Sincey # 0, x ¢ C,
and therefor€ < x. O

3 Theorem. Let xe $§,(M). Then, x is strongly closed iff it is totally irrational.

Proof. Let us provethe “if” direction . Assume thak is not totally irrational. Then,
by RemarK6.12, there exists M" — [0, 1] definable such thaft(x) = 0. Decompose
M"into cell such thaf is continuous on each cell, and @be the cell containing. Let
p : C — D be a d-compactification @ compatible withf, and letg: D — [0, 1] be the
corresponding extension éf W.l.0.g.,p is the inclusion map. Moreoveg(x) = O*.
LetE := g~%(0).

Claiml. E<x.

LetU be a definable neighborhood Bf By Lemma[2.10, there exists> 0 such
thatg~1(]0,&[) CU. Sinceg(x) = 0", we have

xeg(jog]) CU,

and the claim is proved.

Sincex ¢ E, we haveE < x. By Lemma[5.1]0, there exisjse E such thaty < x.
Thereforex is not closed irD, and thuscis not strongly closed.

Forthe “only if” direction , assume that is not strongly closed. W.l.0.g., we can
assume thax € A for some d-compact s&t. Lety < x, and letC C A be a closed
definable sub-set such that C and dinC < dimx. By Lemmd5.10C < x, and, since
dimC < dimx, C < x. Therefore, by Lemmp 6.113(x) = 0*, wheref(a) := d(a,C).
Thus, by Remark 6.1 % is not totally irrational. O

6.14 Lemma. Let A be d-compact. Let:fA — B be definable and contingousex&
and ye B such that y< f(x). Then, there existsz A such that = x andf(z) =Y.
Moreover, if y< f(x), then z< x.

Proof. LetC := cl(x). SinceA is d-compactf is closed, and thereforC) is closed.

Sincex € f(C) andy < x, we havey € f(C). Letze C such thatf(z) =y. O

6.15 Example We cannot drop the condition thatis d-compact in Lemmp 6.]14. For
instance, leB:=[0,1], A:=B\ {0}, x:= 0", y:= 0 andf : A— B be the inclusion
map. A pointz as in the conclusion of the Lemma does not exists.
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6.16 RemarkLety < x. If xis rational, thery is also rational. Ik is totally irrational,

RK
theny is also totally irrational.

6.17 Lemma. Let y< x € X. Assume that x is rational and:& dimx = 1+ dimy.
Then, y is rational.

Proof. W.l.0.g., we can assume thatC [0,1]X. We will prove the conclusion by in-
duction onk. The casé = 0 is trivial, and the on& = 1 is easy. Lef : MX — [0,1] be
definable. We want to prove thatx) is rational. Decomposk® into cells in a way
compatible withA and with f. LetC C MX be the cell containingﬂ

Let p : C — D be a d-compactification @@ compatible withf and with the inclu-
sion mapA : C — [0,1]%, andg: D — [0,1], u : D — [0, 1]¥ be the extensions df and
A respectively. If we identifyC with p(C), we can assume thatis the inclusion map.
By Lemma[6.14, there exisis< x such thafi(z) = .
Claim1. dimz= dimy.fj

In fact,z < x implies that dinz < n— 1. Moreover, sincg = i(z), dimz > dimy.
Claim2. zis rational.

In fact, by Lemmg 4.3(z < vy, andy is rational.

RK

By Claim[2,d(z) is rational. Moreover, sincgis continuousg(z) < g(x). By the
casek =1, g(x) is also rational. O

6.18 Corollary. Let X, ..., X, € Asuch thaty < x; < --- <X, anddim(x,) = n. Then,
each xis rational, fori=0,...,n.

Proof. Note that dinfx;) =i for everyi < n. Since dinxg = 0, Xp is rational. By
induction onn, x,_1 is rational. By Lemm4 6.1 %, is also rational. O

6.19 Lemma. Let A be d-compact, andxX. If X is rational, then there exists a unique
ac Asuch that (a) < x.

Proof. Uniqueness is trivial. Assume, for contradiction, tlaatloes not exist. Let
y be the minimum of ¢lx). Note thaty is closed inA. SinceA is d-compacty is
strongly closed, and therefore, by TheorEny& totally irrational. Since ding> 0,y
isirrational. Sincey <x, by TheorenﬂlyR<_Kx, and therefore is irrational, absurd. [

6.20 Definition. Let A be d-compact, and € X. We will say thatp :C — D is a
d-compactification fixing iff

1. C C Ais definable, suck € C;

2. p:C — Dis a d-compactification compatible with the inclusion mapC — A.
In this case, we will denote by : D — A the extension oA to D.

6.21 Definition. Let A be d-compact. Lety € A such thaty < x. Letp:C — D be
a d-compactification fixing. By Lemma[6.14, there existse D such thatz < p(x)
andi(z) =y. We will call the pair(z,p(x)) alifting of (y,x) compatible with the
d-compactificatiorp. We will say that the paify,x) is maximal iff for every lifting
(z,X) of (y,x), dimz < dimy.

"Note thatC might not contairy.
8Here is the point where we use djm:=n— 1.
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Note that if(z,X') is a lifting of (y,x), then dimy < dimz. Therefore, if(y,x) is
maximal, we have dim= dimz, and hence, by Lemmﬁ} z

6.22 Lemma. Let A be d-compact. Lety x € X, with (y,x) maximal. Leto :C — D
be a d-compactification fixing x, anfix p(x). Then, there existsaniquez € D such
that z< ¥ andpi(z) =Y.

Proof. The existence atis Lemma6.74. For the uniqueness ek z < X such that
H(z1) = i(z2) =y. However, by maximality ofx,y), dimz; = dimy = dimz. Thus,
VARS8 [l

Therefore, if(y,x) is maximal, ang is as in the hypothesis of the lemma, we can
speak othelifting of (y,x) compatible withp.

6.23 Definition. Let x € S(M), y € (M), such thal < x, andf : Mk — M" be a
RK

definable function, such th&tx) =y. We will say that(y,x, f) is rational iff, for every
N = M, and everN 5 ¢ |= x, the type tgc/N(d)) is rational, where := f(c).

6.24 RemarkLetx,y, f be as in the above definitiorfy, x, f) is rational iff, forsome
N = M and someN¥ 5 ¢ |= x, the type tggc/N(d)) is rational, wherel := f(c).

6.25 Remark.Note that ify = 1 (a) for somea € MK, then(y,x, f) is rational (forany
f : MK — M" such thatf (x) = y) iff xis rational.

6.26 Example.The fact that(y, x, f) is rational does depend on the particular choice

of f (such thatf (x) =y). For instance, lek:=2,h:=1,
X(alvaZ) =g ': O+7al < az,

y:=0%, fi(a1,a2) := a1, fa(ag,az) := az. Then,(y,x, f1) is not rational, whilgy, x, f,)
is rational.

6.27 RemarkIf dimx = 1, the fact thaty, x, f) is rational doesiotdepend or¥.

Proof. Let N = N, andN > c = x, andd := f(c) =y. If d e M, then(y,x f) is
rational iff x is rational. Ifd ¢ M, thenM(d) = M(c), and thereforgy, x, f) is always
rational. O

The following Lemma is contained irﬂ[8, Proposition 2.1].

6.28 Lemma. Let N> M, d € N¥, N’ := M(d), e N'. Then, there exist U neighbor-
hood of d definable (in M), hU — N" definable and continuous, such thgtih= e.

Proof. Sincee € N'", there existdr : Nk — N definable (but not necessarily contin-
uous) such thal/(d) = e. Let C C N¥ be a cell (definable iM!) such thath'’ is
continuous orC andd € C. By Lemm, there exists an open neighborHdaxf
C and retractiorp : U — C. Defineh:=hop:U — NP O

4 Theorem. Let xy € S(M), with y< x. By Lemmd 4.]2, there exists ) — C

retraction such thaff (x) =y, where C contains y, and U is a neighborhood of C. If
(y,x) is maximal, therfy, x, f) is rational.
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Proof. W.l.0.g., we can assume thaC A, whereA = [0,1]%. LetN = M andc € A(N)
such that = x, and letd := f(c) = y. LetN’ := M(d). Assume, for contradiction, that
there existg : A(N) — N definable inN’, such thatz := tp(g(c)/N’) is not rational.
Note thafg(t) = ¢/(t,d) for someg’ : A— M definable inM. Henceg(c) = d'(c, f(c)),
and therefore w.l.o.g. we can assume thét definable inM. Moreover, w.l.o.g. we
can assume tha(d) < g(c).

Let E C U be a cell such thag is continuous orE andx € E. Letp: E — D be
a d-compactification oE compatible withf, g, and the embedding : E — A. Let
(y,X) be the lifting of (y,x) compatible withp. By hypothesis, ding = dimy, and
thereforQ/Rwa. AIso,waKx’.

Let 4 : D — A be the extension of. By Lemma[4.1]1, there exit C E, G C D
andv : G — A continuous, all definable, such that F, y € G andv is the inverse of
u | F. Definef’ :=vo fop; the domain off’ isU’ := u~1(f~1(G)) C U: note that
X,y €U’; its co-domain ig=. Note thatf’ is continuous. Moreover,

flfof'=vofopuovofou=vofou="f.

Letc' = p(c) =x andd’ := f'(d') = y'. It suffices to prove thaty’,x, f') is rational.
Therefore, w.l.o.g. we can assume thatE (andx=x,y=Y, f=f/,d=d’,c=¢).
Sincezis not rational, there exists: E — M definable, such that

g(d) <h(d) <g(c).
By Lemma[6.28, we can assume thas defined and continuous on &l Let
F:={acUnNE:h(f(a) <g(a)}

Note thatc € F(N), and thereforex ¢ F. Moreoverh, f,g are continuous, hende s
closed inE. Thus,y € F, and therefore

h(f(d)) <g(d).
Sincef(d) = d, we haveh(d) < g(d), a contradiction. O

6.29 Corollary. Let a€ A and xe X such thata < x. If (1a,x) is maximal, then x is
rational.

6.30 Remark.Lety < x € X. Then, there exists a liftingy’,x) of (y,x), such that
(y,X') is maximal.

Lifting the closure of a type. Let A be d-compact, and € X, with dimx =n. We
shall write c(x) = (Xo < Xy < -+ < Xm) iff ¢l (X) =: { X0,X1,...,Xm }, With X < X1 -+ <
Xm =X

Let cl(x) = (Xo < --- < Xm). Letpi : Ci — Dj be d-compactifications fixing, i =
0,1,2, such that

1. G CCiNGy

2. po is compatible withp; andpy;
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(oo is a common refinement gf, andpy). Let y;i : Di — A be the extension of the
inclusion); : G — A, i =0,1,2, andv; : Do — D; be the extension qfi, i = 1,2. For
i=0,1,2,lety, :=pi(x) € D, and cly;) =: { Zo,...,Zm }, Withz 0 <Z1, - <Zm =
yi. Note that, for each< 3 andj < m,

Moreover, dink¢; j) < dimz ;. Similarly, fori = 1,2 andj < my,
g, J) <m Vj(20)) =Zgij), and dimgg; ) <dimz).

We will say that c{x) is maximal iff for every d-compactificatiorp : C — D
fixing x, if we callX' := p(x) and c[X) = (x5 < --- < X;), thenm=m, p(x) = x;,
and dimx) = dim(x;), fori=0,...,m.

Therefore, there exist a d-compactificatipnC — D fixing x, such that dlp(x))
is maximal.

Note thatxg is always strongly closed (becausés d-compact). If moreover ¢f)
is maximal, then(x;,x;) is maximal for everyi < j < m, and in particularxo, X) is
maximal.

6.31 Corollary. Let N= M(c), for some finite tuple € [0,1](N). Let x:= tp(c/M).
Let y< x such thaty is strongly closed afigx) is maximal (by the above discussion,
we can always assume that y exists). Let N =y, and N := M(d). Then, N/M is
totally irrational, and N/N’ is rational.

7 Amalgamation

7.1 Lemma. Let M < N. There exists Nsuch that MX N’ < N, N'/M is totally
irrational an N/N’ is rational. There exists fsuch that M< N” < N, N'/M is
rational an N/N" is totally irrational.

Proof. See [l, Lemma 3]. d
7.2Lemma. LetM<N=<P.

1. (N/M is totally irrational and P/N is totally irrational) iff P/M is totally irra-
tional.

2. IfN/Mis rational and P'N is rational, then PM is rational.

3. If P/M is rational (resp. totally irrational), then XM is rational (resp. totally
irrational).

7.3 Example.lt is not true thatP/M rational impliesP/N rational. For instance, let
P:=M(b,c), where tfb/M) = 0" and tgc/M(b)) = 0. LetN := M(c). Then,P/N
is not rational (in fact, it is totally irrational).

Another example is in[[l], wher@ is “very saturated” oveM.

7.4 Lemma. Let N> M. Let N, i = 1,2, such that
1. M<N =<N;

2. N/M is totally irrational;
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3. N/N; is rational.
Then, N and N satisfy the same types over M.

Proof. Let d € NX, andx := tp(d/M). We have to prove that is realized inN,.
W.Lo.g., we can assume thaie [0,1]%(N). By Theoren{Bx s strongly closed.
Lety:=tp(d/N,), andz <y minimum. Note that is strongly closed, and that,
sinced =y, we have that is realized inN. Since, by hypothesis, all types oves
realized inN are rational,z is both totally irrational and rational, and therefares
realized inN,. O

7.5 Proposition. If M, N, N; are as in the above lemma, then &hd N> are isomorphic
over M.

Proof. It was proved in@& Theorem 2.15]. The proof goes as follows
Claim 1. For everyb € N; there exists a uniquee N, such thab =y c.

The uniqueness follows form the fact thdtis cofinal inN,. For the existence,
if b did not exist, then tfr/N,) would not be rational, and hen&&(c)/N, would be
totally irrational, contradicting the maximality 0f.

Claim2. The map sending € N; to the above € N, is anM-isomorphism.

Working by induction, we can assume tiit= M(b) andN, = M(c). If b e M,
thenc= b, and we are done. B¢ M, thencfills the same gap okl asb, and therefore
M(b) is isomorphic taM(c) overM. O

7.6 Definition. Letx € A andy € B. Define
XX Y= {ZEA/>\</BZ T(2) =x& TB(2) =y},

wherem : A x B — Als the projection ont@, and similarly forrs. We shall say that
x andy areorthogonal iff xx y= {z}, for some (uniquez € AXB.

We shall say thax andy areindependentiff for every z € x x y we have dinz =
dimx+dimy.

If M <N, ae A(N) andb € B(N), we will say thato andc are orthogonal ovev!
iff tp (a/M) and tgb/M) are orthogonal. IM < P andM =< Q, we shall say tha® and
Q are orthogonal oveM iff every b € PX andc € QX are orthogonal ovevl, for every
h,ke N.

What here we called orthogonal types, are called “almosioganal” in ]. We
will prove presently that orthogonal and independent tygreshe same concept.
7.7 Remark.If x=1a, for somea € A, thenx is orthogonal to any-typey.

7.8 Lemma. For every xc A and ye B, there exists at least oneszx x y such that
dimz=dimx+ dimy.

Proof. Assume not. Then, there would exBtC A andD C B definable, such that

xeC, ye D, and for everyz € (% dimz < dimx+ dimy. However, this would
mean that
dimC+dimD = dim(C x D) < dimx+ dimy,

absurd. O

7.9 Lemma. Let xe A and ye B. The following are equivalent:
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1. xandy are orthogonal;
2. x has exactly one extension tqt
3. y has exactly one extension tqt

7.10 Lemma. Let x and y be orthogonal, witH xX x, and y < y. Then, kand y are
RK RK
orthogonal.

Proof. Assume, for contradiction, thatandy are orthogonal, but’ andy’ are not,
wherex’ andy’ are as in the hypothesis. Therefore, there exist z, € X' x y. Let
f : MK — M¥ andg: M" — M" be definable, such thé{x) = X andg(y) = . Define
hi=f x g: Mkh — MK+ | et

Z:=h'(z)Cxxy, i=12

Note thatz; andZ, are disjoint and non-empty. Howeverx y is a singleton, which is
absurd. O

7.11 Lemma. Let x€ A, ye B. Then, x and y are orthogonal iff they are independent.

Proof. The “only if” direction is immediate from the above Lemma.

For the “if” direction, letz; # z € xxy. W.l.o.g., we can assume that dim-
dimA = h and dimy = dimB = k. LetU C A x B be definable, such thaf € U and
2, ¢ U. Sincex andy are independent, dim = dimz, = h+ k. Hence, w.l.o.g.U is
open.

Claim1. xxyis connected.

Let N := M(x). By Lemma[3.35x x y is homeomorphic to t®~1(y), where

8 : SN — §M is the restriction map. Hence, by LemlTEIB.S&,’yViS connected.

Thus, by Lemmd 2.19xx y)NdU # 0. Letzec (xxy)NdU. Then, dine <
dimoU < dimU < h+k, absurd. O

7.12 Examplelf x € X\ 1(A), thenx is notorthogonal to itself. In fact, let(a;,ay) €
X x X such that also satisfiesy = a,. Then, dinz = dimx < dimx+ dimx.

7.13 Definition. We shall say thai, P,Q,N are anamalgamiff
M=<P<N and M=<Q=N.

In this case, we will denote bRQ the elementary sub-structure WNf generated by
PUQ.

M,P,Q,N are aheir-coheir amalgam iff for everyy(b, c) is a formula, and € P",
c € Q€such thaN = (b, c), there exista € M* such thaN = (b, a) [H].

M,P,Q,N is atame-cotameamalgam iffP/M is totally irrational andQ/M is
rational.

7.14 Lemma. Let M,P,Q,N and MP',Q',N’ be amalgams. LeB : P — P andy:
Q — Q@ be M-isomorphisms. If P and Q are orthogonal over M, thenaheiists a
unique isomorphism : PQ — P'Q’ extending bott andy.

Proof. Any element ofPQis of the formf (b,c), for someM-definablef : N"k — N,
be P", ce QX Define

5(f(b,c)) := f(B(b),y(c)).

SinceP andQ are orthogonalk) is well-defined. O
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7.15 Lemma. Let M,P,Q,N be an amalgam. The following are equivalent:
1. M,P,Q,N are a heir-coheir amalgam;

2. for every hk € N, b e P", c € QX we have that MM(b),M(c),N are a heir-
coheir amalgam;

. for every he N and be P", tp(b/Q) is a heir oftp(b/M);

. for every ke N and ce QX, tp(c/P) is a coheir oftp(c/M);

. tp(P/Q) is a heir oftp(P/M);

. tp(Q/P) is a coheir oftp(Q/M);

. forevery hk e N, be P", ce QX tp(b/M(c)) is a heir oftp(b/M);

o N o 0o b~ W

. forevery hk € N, be P", ce QX tp(c/M(b)) is a coheir oftp(c/M).
Proof. See [1D]. 0

7.16 Lemma. Let M,P,Q,N be an amalgam, with P and Q orthogonal over M. Then,
M, P, Q,N is both a heir-coheir and a coheir-heir amalgam.

Proof. By [[Ld, Theorem 11.01], {®)/M) ha at least one heir oR. SinceQ andP
are orthogonal, tffQ/M) has exactly one extension B which therefore must be a
heir. d

7.17 Lemma. Let M,P,Q,N be a coheir-heir amalgam, and’N= PQ. If Q/M is
rational, then N/P is also rational.
Thereforeyyd € N, such that d is P-bounded,

Jbg € P"d=p by, anda fortiorid =y bo.

Proof. tp(Q/P) is the (unique) heir of ttQ/M). By [[LQ, §11.b], tgQ/P) is rational,
and thereforé\’ /P is rational. d

5 Theorem. Let M, P,Q,N be a tame-cotame amalgam.
1. CallN :=PQ. Then, N/Q is totally irrational, and N/P is rational.
2. M,P,Q,N are both a heir-coheir and a coheir-heir amalgam.
3. P and Q are orthogonal over M.
Proof postponed tg7.1.

7.18 Corollary. Let xe A be totally irrational, and ye B be rational. Then, x and y
are orthogonal.

Proof. By the last pointin the Theorem. O
Before proving the Theorem, we will prove some additionaineata.

7.19 Lemma. Let A B C MX be d-compact, and :fA — B be continuous and definable.
Let N> M, and cd € A(N). If c=m d, then fc) =u f(d).

Proof. Same as Lemma L3, 1.13]. O
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7.20 Exampleln the above lemma, it is essential thais d-compact, and is contin-
uous. For instance, & = ]0,1[? and limy_o f(a) does not exists (where: A — [0, 1]
is definable and continuous), then the conclusion does ndt ho

7.21 Lemma. Let N/M be rational, and f: N" — N¥ be definablén N. Then, the set

D:={acM": f(a)is M-bounded

and the map
D — [0,1](M)
a— sty (f(a))
are definable in M.
Proof. Itis [T, Corollary 1.5]. O

7.22 Lemma. Let M,P,Q,N be a tame-cotame amalgam. Let€l and ce C such
that b< c. Then, there exists@M such that b< a < c. If moreover b= P\ C, we can
also impose kca< c.

7.1 Proof of Theorem 5[]

Note that, by Lemmg 7.16, the second point is a consequertbe dfiird one. More-
over, by Lemmd 7.17, the fact thB /P is rational is a consequence of the second

point.

Firststep: it suffices to consider the case whHefM andQ/M are finitely generated.

The only point that needs clarification is tHdt/Q is totally irrational. Assume
therefore that we have proved it for every finite sub-amalgdyR’, Q’,N’ such that
Q =< Q' andP < P'. We have to prove that evedyc N™ is Q-bounded.

Let f : MM x MK — M be definableb € P" andc € QX such thad = f(b,c). Since,
by assumption, tf@/M(c)) is totally irrational,d is M(c)-bounded, ana fortiori Q-
bounded.

Therefore, we can reduce to the case wRenM(b), Q = M(c), andN = M(b, c),
for someb € P, c € QK.

Second step: it suffice to consider the case whiee= 1, namely dinjP/M) = 1.

We will proceed by induction oh. Letb := (by,b’), whereb; € P andb/ € P2,
LetP; :=M(by), andQ; := Q(by).

Let us apply the cade= 1 to the amalgarv,P;,Q,Q;. Hence Q1 /P is rational,
andQ1/Q s totally irrational. Moreovelh; andc are orthogonal.

Note thatP/P; is totally irrational. Therefore?;, P,Q1, N are a tame-cotame amal-
gam, with diM{P/P;) = h— 1. Hence, by the inductive cake- 1, N’ /P is rational, and
N’/Q is totally irrational. ThusN’/Q is totally irrational, and the first point is done.

For the last point, leN” be a sufficiently saturated and homogeneous extension
of N, ande € N"" andf € N"¥ such that tpe/M) = tp(b/M) and tg f /M) = tp(c/M).
We have to prove that {p, /M) = tp(b,c/M). It suffice to show that tfe,c/M) =
tp(b,c/M), and tgb, f /M) = tp(b,c/M). Namely, that tpe/Q) = tp(b/Q), and
to(f/P) = tp(c/P).
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By the casér = 1, we have that t{®; /Q) = tp(b;/Q), wheree=: (e, €). Leto be
aQ-automorphism oN” such thaio(b;) = ey, and definey := g(e) = (bs1,d’). Thus,

tp(e/Q) =tp(g/Q) = tp(b1,9'/Q).

Moreover,

tp(by,b'/M) = tp(b/M) = tp(e/M) = tp(g/M) = tp(by, g’ /M),

and therefore tfly /P,) = tp(g'/P1). Thus, by the cask—1, tp(b’/Q1) = tp(d'/Q1),
namely

tp(b/Q) = tp(9/Q) = tp(e/Q).

Finally, by the casér = 1, we have that tf /P;) = tp(c/P1). Therefore, by the
caseh— 1, we have that tff /P) = tp(c/P).

Third step:  the casédr = 1.
7.23 Claim. (b,c)/M are independent.

If not, then(b, c) /M would be dependent, and therefoyd (c) is dependent. Since
¢/M is independent, this would implye M(c), absurd.

If, for contradiction,N’/Q were not totally irrational, then, since dMi/Q = 1,
it would be rational. Hencd\’/M would be rational, ana fortiori P/M would be
rational, absurd.

For the third point, lett’ € N, ¢ € N¥ such that tpb’/M) = tp(b/M), and
tp(c'/M) = tp(c/M). Let U C Nk*1 be M-definable. We have to prove that, if
(b,c) € U, then(b',c') e U. W.l.o.g., we can assume thdtis an open cell. Thus,
there exists an open c&l C NK and functionsf,g: W — N, all definable (oveM)
such thatf < gand

U={(tueNT:uew,f(u<t<g()}.

Thus, f(c) <b<g(c). If f(c)=a € M, thenf(c) = f(c') =ay < b/, and similarly
for g. Otherwise, there exist,a, € M such that

f(c) <ay <b<ax<g(c).
Thus,
f(d)<a<b <ap<g(d),
and(b/,c) e U. O

7.24 ExampleLet M be the field of real algebraic numbels, b, € R be algebraically
independent, and tp/R) = 0". Let P:= M(by,b,), Q :=M(t,b; +thy), N:=PQ=
M(bg,bo,t). Then,PNQ = M, but P and Q are not orthogonal oveiM, because
dimN/M =3 < dimP/m+dimQ/M.
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