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Abstract

Let X be a definable sub-set of some o-minimal structure. We study the spec-
trum of X, in relation with the definability of types.
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1 Introduction

Let M be an o-minimal structure, expanding a group, andA⊆ Mn be a definable sub-
set. The spectrum ofA, denoted bỹA, as defined by Pillay [8], is the set of complete
types overA, with the topology with the following basis of open sets:

{
Ũ : U ⊆ A & U open and definable

}
.

Note thatÃ has also the Stone topology, which is finer than the spectral one. When
speaking of topological notions aboutÃ, we refer to the spectral topology, unless ex-
plicitly said otherwise.

Ã is aT0 space, but not aT1 space: namely, points are not closed. In this situation,
there is the so-called specialization order:x is a specialization ofy (written x≤ y) iff
cl(x) ⊆ cl(y).

[8] proved thatÃ is a spectral space. Namely,Ã has a basis of quasi-compact open
sets stable under finite intersections, and every irreducible closed set is the closure of
a unique point. Coste and Carral [2] study spectral spaces ingeneral, and the normal
ones in particular (sinceA is definably normal,̃A is normal).

We continue the study of the properties ofÃ. The main theme is the relationship
between the specialization order≤, the Rudin-Keisler order≤

RK
, and the dichotomy

between rational and irrational types (cf. Theorem 3, Lemma6.19, Corollary 6.29).
In §2, we list some results on o-minimal structures and on topological spaces, which

will be used in later sections.
In §3, we collect some basic results on the spectrum ofA. In particular, we prove

that, for everyx∈ Ã, cl(x) is totally ordered by the specialization order (Lemma 3.14).
Any definable functionf : A→B induces a functioñf : Ã→ B̃, which is continuous

if f is. We say thaty ≤
RK

x iff y= f̃ (x) for some definable functionf . In §4, we study the

properties of̃f and of≤
RK

. In particular, we prove that, ify≤ x, thenx ≤
RK

x (Theorem 1).

In the remainder of the article, we assume thatM expands a field. A typex is called
strongly closed iffx is closed in somẽA, with A definably compact. In§5, we study
the definable compactifications of definable sets, and give some results about strongly
closed types (Definition 5.15 and Theorem 2).

The main results of the article are in§§6 and 7. In§6, we investigate the relation-
ship between rational and strongly closed types (Theorem 3). We further analyze the
relationship between≤, ≤

RK
and rationality (Theorem 4, Lemma 6.17, Lemma 6.19, and

Corollary 6.29).
In §7, we study the amalgam of a rational and a totally irrationalextension ofM

(Theorem 5).
I thank A. Berarducci for his help on conceiving and writing this article, and for

the numerous discussions on these and similar topics.
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2 Preliminaries about o-minimal structures

Let M be an o-minimal structure, expanding an ordered group. LetA be a definable
sub-set ofMk, for somek∈ N.

In the following, if M expands an ordered field, then 1 will denote the neutral
element of the multiplication. Otherwise, 1 will be some fixed element ofM such
that 1> 0. Definable will mean “definable with parameters fromM”, unless explicitly
stated otherwise.

2.1 Notation. Let X be a topological space. For everyY ⊆X we shall denote by clX(Y)
(or simply by cl(Y) if X is clear from the context) the topological closure ofY in X.
The frontier ofY is

∂XY := clX(Y)\Y.

2.2 Remark.If A⊆ B⊆ Mk are non-empty and definable, then dim(∂BA) < dimA.

2.3 Definition. Let X ⊆ Mk. We say thatX is definably compact, ord-compact for
short, iffX is definable, closed and bounded.X is locally d-compact iff X is definable,
and for everyx∈ X there exists a d-compact neighborhood ofx (in X).

The reader can skip the remainder of this section, and refer back to it when needed.

2.4 Lemma. Let Z be a topological space. Let C,U ⊆ Z such that U is open (in Z).
Then,

U ∩clZ(C) = U ∩clZ(U ∩C) = clU (U ∩C).

Proof. The fact thatU∩clZ(C)⊇U∩clZ(U∩C) is obvious. For the opposite inclusion,
let x∈U ∩clZ(C). Hence,x∈U . If, for contradiction,x /∈ clZ(U ∩C), then

x∈ clZ(C\U) ⊆ clZ(Z\U) = Z\U,

becauseU is open, absurd. �

2.5 Corollary. If C,U ⊆ A are definable, and U is open, then

dim(U ∩C) = dim(U ∩cl(C)).

Proof. U∩cl(C) = clU(U ∩C), and dim
(
clU(U ∩C)

)
= dim(U ∩C). �

2.6 Lemma. LetC1,C2 be definable disjoint sub-sets of A, and m:= max
(
dim(C1),dim(C2)

)
.

Then,
dim

(
cl(C1)∩cl(C2)

)
< m.

Proof. In fact,

cl(C1)∩cl(C2) =
(
(cl(C1)∩cl(C2))\C1

)
∪

(
(cl(C1)∩cl(C2))\C2

)
⊆

⊆
(
cl(C1)\C1

)
∪

(
cl(C2)\C2

)
.

Since dim
(
cl(Ci)\Ci

)
< dimCi ≤ m for i = 1,2, we are done. �

2.7 Lemma. Let C1, C2 ⊆ A be closed and definable, and C0 := C1∩C2. Then, there
exist Vi ⊆ A open and definable, i= 1,2, such that

1. Ci \Vi = C0, i = 1,2;
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2. V1∩V2 = /0;

3. cl(V1)∩cl(V2) ⊆C0.

Proof. Define
V1 :=

{
a∈ A : d(a,C1) < 1

3d(a,C2)
}
,

whered is the Euclidean distance (or equivalently the max distanceif M has no field
structure), and similarly forV2.

Alternative proof: let
U := A\C0,

C′
i := Ci \C0, i = 1,2.

U is definable, and therefore definably normal. Moreover,C′
1 andC′

2 are disjoint open
sub-sets ofU . Therefore, there existV1,V2 ⊆U disjoint and open inU (and hence open
in X) such thatC′

i ⊆Vi . �

2.8 Definition. Let X be a topological space.X is aT5 space (also calledcompletely
normal) iff every sub-space ofX is T4.1

Note that any metric space isT5. Note moreover thatT4 does not implyT5.

2.9 Remark.Let X be a topological space. The following are equivalent:

1. X is T5.

2. For everyU ⊆ X, if U is open, thenU is T4.

3. LetC1,C2 ⊆ X be closed, andC0 := C1∩C2. Then, there existV1,V2 ⊆ X open,
and satisfying conditions 1–3 of Lemma 2.7.

4. For everyD1,D2 ⊆ X, if D1∩ cl(D2) = cl(D1)∩D2 = /0, then there existV1,V2

disjoint open sub-sets ofX, such thatDi ⊆Vi.

2.10 Lemma. Let C⊆ U ⊆ D ⊆ Mk be definable, such that D is d-compact and U is
open in D. Let f: D → M be a definable continuous function, such that C= f−1(0).
Then, there existsε ∈ M such that0 < ε and f−1

(
]−ε,ε[

)
⊆U.

Proof. Note thatC must be closed. Assume, for contradiction, that for everyt > 0 there
existsat ∈ D\U such that| f (t)| ≤ t. By definable choice, we can findat as above that
is a definable function oft. SinceD is definably compact, there exists limt→0+ at =: a.
However,a∈C\U , a contradiction. �

Therefore, ifD is d-compact andf : D→ M is definable and continuous, the family{
f−1

(
]−t, t[

)
: t > 0

}
is a fundamental system of open neighborhoods off−1(0). Note

that this is not true ifD is not d-compact.
A variant of the following lemma is [14, Lemma 1.1].

2.11 Lemma. Let C⊆ A⊆ Mn be definable, such that C is a cell. Then, there exists a
definable open neighborhood V of C (in A) such that C is a retract of V . Namely, there
exists a definable continuous mapρ : V →C, such that the restriction ofρ to C is the
identity.

1We do not assume thatT4 implies Hausdorff.
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Proof. First, we will do the case whenA = Mn. The proof is by induction onn. If
n = 0, the conclusion is trivial. SinceC is a cell, there exists a cellD ⊆ Mn−1 such that
one of the following cases happens:

1. C = Γ( f ) :=
{

(x,y)∈ Mn : x∈ D & f (x) = y
}

, wheref : D→M is a continuous
definable function;

2. C= ] f ,g[D
{

(x,y)∈Mn : x∈D & f (x) < y< g(x)
}

, wheref ,g : D→M⊔{±∞}
are continuous definable functions such thatf < g.

By inductive hypothesis, there exist a definable open neighborhoodW of D and a re-
tractionσ : W → D. In the first case, letV := W×M, and define

ρ(w,t) :=
(
σ(w), f (w)

)
.

In the second case, define
F : W×M → D×M

(w,t) 7→ (σ(w),t).

LetV := F−1(C), andρ be the restriction ofF to V. SinceC is open inD×M, V is an
open neighborhood ofC.

WhenA 6= Mn, letV ′ andρ ′ : V ′ →C be the open neighborhood ofC in Mn and the
retraction whose existence we proved above. DefineV := V ′∩A, andρ := ρ ′ ↾ V. �

2.12 Example.Note that in generalC is not a retract of allMn. For instance, letn = 1
andC = ]0,1[.

2.13 Lemma. When M expands a real closed field, in Lemma 2.11, we can weakenthe
hypothesis to C locally closed in A, instead of C cell.

Proof. It is [12, Proposition 8.3.3]. �

2.14 Question.What happens if we drop the condition thatM expands a real closed
field in Lemma 2.13?

2.15 Lemma. Let X be a topological spaces, and Y, U be sub-spaces of X such that Y
is dense and U is open in X. Then,clX(Y∩U) = clX(U).

Proof. It is obvious that cl(Y∩U) ⊆ cl(U). For the opposite inclusion, letb∈ cl(U),
andV be an open neighborhood ofb. SinceU is open,W := V ∩U is also open, and
sinceb∈ cl(U), W 6= /0. Therefore,(Y∩U)∩V = W∩Y 6= /0, becauseU is dense inX,
and thusb∈ cl(Y∩U). �

2.16 Lemma. Let A be definable, closed and locally d-compact, and B be definable,
such that A⊆ B and A is dense in B. Then, A is open in B.

Proof. Fix a∈ A. Let K be a d-compact neighborhood ofa. LetU ⊆ K be a definable
open neighborhood ofa (in A). Therefore, there existsV ⊆ B open and definable such
that andU := V ∩A. Therefore,

A⊇ K = clB(K) ⊇ clB(U) = clB(V ∩A).

By Lemma 2.15, clB(V ∩A) = clB(V). Therefore,V ⊆ clB(V) ⊆ A, and thereforeA is
a neighborhood ofa. �
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2.17 Lemma. Let C⊆ Mk+h be a cell, andπ : Mk+h → Mk be the projection on the
first k coordinates. Then, exactly one of the following 2 things happens: eitherπ ↾ C is
injective, ordimπ(C) < dimC.

2.18 Lemma. Let f : Mh → Mk be definable. Then, there exists a decomposition of Mh

into definable sets
{

Ci : i ≤ n
}

, such that for every i≤ n, either f↾ Ci is injective, or
dim f (Ci) < h.

Proof. 2 Let
S:=

{(
f (a),a

)
∈ Mk+h : a∈ Mh}

.

DecomposeMk+h into cells, in a way compatible withS. Let D ⊆ S be a cell,
C := f−1(D), and π : Mk+h → Mk the projection on the firstk coordinates. Note
that f (C) = π(D), and hence dimD ≤ h. Moreover, f ↾ C is injective iff π ↾ D is
injective. By Lemma 2.17, either dimπ(D) < h, or π ↾ D is injective. �

2.19 Lemma. Let X be a topological space, Z⊆ X be connected, and U⊆ X be open.
If Z∩U 6= /0 and Z\U 6= /0, then Z∩∂U 6= /0.

Proof. Assume thatZ∩∂U = /0. Then,

Z = (Z∩U)⊔ (Z\U) =
(
Z∩cl(U)

)
⊔

(
Z\U

)
,

contradicting the fact thatZ is connected. �

3 Specialization

Let M be an o-minimal structure, expanding an ordered group. LetA be a definable
sub-set ofMk, for somek ∈ N, andX := Ã be the spectrum ofA (namely, the set of
complete types overA).

In this section we study the basic properties ofX. Most of these results are well-
known, at least in the case whenM expands a field [2], [7], [8], and [5].

3.1 Definition. Let C ⊆ X. C is definable iff C is of the formD̃, whereD ⊆ A is de-
finable.C⊆ X is type-definable iff C is closed in the Stone topology, or, equivalently,
C is an intersection of definable sets.

3.2 Definition. Thespectral topologyin X is the topology generated by the sets of the
form Ũ , whereU ⊆ A is open and definable; cf. [8].

3.3 Remark.Since the Stone topology is Hausdorff, any finite set is type-definable.
Any definable set is type-definable. Since the Stone topologyis stronger than the spec-
tral one, any closed set is type-definable. Since the Stone topology is compact, the
spectral one is quasi-compact. IfC ⊆ X is type-definable, andf : A→ B is definable,
then f̃ (C) is also type-definable.

3.4 Remark.̃ is an injective morphism of Boolean algebrae between the definable
subsets ofA and the subsets ofX. Moreover, ifB⊆ A is definable, then

c̃l(B) = cl(B̃).

2Thanks to prof. Berarducci for the proof.
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3.5 Example.However,̃ doesnotpreserve infinite unions or infinite intersections. For
instance, letA := [0,1], Ut := ]−t,t[ ⊆ A. Then,

⋂
0<t∈M Ut = {0}, but

⋂

0<t∈M

Ũt =
{

0−,0,0+
}
,

where 0+ is the cut]−∞,0], ]0,+∞[, and similarly for 0−.

3.6 Lemma. Let C⊆ X be open. Then, C is quasi-compact iff C is definable.

Proof. The “if” direction is trivial. On the other hand, sinceC is open,C =
⋃

i∈I Ui ,
where eachUi is open and definable. IfC is quasi-compact, then there existsI0 ⊆ I
finite, such thatC =

⋃
i∈I0 Ui , and thusC is definable. �

3.7 Definition. Let x∈ X. Thedimensionof x is

dimx := min(dimC),

whereC varies among the definable sub-sets ofX containingx. GivenC⊆X definable,
the local dimensionof C at x is

locdim(x;C) := min(dimU ∩C),

whereU varies among the definableopensub-sets ofX containingx. Define locdim(x;C)=
−∞ iff there exists an definable openU containingx suchU ∩C = /0. Note that
locdim(x;C) ≥ 0 iff x∈ cl(C), where cl(C) is the closure ofC in the spectral topology.

We shall write locdim(x) instead of locdim(x;A).
We say that locdim(C) is constantly equal ton iff locdim(x;C) = n for everyx ∈

cl(C). GivenD ⊆ A definable, we define locdim(x;D) := locdim(x;D̃).

3.8 Lemma. dimx is the dimension of c/M, for any N∋ c |= x.

3.9 Remark.For everyx∈ X,

dimx≤ locdim(x) ≤ dimA.

For everyC⊆ X definable, Corollary 2.5 implies that

locdim(x;C) = locdim(x;cl(C)).

If D ⊆ A is a cell of dimensionn, then locdimD is constantly equal ton. If locdimC is
constantly equal ton, then locdim

(
cl(C)

)
is also constantly equal ton.

3.10 Remark.locdim(x) is the minimum of the dimensions of the definable open sub-
sets containingx.

Intuitively, the local dimension ofx is the dimension of the ambient spaceA in a
neighborhood ofx. On the other hand, the dimension ofx tells us “how big” a definable
sub-set containingx must be.

3.11 Example. Xis notT1 in general (namely, not every point is closed). For instance,
let A := M, x = 0+. Then, cl(x) =

{
0,0+

}
.

3.12 Definition. For everyx,y ∈ X, we say thatx is aspecializationof y (andy is a
generalizationof x) iff x∈ cl(y), where cl(y) is the closure of{y} in the spectral topol-
ogy, and we writex≤ y for this. We shall say thatx is a closed point iff cl(x) = {x},
namely iffx is minimal w.r.t. the order≤.
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3.13 Lemma. 1. ≤ is a partial order on X.

2. If x≤ y, thendimx≤ dimy≤ locdim(x).

3. If x≤ y and D⊆ X is definable, thenlocdim(x;D) ≥ locdim(y;D).

4. If x< y (namely, x≤ y and x6= y), thendimx < dimy.

Proof. 1) The transitivity of≤ is obvious. To prove that≤ is a partial order, it is
enough to show that ifx ≤ y andy ≤ x, thenx = y. The hypothesis is equivalent to
cl(x) = cl(y). Assume for contradiction thatx 6= y. Let B,C ⊆ X be definable subsets
such that

x∈B\C and

y∈C\B.

W.l.o.g., we can assume that dimB = dimx ≥ dimy = dimC, andB andC disjoint.
Therefore, by Lemma 2.6,

dim
(
cl(B)∩cl(C)

)
< dimB.

Thus,x /∈ cl(B)∩cl(C), and sox /∈ cl(C). However, cl(y) ⊆ cl(C), absurd.
2) Let U ⊆ X be definable and open, such thatx ∈ U and dimU = locdim(x).

Moreover,y∈U , and therefore dimy≤ dimU = locdim(x).
Assume, for contradiction, thatx≤ y, butm := dimx > dimy =: n. Let C ⊆ X be

definable such thaty∈ C and dimC = n. Moreover, dimcl(C) = dimC = n, therefore
we can assume thatC is closed. Besides,x /∈C, because dimx > dimC. However,C is
closed andy∈C, and therefore cl(y) ⊆C, absurd.

3) LetU ⊆ X be a open and definable, such that dim(U ∩D) = locdim(x;D), and
x∈U . Then,y∈U , and we are done.

4) Assume, for contradiction, thatx < y, but dimx = dimy =: m. Let E ⊆ A be
definable, such thaty ∈ Ẽ, and dimE = m. Let A′ := cl(E). Then, dimA′ = m, and
x,y ∈ Ã′. Therefore, w.l.o.g., we can assume that dimA = m. Since< is irreflexive,
y /∈ cl(x), namely there existU ⊆ X open and definable such thaty ∈ U , but x /∈ U .
However,x∈ cl(U)\U , becausex∈ cl(y). Therefore, dimx < m, absurd. �

3.14 Lemma. For every x∈ X, cl(x) is totally ordered by≤. Moreover,#(cl(x)) ≤
1+dimx≤ 1+ locdim(x) ≤ 1+dimA.

Proof. Assume, for contradiction, that there existy1,y2 ∈ cl(x), such thaty1 � y2 and
y2 � y1. Let Di ⊆ A be definable such that

dimDi = dimyi =: mi , and yi ∈ D̃i \ D̃2−i, i = 1,2.

W.l.o.g., we can assume thatm2 ≤ m1.

Claim 1. y2 ≤ y1.

Note that the claim contradictsy2 � y1, which is absurd.
Assume not. Then, there existsU ⊆ A open and definable, such thaty2 ∈ Ũ , but

y1 /∈ Ũ . By substitutingD1 with D1 ∩U , andD2 with D2 \U , we can assume that
D2 ⊆U , andD1 ⊆ A\U , and in particular thatD1∩D2 = /0.

Let Ci := cl(Di), i = 1,2, andC0 := C1 ∩C2. Note thatC0 ⊆ cl(U) \U . Hence,
y2 /∈ C̃0. Besides, sinceD1∩D2 = /0, by Lemma 2.6 we have dimC0 < m1, and therefore
y1 /∈ C̃0. LetV1 andV2 be as in Lemma 2.7. SinceV1∩V2 = /0,x cannot be both iñV1 and
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in Ṽ2. Assume thatx /∈ Ṽi. Sinceyi /∈C0, we haveyi ∈ Ṽi. However,yi ∈ cl(x) ⊆ X \Ṽi ,
absurd.

Therefore, we have proved that≤ is a total order on cl(x). Using Lemma 3.13, we
conclude that #(cl(x)) ≤ 1+dimx. �

3.15 Example.Let x ∈ A. The set
{

y ∈ X : y ≥ x
}

in general isnot totally ordered
by ≤. For instance, letA = M, x = 0, y = 0+ andy′ = 0−. Then,x < y,y′, but neither
y≤ y′ nory′ ≤ y.

3.16 Example.Both cases are possible: #(cl(x)) = dimx and #(cl(x)) < dimx. For
instance, letA = M. Let x = 0+ andx′ = +∞. Then, dimx = dimx′ = 1. However,
cl(x) =

{
0,0+

}
, while cl(x′) = {x′}.

3.17 Remark.If x,y∈ X are such that neitherx≤ y nory≤ x, then there exist disjoint
open definable sub-setsU,V ⊆ X such thatx∈U andy∈V.

3.18 Definition. Let ι : A → X be the natural embedding, sendingc ∈ A to the type
x(a) := “a = c”.

3.19 Remark.ι is a continuous map.

3.20 Remark.Let x∈ X. Then, dimx = 0 iff x = ι(a) for somea∈ A. In that case,x is
a closed point.

3.21 Example.Not all closed point have dimension 0. For instance, ifA= M, then+∞
is a closed point of dimension 1.

3.22 Remark.Let x∈ X. Define the following partial types:

Φ(a) :=
{

a∈U : U ⊆ A definable and open, x∈ Ũ
}
,

Ψ(a) :=
{

a∈C : C⊆ A definable and closed, x∈ C̃
}
.

Then,
Φ̃ =

{
y∈ X : x≤ y

}
,

Ψ̃ =
{

y∈ X : x≥ y
}

= cl(x).

Equivalently,

{
y∈ X : x≤ y

}
=

⋂{
U : U ⊆ X definable and open, x∈U

}

cl(x) =
⋂{

C : C⊆ X definable and closed, x∈C
}
.

3.23 Remark.More in general, ifD ⊆ X, then

cl(D) =
⋂{

C : C⊆ X definable and closed, D ⊆C
}
.

Moreover,D is closed iff

D =
⋂{

C : C⊆ X definable and closed, D ⊆C
}
.

3.24 Corollary. Let x∈ X such thatdimx = locdim(x). Then,

{x} =
⋂{

U : U ⊆ X definable and open, x∈U
}

3.25 Lemma. Let x∈ X. Let m:= dimx, and n:= locdim(x). Then, there exists y∈ X
such that x≤ y anddimy = n.
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Proof. If m= n, takey := x. If m< n, let

Φ(a) :=
{

a∈U \C : C,U ⊆ A definable,x∈ Ũ , dimC < n, U open
}
.

By definition of local dimension, it is easy to see thatΦ is consistent set of formulae.
Let y∈ Φ̃. By definition ofΦ, dimy = n andx≤ y. �

3.26 Remark.Let dimA = n, andk ≤ n. The setXk :=
{

x∈ X : dimx ≥ k
}

is of the

form Φ̃k (and henceXk is type-definable), whereΦk(a) is the partial type
{

a /∈C : C⊂ A definable, dimC < k
}
.

Moreover, bothι(A) andXk are dense inX, and, if k > 0, they are disjoint. Finally,
ι(A) is open in the Stone topology, becauseX \ ι(A) = X1.

Proof. ι(A) is dense, because it is dense in the Stone topology, which is stronger than
the spectral one.Xk is dense by Lemma 3.25. �

3.27 Example.Let x,y ∈ X with x < y andm := dimx andn := dimy. It is not true
in general that ifm< l < n, then there existsz∈ X such thatx < z< y and dimz= l .
For instance, letA′ := M2, x= (0,0), z= (0+,0) (z isa complete type) andy∈ A′ such
that dimy = 2 andz < y (y exists by Lemma 3.25). Note thatx < z < y. Let A be
A′ :=

{
(a,0) : a > 0

}
. Sincez∈ X′ \X, and in cl(y) there is at most onez′ such that

dimz′ = 1, there is noz′ ∈ X such thatz′ < y and dimz′ = 1.

Let A be definably compact. Letx,y∈ X with x < y andm := dimx andn := dimy,
and letl ∈ N be such thatm< l < n. Later (examples 6.3 and 6.4) we will show that
there mightnot existz∈ X such thatx < z< y and dimz= l .

3.28 Lemma. Let C⊆ X be type-definable. Then,

cl(C) =
⋃{

cl(x) : x∈C
}
.

Proof. It is obvious that cl(C) ⊇ ⋃{
cl(x) : x ∈ C

}
. For the other inclusion, we have

to prove that for everyy∈ cl(C) there existsx∈C such thaty∈ cl(x). SinceC is type-
definable, we can writeC =

⋂
i∈I Ci , where eachCi is definable. LetΦ be the following

partial type

Φ(a) =
{

a∈U ∩Ci : i ∈ I , U ⊆ A open and definable, y∈ Ũ
}
.

Sincey∈ cl(C), Φ is consistent. Anyx∈ Φ̃ satisfiesy≤ x andx∈C. �

3.29 Corollary. Let C⊆ X. Then, C is closed iff C is type-definable and

∀x∈C cl(x) ⊆C. (3.1)

Proof. The “only if” direction is trivial. For the “if” direction, Lemma 3.28 implies
that cl(C) = C. �

3.30 Example.There are some sub-setsC⊂ X that are not closed, but do satisfy (3.1).
By the Corollary, any suchC cannot be type-definable. For instance, letC := ι(A). C is
not closed (unlessA is finite), because cl(C) = X, butC does satisfy (3.1).

3.31 Lemma. A is definably connected iff X is connected.
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Proof. Easy. �

3.32 Lemma. Let M� N, and

θ : Ã(N) → Ã(M)

be the restriction map. Then,θ is continuous both in the Stone and the spectral topolo-
gies.

3.33 Example.θ is neither closed, nor open. For instance, letA = M, x = 0+, c∈ N
such thatc |= 0+, y := ι(c) ∈ Ñ. Then,y is a closed point, butθ (y) = x is not. Let

U := ]̃−c,c[ ⊆ Ñ. Then,U is open, butθ (U) =
{

0−,0,0+
}

is not open.

3.34 Question.Is θ closed or open in the Stone topology?

3.35 Lemma. Let A,B be definable, andπ : A×B→ A be the projection onto the first

coordinate. Let N�M, c∈ A(N), and x:= tp(c/A)∈ X = Ã. Letτ : ˜B
(
M(c)

)
→ Ã×B

defined by
τ
(
y(b)

)
:= x(a) &

{
φ(a,b) : φ(c,b) ∈ y(b)

}
.

Then,τ is well-defined, and it is a (surjective) homeomorphism.

The caseB = [0,1] of the above Lemma is in [3].

3.36 Lemma. Let Z⊆ X be type-definable and connected. Letθ be as in the Lemma
above. Then,θ−1(Z) is type-definable and connected.3

Proof. Let Z =
⋂

i∈I C̃i . Then,

W := θ−1(Z) =
⋂

i∈I

C̃i(N).

Assume, for contradiction, thatW is disconnected. Namely, there existT1 andT2 open
such that

W ⊆ T1∪T2,

T1∩T2∩W = /0,

W∩Ti 6= /0, i = 1,2.

Claim 1. We can also assume that theTi are definable (inN).

In fact,
Ti =

⋃

j∈Ji

Ui, j ,

where theUi, j are open and definable (inN). By compactness of the Stone topology,
there existJ′i ⊆ Ji finite, i = 1,2, such that

W ⊆ T ′
1 ∪T ′

2,

W∩T ′
i 6= /0, i = 1,2,

whereT ′
i :=

⋃
j∈J′i

Ui, j . Moreover,T ′
1 ∩T ′

2 ∩W ⊆ T1∩T2∩W = /0.

3Thanks to Berarducci for the proof.
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In particular,
⋂

i∈I C̃i(N)⊆ T1∪T2. Using again the compactness of the Stone topol-
ogy, we conclude that there existsI0 ⊆ I finite, such that

C̃(N) ⊆ T1∪T2,

C̃(N)∩T1∩T2 = /0,

whereC :=
⋂

i∈I0 Ci . We have thatZ ⊆ C̃. SinceZ is connected,Z ⊆ D̃ for a (unique)

definably connected componentD of C. Hence,W ⊆ D̃(N) ⊆ T1 ∪ T2. Moreover,

D̃(N)∩Ti ⊇ W∩Ti 6= /0. However,D(N) is definably connected, hencẽD(N) is con-
nected, a contradiction. �

3.37 Conjecture.Let M � N, Z ⊆ X be type-definable, andW := θ−1(Z), whereθ is
as in Lemma 3.32. Then,θ induces an isomorphism between theČeck cohomology
of Z and the one ofW.

The conjecture is true ifM expands a field. In fact, in that case we know that it
holds ifZ is definable, and therefore

Ȟ(Z) = lim−→
C∈DA(Z)

Ȟ(C̃) = lim−→
C∈DA(Z)

Ȟ
(
θ−1(C̃)

)
= lim−→

D∈DA(N)(θ−1(Z))

Ȟ(D̃) = Ȟ
(
θ−1(Z̃)

)
,

where
D

A(Z) :=
{

C⊆ A : Z ⊆C & C is definable
}
.

The fact thatȞ(Z) = lim−→C∈DA(Z)
Ȟ(C̃) will be proved elsewhere. Note that the same

proof works whenN is an o-minimal expansion ofM, instead of an elementary exten-
sion.

3.1 Beyond o-minimality

Let M be a first order topological structure (in the sense of Pillay[7]). We shall say
thatM is definablyT5 iff every definable sub-set ofMk is definablyT4, for everyk∈ N.

3.38 Lemma. The following are equivalent:

1. M is definably T5.

2. For every U⊆ Mk, if U is definable and open, then U is definably T4.

3. Lemma 2.7 is true for any definable A⊆ Mk.

4. For every D1,D2 ⊆ X definable, if D1 ∩ cl(D2) = cl(D1)∩D2 = /0, then there
exist V1,V2 disjoint definable open sub-sets of X, such that Di ⊆Vi .

5. For every A⊆ Mk definable,̃A is T4.

3.39 Conjecture. Mis definablyT5 iff, for every A⊆ Mk definable,̃A is T5.

Most of the results in this section apply to the following situation, with the same
proofs (in particular, Lemmata 3.13 and 3.14 hold).M is a first order such that for
everyk∈ N there is a function

dim : DMk → [−1,k],
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where
D

Mk
:=

{
A⊆ Mk : A definable

}
,

satisfying the following conditions:

M is definablyT5; (3.2)

dimA = −1 iff A = /0; (3.3)

dim(A∪B) = max(dimA,dimB); (3.4)

dim(∂A) < dimA if A 6= /0; (3.5)

dim{a} = 0 ∀a∈ Mk. (3.6)

Note thatM must beT2. In fact, dim
(
cl(a)\ {a}

)
= −1 for everya∈ Mk. Hence,Mk

is T1, and, sinceM is also definablyT4, we have thatM is T2 too.

3.40 Remark.If A⊆ Mk is definable, theñA is aT4 spectral space.

Proof. The proof of [8, Lemma 1.1] works also in this context. More precisely, the
definable open sets form a basis of quasi-compact open sub-sets of Ã, stable under
finite intersections. Therefore, we need only to show that every irreducible closed set
is the closure of a unique point. LetC ⊆ Ã be closed and irreducible. Note thatC
type-definable, and hence compact in the Stone topology. Let

D :=
{

D ⊆ Ã : D is definable and closed &C\D 6= /0
}
.

Claim 1. There existsx∈C\⋃
D.

If, for contradiction,C ⊆ ⋃
D, thenD is a covering ofC by definable sets, and

therefore, by compactness, there existsD1, . . .Dn ∈ D such thatC ⊆ ⋃n
i=1Di . SinceC

is irreducible,C⊆ Di for somei ≤ n, absurd.
It is now easy to see thatC = cl(x). Uniqueness is a consequence of Lemma 3.13.
SinceA is definablyT5, Ã is T4 (but we do not know whether it isT5). �

3.41 Remark.If A⊆Mk is definable, thenA is a boolean combination of open definable
sets.

Proof. Induction on dimA. Since dim(∂A) < dim(A), we have that∂A is a boolean
combination of open definable sets. The conclusion follows fromA = cl(A)\ ∂A. �

Therefore, all the results in [2] about normal spectral spaces are true in this context.
Moreover, by Lemma 3.14, the Krull dimension ofÃ [2, ¶1.4] is less or equal to dimA.

3.42 Remark.Let A⊆ Mk be definable. IfA ha empty interior, then dimA < k.

Proof. Let B := Mk \A. SinceA has empty interior,A = ∂B. �

4 Functions

Let B⊆ Mh, for someh∈ N, Y := B̃, and f : A→ B be a definable function.
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4.1 Definition. Define
f̃ : X →Y

as
f̃ (x)(b) :=

{
φ(b) : φ

(
f (a)

)
∈ x(a)

}
.4

Namely,

f̃ (x) =
⋂{

f̃ (U) : U ⊆ A definable, x∈ Ũ
}
.

Note that f (x) is indeed a type, since for everyx ∈ X, eitherφ
(

f (a)
)
∈ x(a), or

¬φ
(

f (a)
)
∈ x(a). Since˜ preserves the composition of maps, we can view˜ as a

covariant functor between the category of definable sets with definable maps, and the
category of sets.

4.2 Remark.LetU ⊆ A andV ⊆ B be definable. Then

f̃−1(Ṽ) = f̃−1(V), and f̃ (Ũ) = f̃ (U).

4.3 Remark.f̃ is continuous with the Stone topology.

4.4 Remark.If Z ⊆Y is type-definable, theñf−1(Z) is quasi-compact.

Proof. Since f̃−1(Z) is type-definable, it is also quasi-compact. �

4.5 Remark.If f is continuous, theñf is also continuous.

Proof. LetU ⊆ B be definable and open. It suffices to prove thatf̃−1(Ũ) is open inA.
Let V := f−1(U). Since f is definable and continuous,V is definable and open. Since
f̃−1(Ũ) = Ṽ, we are done. �

Therefore, we can also view̃as a covariant functor between the category of defin-
able sets with definable continuous maps, and the category oftopological spaces.

4.6 Remark.Let x,y∈ X such thaty≤ x. If f is continuous, theñf (y) ≤ f̃ (x).

Proof. Becausẽf is continuous. �

4.7 Remark.For everyx∈ X, dim( f̃ (x)) ≤ dimx.

4.8 Definition (Rudin-Keisler ordering). Let x ∈ Sk(M) andy ∈ Sh(M). We will say
thaty is less or equal tox in for the Rudin-Keisler ordering, and writex <

RK
y, iff y= g̃(x)

for someg : Mk → Mh definable. We will say thatx andy are RK-equivalent, and write
x ∼

RK
y, iff x ≤

RK
y andy ≤

RK
x.

4.9 Lemma. Let x∈ Sk(M) and y∈ Sh(M). The following are equivalent:

1. y≤
RK

x;

2. for every N� M elementary extension, if N realizes x, then N realizes y;

3. M(x) realizes y.

Proof. M has definable Skolem functions. �

4Here we usea as a mute variable ranging inA, and similarly forb.
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Note that≤
RK

is a quasi-order, and that the relation∼
RK

is an equivalence relation.

4.10 Lemma. Let x∈ Sk(M) and y∈ Sh(M) be such that y≤
RK

x. Then,dimy≤ dimx.

Moreover, ifdimy = dimx, then y∼
RK

x.

Proof. The fact that dimy ≤ dimx is trivial. For the second part, letf : Mk → Mh be
definable such that̃f (x) = y. Let N � M andc ∈ Nk |= x. Therefore,d := f (c) |= y,
andd ∈ M(c). Since

dim(c/M) = dimx = dimy = dim(d/M),

dim
(
c/M(d)

)
= 0, namelyM(c) = M(d). �

4.11 Lemma. Let x∈ Sk(M) and y∈ Sh(M) such that x∼
RK

y, and f : Mk → Mh be

definable, such that̃f (x) = y. Then, there exist A⊆ Mk, B ⊆ Mh, and g: B → A
definable such that

1. x∈ Ã and y∈ B̃;

2. dimA = dimx = dimy = dimB;

3. f is continuous on A, and g is continuous on B;

4. g̃(y) = x;

5. g◦ f is the identity on B;

6. f ◦g is the identity on A.

Proof. Let A⊆ Mk be a cell, such thatx∈ Ã and dimA = dimx =: n. W.l.o.g., we can
assume thatn = k andA = Mn. By Lemma 2.18, thee exists a cellC ⊆ Mn such that
x ∈ C̃ and eitherf ↾ C is injective, or dimf (C) < n. If f ↾ C were not injective, then
dimy < n, and hencex 6∼

RK
y, absurd. Hence,f ↾ C is injective.

SubstituteA with C, and letB := f (A). Hence, f : A → B is a bijection. Let
g := f−1; the remainder of the conclusion follows (after restricting AandB if necessary,
in order to get the continuity ofg). �

4.12 Lemma. Let y∈ Sk(M). There exists V⊆ Mk open and definable, and a definable
continuous mapρ : V → Mk such that, for every x∈ Ṽ , if x≥ y, thenρ̃(x) = y.

Proof. Let E ⊆ Mn be a definable cell, such that dimE = dimy =: n andy ∈ Ẽ. By
Lemma 2.11, there existsV definable open neighborhood ofE and a continuous defin-
able retractionρ : V → E. Note thatV open andy∈ Ẽ imply thatx∈ Ẽ.

Claim 1. For everyx≥ y, ρ̃(x) = y.

By Remark 4.6 we havey= ρ̃(y) ≤ ρ̃(x). Moreover,̃ρ(x) ∈ Ẽ. Sincey is maximal
in Ẽ, the claim is true. �

1 Theorem. Let x,y∈ Sk(M), such that y≤ x. Then, y≤
RK

x.

Proof. Let N � M be an elementary extension realizingx.
Let ρ : V → Mk be as in Lemma 4.12. Note that ifNk ∋ c |= x, thenρ̃(c) |= y, and

thereforeN realizesy. �
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4.1 Closed maps

4.13 Remark.Let C,D ⊆ X be closed and disjoint. Then, there existC′,D′ ⊆ X defin-
able, closed and disjoint such thatC⊆C′ andD ⊆ D′.

Proof. By compactness. �

4.14 Definition. f : A→B is definably closediff for everyC⊆A closed and definable,
f (C) is also closed.

4.15 Example.Note that a “definably open” map is nothing else than an open map.
On the other hand, a (definable) map can be definably closed, without being closed.
For instance, letM be countable,A := [0,1]2, B := [0,1], f : A→ B be the projection
onto the first coordinate. SinceA is d-compact,f is definably closed. Letη ∈Y be a

gap (for instance, ifM = Q, we can takeη =
√

2
2 ). The intervals]η ,1] and]0,1] are

order-isomorphic, because they are both countable, dense,and with no minimum and
a maximum. Letg : ]0,1]→ ]η ,1] be an order-isomorphism. Define

C :=
{

(b,g(b)) : 0 < b≤ 1
}
.

Then,C is closed (because limb→0+ g(b) = η /∈ A), but f (C) = ]0,1] is not closed.

4.16 Lemma. f is an open map iff̃f is open. f is definably closed iff̃f is closed.

Proof. The “only if” directions are trivial.
To prove that̃f is open, it suffices to prove that for everyU ⊆A open and definable,

f̃ (Ũ) is also open. However, this is immediate from Remark 4.2.
Also immediate form the remark is the fact that ifC ⊆ A is closed and definable,

then f̃ (C̃) is also closed (iff is closed).
It remains to prove that ifC⊆ X is anyclosed set, theñf (C) is closed. SinceC is

closed, it is type-definable, and thereforef (C) is also type-definable. Thus,

C =
⋂{

D̃ : D ⊆ A definable and closed,C⊆ D̃
}
,

f̃ (C) =
⋂{

Ẽ : E ⊆ A definable, f̃ (C) ⊆ Ẽ
}
.

Let f̃ (C) ⊆ E, with E definable. Then,C ⊆ f̃−1(E). By compactness, there existsD
closed and definable such that

C⊆ D ⊆ f̃−1(E).

Hence,f̃ (C)⊆ f̃ (D)⊆E. However, by what we said above,f̃ (D) is closed. Therefore,

f̃ (C) =
⋂{

f̃ (D) : D ⊆ A definable,C⊆ Ẽ
}
,

and in particular̃f (C) is intersection of closed sets, and hence closed.
�

4.17 Corollary. If A is d-compact, f is continuous, and x∈ X is a closed point, then
f̃ (x) is also a closed point.

Proof. The hypothesis imply thatf is definably closed. �
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4.18 Lemma. Assume that f is continuous. f is definably closed ifff̃ (x) is a closed
point for every closed point x.

Proof. The “only if” direction follows form Lemma 4.16.
For the other direction, letC⊆ A be definable and closed, andD := f (C). We have

to prove thatD is closed.
If, for contradiction, D is not closed, letb ∈ cl(D) \ D, and z := ι(b). By

Lemma 3.28, there existsy∈ D̃ such thatz< y.
Let y0 be minimal (w.r.t. the ordering≤) such that:

y0 ∈ D

∃b′ ∈ cl(D)\D ι(b′) < y.

Chooseb0 ∈ ∂D such thatz0 := ι(b0) < y. Let x ∈ f̃−1(y0)∩C be minimal. If x
is closed, f̃ (x) = y0 is also closed, and thereforez0 = y0, absurd. Ifx is not closed,
then cl(x) =

{
x0, . . . ,xn

}
, wherex0 < x1 < · · · < xn = x ∈ C, andn ≥ 1. Since f̃

is continuous,̃f (xi) ∈ cl( f̃ (x)) = cl(y) for every i ≤ n. Since f̃ (xi) ∈ cl(y0)∩ f (C),
f (xi) = y0 for i = 0, . . . ,n by minimality ofy0. However, this contradicts the minimality
of x, sincex0 < x. �

4.19 Example.If f is not closed, we cannot conclude thatf̃ (x) is closed for every
closed points, even iff is continuous. Here are two examples.

1. Let A := ]0,1[, B := [0,1], f : A→ B be the inclusion map, andx = 0+. Then,
f̃ (x) = x is not closed inY, because clY(x) =

{
0,0+

}
. However,x is closed

in X.

2. Let M expand a real closed field,A := M2, B := M, πi : A → B i = 1,2 be the
projections on the first and second coordinate respectively. Let x(a1,a2) ∈ X be
only type satisfying the following conditions:

π̃1(x) = 0+,

π̃2(x) = 0+,

a1 ·a2 = 1.

x is on the infinite branch of the hyperbola “near infinity”, andit is closed. How-
ever, sincẽf (x) = 0+, f̃ (x) is not closed.

4.20 Example.Assume thatf is not continuous. By Lemma 4.16, iff is definably
closed, theñf (x) is closed for every closed pointx∈ X. However, the converse is not
true. For example, letA = [−1,1], B = [−1,2], and f : A→ B so defined:

f (x) =

{
x if x≤ 0

x+1 if x > 0.

Then, f (A) = [−1,0]⊔ ]1,2], and thereforef is not definably closed. However,̃f (x) is
closed for every closed pointx∈ X.

4.21 Corollary. Assume that f is continuous. The following are equivalent:

1. f is definably closed;
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2. f̃ is closed;

3. f(x) is closed for every closed point x.

Proof. 1⇒ 2 by Lemma 4.16. 2⇒ 3 by definition. 3⇒ 1 by Lemma 4.18. �

4.22 Lemma. Assume that M expands a real closed field, and let A⊆ Mk be definable.
The following are equivalent:

1. A⊆ Mk is d-compact;

2. for every B and every f: A→ B definable and continuous, f is definably closed;

3. for every B and every f: A→ B definable and continuous, f(A) is closed in B.

Proof. 1⇒ 2 and 2⇒ 3 are trivial. It remains to prove that 3⇒ 1. Letg : Mk → Mk′

be any definable injective continuous map, such that the image of g is bounded. Let
B := Mk′ , and f be the restriction ofg to A. Since f (A) is closed and bounded,f (A) is
d-compact. Sincef is invertible,A is also d-compact. �

In the proof of the above lemma, we used the fact thatM expands a field only to
construct the mapg. However, the existence of such a map is equivalent to the fact that
M expands a real closed field [6, Corollary 9.2].

5 Compactification

5.1 Definition. A d-compactification of A (also called completion in [12]) is a map
ρ : A→C such that:

1. C⊆ Mh is d-compact;

2. ρ is a definable homeomorphism onto its image;

3. ρ(A) is dense inC.

If the mapρ is clear from the context, we will simply say thatC is a d-compactification
of A.

5.2 Example.In the definition of d-compactification, we cannot weaken (2)to “ρ is
definable, continuous and injective”. For instance, let

A := [0,1) ⊂ R, C := S1 ⊂ C, ρ(t) := eiπt .

ρ : A→C is not a d-compactification.

5.3 Lemma. Letρ : A→C be a d-compactification of A. Then, A is locally d-compact
iff ρ(A) is open in C.

Proof. For the “only if” direction, use Lemma 2.16. For the other direction, leta∈ A,
andU ⊆C definable and open such thatρ(a) ∈U and cl(U) ⊆ ρ(A) (U exists because
ρ(A) is open andC is normal). Then,ρ−1(U) is a relatively d-compact neighborhood
of a. �

5.4 Definition. Let f : A→ B be continuous. A d-compactificationρ : A→C is com-
patible with f iff there exists a definable continuous mapg : C→B such thatg◦ρ = f .
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From now on, we will assume thatM expands a real closed field.

5.5 Lemma. Given a definable continuous map f: A→B, where B is d-compact, there
exists a d-compactification of A compatible with f .5

Proof. Assume thatA ⊆ Mk is bounded. LetΓ( f ) ⊆ A×B be the graph off , and
C := cl(Γ( f )) ⊆ cl(A)×B be its closure. Define

ρ : A→C
a 7→

(
a, f (a)

)
,

andg : C→ B be the projection on the second coordinate. �

5.6 Example.Let A := ([0,1]× [−1,1])\ (0,0), andB := [0,1]. Define f : A→ B as

f (a1,a2) = min
{

1,
∣∣a2

a1

∣∣}.

The d-compactification ofA given in the proof of the lemma is given by the dis-
joint union of the graph off (which is homeomorphic toA), and the vertical segment{

(a1,a2,b) ∈ M3 : a1 = a2 = 0,0≤ a3 ≤ 1
}

.

5.7 Remark.If dim A = 1, there exists auniversal d-compactification of A (namely,
one compatible with all the definable functionsf with d-compact co-domains).

5.8 Example.If dim A > 1, such universal d-compactification might not exist. Let
A := ]0,1]× [−1,1]. A universal d-compactification forA does not exist.

5.9 Definition. Let x∈ X andC ⊆ X be definable. We shall say thatx is near C, and
write C ≤ x, iff every definable open neighborhood ofC containsx. We shall write
C < x iff C≤ x andx /∈ C̃.

5.10 Lemma. The following are equivalent:

1. C≤ x;

2. everydefinableclosed set containing x intersects C;

3. every closed set containing x intersects C;

4. there exists y∈C such that y≤ x (namely,cl(x)∩C 6= /0).

Proof. 1⇔ 2 and 3⇒ 2 are trivial.
For 2⇒ 4, let

C :=
{

D∩C : D ⊆ X closed and definable, x∈ D
}
.

C is a family of definable subsets ofC with the F.I.P.. SinceC is compact (with the
Stone topology),

⋂
C 6= /0. Any y∈ ⋂

C is in cl(x)∩C.
For 4⇒ 3, any closed setD containingx must also containy, and therefore

C∩D 6= /0. �

5.11 Remark.

{
x∈ X : C≤ x

}
=

⋂{
U : C⊆U ⊆ X,U open and definable

}
.

5Thanks to M. Mamino for the proof. It is the same proof as in [12].
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The above lemma suggests the following extension of the notionC≤ x to the case
whenC is type-definable.

5.12 Lemma. Let Z⊆ X be type-definable. Then,

Ẑ :=
⋂{

U : Z ⊆U ⊆ X, U open and definable
}

=

=
⋂{

U : Z ⊆U ⊆ X, U open
}

=
{

x∈ X : cl(x)∩Z 6= /0
}
.

We say that x is near Z, and write Z≤ x, iff x∈ Ẑ.

Note thatẐ is type-definable.

5.13 Definition. Let x ∈ X. We will say thatx is far from the frontier ofX iff there
exists a definable setC ⊆ A which is d-compact and such thatx ∈ C̃. Otherwise, we
will say thatx is near the frontier. Thefringe Frin(A) of A is the set of points ofX near
the frontier.

5.14 Lemma. The following are equivalent:

1. x∈ Frin(A);

2. for everyC d-compactification of A,∂A < x, where∂A is the frontier of A taken
inside C;

3. for someC d-compactification of A,∂A < x;

4. for every definable D⊆ A, if D is d-compact, then x/∈ D̃.

Proof. Assume thatx ∈ Frin(A). Let U be an open definable neighborhood of∂A,
andD := C\U . SinceC is d-compact,D is also d-compact and contained inA, and
thereforex /∈ D̃. Hence,x∈ Ũ , and thus∂A≤ x. Sincex∈ X, x /∈ ∂A, and so∂A < x.

Conversely, assume that∂A < x for someC d-compactification ofA. Let D ⊆ A
be d-compact, andU := A\D. SinceD is d-compact,U is open inA. D∩ ∂A = /0,
becauseD ⊆ A, and soU is an open neighborhood of∂A. Thus,x∈ Ũ , and therefore
x∈ Frin(A). �

5.15 Definition. Let x∈ X. We will say thatx is strongly closediff x is closed andx
is far from the frontier ofA.

5.16 Lemma. The following are equivalent:

1. x is strongly closed;

2. x is closed in some d-compactification of A;

3. x is closed in every d-compactification of A;

4. x∈ D̃, for some D⊆ A definable and d-compact.

Proof. 1⇒ 3⇒ 2 is trivial. For 2⇒ 1, assume thatx is closed in some d-compactification
C of A. It is then trivially true thatx is already closed inA. If, for contradiction,∂A< x,
we would have that there existsy∈ ∂A such thaty < x, contradicting the fact thatx is
closed inC̃. �

5.17 Remark.If A is d-compact, thenx is strongly closed iff it is closed.
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5.18 Lemma. Let A⊆ B, and x∈ X. Then, x is strongly closed in A iff it is strongly
closed in B.

Proof. Let ρ : B→ D be a d-compactification ofB. W.l.o.g., we can assume thatρ is
the inclusion map. LetC := clD(A). Then,C is a d-compactification ofA.

If x is not strongly closed inA, then there existsy∈ C̃ such thaty< x. SinceC⊆ D,
x is not closed inD either, and thereforex is not strongly closed inB.

If x is not strongly closed inB, then there existsy∈ D̃ such thaty < x. However,C
is closed inD, and thereforey∈ C̃. Hence,x is not strongly closed inA either. �

2 Theorem. Let f : A → B beanydefinable map. If x∈ X is strongly closed (in A),
then f̃ (x) is also strongly closed (in B).

Proof. DecomposeA into cellsCi such thatf is continuous on each cell. LetC be
the cell countingx. By Lemma 5.18,x is strongly closed inC. Let E be some d-
compactification ofB. Consider the mapg : C→ E given by the composition of the im-
mersion ofB in E with the restriction off to C. Let ρ : C→ D be a d-compactification
of C compatible withg. By Corollary 4.17,̃g(x) = f̃ (x) is closed inE, and therefore
f̃ (x) is strongly closed. �

In a slogan, “being strongly closed” is an intrinsic property of a typex (namely,
independent from the ambient spaceA).

6 Rational and irrational types

6.1 Definition. A typex∈ Ã is rational (a.k.a. definable) iff for every formulaψ(a,u)
there existsc∈ A such that

{
b∈ Mh : ψ(a,b) ∈ x(a)

}
=

{
b∈ Mh : M |= ψ(c,b)

}
.

If x is not rational, then it isirrational .

Note thatι(a) is a rational type for everya∈ A.
Remember thatM expands a field.

6.2 Lemma. Let N be an elementary extension of M. Let A be a d-compactification
of M (e.g., A= S1). The following are equivalent:

• x is rational (and not realized);

• either x= ±∞, or there exists a∈ M such that x= a±;

• M is notco-final in M(x)

• M is Dedekind complete in M(x);

• x is not closed iñA;

• there exists a∈ A such thatι(a) < x.

The following are also equivalent:

• x is irrational;

• M is co-final in M(x);
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• x is closed iñA.

Proof. See [9] (or [1]). Note that the hypothesis imply that dimx = 1. �

The following example is by Coste.

6.3 Example.Let M′ :=
(
R,+, ·,exp

)
, andA = [0,1]2. Let x = x(a1,a2) ∈ Ã be the

unique type satisfying the conditions

a1 |= 0+

a2 = exp(a1).

Note thata2 |= 0+. Moreover, dim(x) = 1, and 0< x.
Let M be the reduct ofM′ to the field structure alone, andy be the image ofx under

the reduct map. Note that 0< y, and that dimy = 2, because the germ of exp near 0 is
not definable inM. Moreover, there is noz∈ M̃ such that 0< z< y, otherwise there
would bez′ ∈ M̃′ such that 0< z′ < x, which is impossible. Note also thaty is a rational
type, becauseall type overM are rational, sinceM is Dedekind complete.

6.4 Example.Let M be the field of real algebraic numbers. LetN be the real closure
of M(ε,e), whereε is a positive infinitesimal element (namely, tp(ε/M) = 0+), ande
be a transcendental real number. LetA := [0,1]2 ⊆ M2, andx(a1,a2) ∈ Ã be given by

a1 |= 0+

a2 = ea1.

Note thata2 |= 0+, that 0< x, that dimx = 2, but there is noy∈ Ã such that 0< y < x.
Moreover,x is irrational, because the type tp(e/M) can be defined usingx, and tp(e/M)
is irrational.

Let M � N be an elementary extension.

6.5 Definition. We will say that the extensionN/M is rational iff, for everyn∈ N, ev-
eryn-type overM realized inN is rational.6 We will say thatN/M is totally irrational
iff , for every n ∈ N, and for everyc ∈ Nn \Mn, tp(c/M) is irrational. We will say
that a typex∈ Sn(M) is totally irrational iff there exists a totally irrationalextensionN
realizingx, or equivalently iffM(x)/M is totally irrational.

6.6 Remark.A totally irrational type is either irrational, or already realized inM.

6.7 Lemma. N/M is rational iff every1-type realized in N is rational. N/M is totally
irrational iff, for every c∈ N\M, tp(c/M) is irrational.

Proof. See [9] or [1]. �

6.8 Remark. N/M is totally irrational iffM is co-finalin N.

6.9 Remark.If M � N � P andN/M is totally irrational, then≡M and≡N coincide
(onPk).

6.10 Definition. Let M � N, andb,c ∈ Nk. We shall say thatb is M-bounded , (or
simply bounded ifM is clear from the context) iff there existsa∈ M such that|b| ≤ a.
We shall writeb≡M c iff for every a∈ M such thata > 0, we have|b− c| < a. Note
that≡M is an equivalence relation.

6Rational extensions were calledtameextensions in [13] (in the case of o-minimal theories expanding a
real closed field).
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6.11 Lemma. N/M is rational iff for every k∈ N and every M-bounded c∈ Nk there
exists (a necessarily unique) a∈ Mk such that a≡M c.

We will call a as above theM-standard part of c, and writea = stM(c) (or simply
a = st(c) if M is clear from the context).

6.12 Remark. x∈Sn(M) is totally irrational iff, for every definable functionf : Mn → [0,1],
we havef̃ (x) 6= 0+.

6.13 Lemma. Let C⊆ A be definable. Define f: A→ M as f(a) := d(a,C), where d
is the distance. Let x∈ X and y:= f̃ (x) ∈ M̃. Then, C< x iff y = 0+.

Proof. For everyε ∈ M>0, letVε := f−1[0,ε[.

Assume thatC < x. Sincex /∈ C̃, y ∈ ˜]0,+∞[. Since,∀ε > 0, Vε is an open de-

finable neighborhood ofC, andC ≤ x, we havex∈ Ṽε , and thereforey∈ ˜]0,ε[. Thus,

y∈ ⋂
ε>0

˜]0,ε[, and soy = 0+.
Conversely, ify= 0+, letU be a definable open neighborhoodofC. By Lemma 2.10,

Vε ⊆ U for someε > 0. Sincey = 0+, x ∈Vε . Therefore,C ≤ x. Sincey 6= 0, x /∈ C̃,
and thereforeC < x. �

3 Theorem. Let x∈ Sn(M). Then, x is strongly closed iff it is totally irrational.

Proof. Let us provethe “if” direction . Assume thatx is not totally irrational. Then,
by Remark 6.12, there existsf : Mn → [0,1] definable such that̃f (x) = 0+. Decompose
Mn into cell such thatf is continuous on each cell, and letC be the cell containingx. Let
ρ : C→ D be a d-compactification ofC compatible withf , and letg : D → [0,1] be the
corresponding extension off . W.l.o.g.,ρ is the inclusion map. Moreover,̃g(x) = 0+.
Let E := g−1(0).

Claim 1. E ≤ x.

Let U be a definable neighborhood ofE. By Lemma 2.10, there existsε > 0 such
thatg−1

(
]0,ε[

)
⊆U . Sinceg̃(x) = 0+, we have

x̃∈ g−1(]0,ε[
)
⊆U,

and the claim is proved.
Sincex /∈ E, we haveE < x. By Lemma 5.10, there existsy∈ E such thaty < x.

Thereforex is not closed inD, and thusx is not strongly closed.
For the “only if” direction , assume thatx is not strongly closed. W.l.o.g., we can

assume thatx ∈ Ã for some d-compact setA. Let y < x, and letC ⊆ A be a closed
definable sub-set such thaty∈ C̃ and dimC < dimx. By Lemma 5.10,C≤ x, and, since
dimC < dimx, C < x. Therefore, by Lemma 6.13,̃f (x) = 0+, where f (a) := d(a,C).
Thus, by Remark 6.12,x is not totally irrational. �

6.14 Lemma. Let A be d-compact. Let f: A→ B be definable and continuous, x∈ Ã
and y∈ B̃ such that y≤ f̃ (x). Then, there exists z∈ Ã such that z≤ x and f̃ (z) = y.
Moreover, if y< f̃ (x), then z< x.

Proof. LetC := cl(x). SinceA is d-compact,̃f is closed, and thereforẽf (C) is closed.
Sincex∈ f̃ (C) andy≤ x, we havey∈ f̃ (C). Let z∈C such thatf̃ (z) = y. �

6.15 Example.We cannot drop the condition thatA is d-compact in Lemma 6.14. For
instance, letB := [0,1], A := B\ {0}, x := 0+, y := 0 and f : A → B be the inclusion
map. A pointzas in the conclusion of the Lemma does not exists.
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6.16 Remark.Let y ≤
RK

x. If x is rational, theny is also rational. Ifx is totally irrational,

theny is also totally irrational.

6.17 Lemma. Let y< x ∈ X. Assume that x is rational and n:= dimx = 1+ dimy.
Then, y is rational.

Proof. W.l.o.g., we can assume thatA ⊆ [0,1]k. We will prove the conclusion by in-
duction onk. The casek = 0 is trivial, and the onek = 1 is easy. Letf : Mk → [0,1] be
definable. We want to prove that̃f (x) is rational. DecomposeMk into cells in a way
compatible withA and with f . LetC⊆ Mk be the cell containingx.7

Let ρ : C → D be a d-compactification ofC compatible withf and with the inclu-
sion mapλ : C→ [0,1]k, andg : D → [0,1], µ : D → [0,1]k be the extensions off and
λ respectively. If we identifyC with ρ(C), we can assume thatρ is the inclusion map.
By Lemma 6.14, there existsz< x such that̃µ(z) = y.

Claim 1. dimz= dimy. 8

In fact,z< x implies that dimz≤ n−1. Moreover, sincey = µ̃(z), dimz≥ dimy.

Claim 2. z is rational.

In fact, by Lemma 4.10,z ≤
RK

y, andy is rational.

By Claim 2, g̃(z) is rational. Moreover, sinceg is continuous,̃g(z) ≤ g̃(x). By the
casek = 1, g̃(x) is also rational. �

6.18 Corollary. Let x0, . . . ,xn ∈ A such that x0 < x1 < · · ·< xn anddim(xn) = n. Then,
each xi is rational, for i= 0, . . . ,n.

Proof. Note that dim(xi) = i for every i ≤ n. Since dimx0 = 0, x0 is rational. By
induction onn, xn−1 is rational. By Lemma 6.17,xn is also rational. �

6.19 Lemma. Let A be d-compact, and x∈X. If x is rational, then there exists a unique
a∈ A such thatι(a) ≤ x.

Proof. Uniqueness is trivial. Assume, for contradiction, thata does not exist. Let
y be the minimum of cl(x). Note thaty is closed inA. SinceA is d-compact,y is
strongly closed, and therefore, by Theorem 3,y is totally irrational. Since dimy > 0, y
is irrational. Sincey≤ x, by Theorem 1,y ≤

RK
x, and thereforex is irrational, absurd. �

6.20 Definition. Let A be d-compact, andx ∈ X. We will say thatρ : C → D is a
d-compactification fixingx iff

1. C⊆ A is definable, suchx∈ C̃;

2. ρ : C→ D is a d-compactification compatible with the inclusion mapλ : C→ A.

In this case, we will denote byµ : D → A the extension ofλ to D.

6.21 Definition. Let A be d-compact. Letx,y∈ Ã such thaty≤ x. Let ρ : C → D be
a d-compactification fixingx. By Lemma 6.14, there existsz∈ D such thatz≤ ρ̃(x)
and µ̃(z) = y. We will call the pair(z, ρ̃(x)) a lifting of (y,x) compatible with the
d-compactificationρ . We will say that the pair(y,x) is maximal iff for every lifting
(z,x′) of (y,x), dimz≤ dimy.

7Note thatC might not containy.
8Here is the point where we use dimy = n−1.
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Note that if(z,x′) is a lifting of (y,x), then dimy ≤ dimz. Therefore, if(y,x) is
maximal, we have dimy = dimz, and hence, by Lemma 4.10,y ∼

RK
z.

6.22 Lemma. Let A be d-compact. Let y≤ x∈ X, with (y,x) maximal. Letρ : C→ D
be a d-compactification fixing x, and x′ := ρ̃(x). Then, there exists auniquez∈ D̃ such
that z≤ x′ and µ̃(z) = y.

Proof. The existence ofz is Lemma 6.14. For the uniqueness, letz1 ≤ z2 ≤ x′ such that
µ̃(z1) = µ̃(z2) = y. However, by maximality of(x,y), dimz1 = dimy = dimz2. Thus,
z1 = z2. �

Therefore, if(y,x) is maximal, andρ is as in the hypothesis of the lemma, we can
speak ofthe lifting of (y,x) compatible withρ .

6.23 Definition. Let x ∈ Sk(M), y ∈ Sh(M), such thaty ≤
RK

x, and f : Mk → Mh be a

definable function, such that̃f (x) = y. We will say that(y,x, f ) is rational iff, for every
N � M, and everyNk ∋ c |= x, the type tp(c/N(d)) is rational, whered := f (c).

6.24 Remark.Let x,y, f be as in the above definition.(y,x, f ) is rational iff, forsome
N � M and someNk ∋ c |= x, the type tp(c/N(d)) is rational, whered := f (c).

6.25 Remark.Note that ify = ι(a) for somea∈ Mk, then(y,x, f ) is rational (forany
f : Mk → Mh such that̃f (x) = y) iff x is rational.

6.26 Example.The fact that(y,x, f ) is rational does depend on the particular choice
of f (such that̃f (x) = y). For instance, letk := 2, h := 1,

x(a1,a2) := ai |= 0+,a1 ≪ a2,

y := 0+, f1(a1,a2) := a1, f2(a1,a2) := a2. Then,(y,x, f1) is not rational, while(y,x, f2)
is rational.

6.27 Remark.If dim x = 1, the fact that(y,x, f ) is rational doesnot depend onf .

Proof. Let N � N, and N ∋ c |= x, andd := f (c) |= y. If d ∈ M, then (y,x, f ) is
rational iff x is rational. Ifd /∈ M, thenM(d) = M(c), and therefore(y,x, f ) is always
rational. �

The following Lemma is contained in [8, Proposition 2.1].

6.28 Lemma. Let N� M, d∈ Nk, N′ := M(d), e∈ N′h. Then, there exist U neighbor-
hood of d definable (in M), h: U → Nh definable and continuous, such that h(d) = e.

Proof. Sincee∈ N′h, there existsh′ : Nk → Nh definable (but not necessarily contin-
uous) such thath′(d) = e. Let C ⊆ Nk be a cell (definable inM!) such thath′ is
continuous onC andd ∈C. By Lemma 2.11, there exists an open neighborhoodU of
C and retractionρ : U →C. Defineh := h′ ◦ρ : U → Nh. �

4 Theorem. Let x,y ∈ Sk(M), with y≤ x. By Lemma 4.12, there exists f: U → C
retraction such that̃f (x) = y, where C contains y, and U is a neighborhood of C. If
(y,x) is maximal, then(y,x, f ) is rational.
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Proof. W.l.o.g., we can assume thatC⊆ A, whereA= [0,1]k. LetN �M andc∈ A(N)
such thatc |= x, and letd := f (c) |= y. Let N′ := M(d). Assume, for contradiction, that
there existsg : A(N) → N definable inN′, such thatz := tp(g(c)/N′) is not rational.
Note thatg(t) = g′(t,d) for someg′ : A→M definable inM. Hence,g(c) = g′(c, f (c)),
and therefore w.l.o.g. we can assume thatg is definable inM. Moreover, w.l.o.g. we
can assume thatg(d) < g(c).

Let E ⊆ U be a cell such thatg is continuous onE andx ∈ Ẽ. Let ρ : E → D be
a d-compactification ofE compatible with f , g, and the embeddingλ : E → A. Let
(y′,x′) be the lifting of(y,x) compatible withρ . By hypothesis, dimy′ = dimy, and
thereforey ∼

RK
y′. Also,x ∼

RK
x′.

Let µ : D → A be the extension ofλ . By Lemma 4.11, there existF ⊆ E, G⊆ D
andν : G→ A continuous, all definable, such thaty∈ F̃, y′ ∈ G̃ andν is the inverse of
µ ↾ F. Define f ′ := ν ◦ f ◦ µ ; the domain off ′ is U ′ := µ−1

(
f−1(G)

)
⊆U : note that

x′,y′ ∈ Ũ ′; its co-domain isF . Note thatf ′ is continuous. Moreover,

f ′ ◦ f ′ = ν ◦ f ◦ µ ◦ν ◦ f ◦ µ = ν ◦ f ◦ µ = f ′.

Let c′ = ρ(c) |= x′ andd′ := f ′(d′) |= y′. It suffices to prove that(y′,x′, f ′) is rational.
Therefore, w.l.o.g. we can assume thaty∈ Ẽ (andx= x′, y= y′, f = f ′, d = d′, c= c′).

Sincez is not rational, there existsh : E → M definable, such that

g(d) < h(d) < g(c).

By Lemma 6.28, we can assume thath is defined and continuous on allE. Let

F :=
{

a∈U ∩E : h( f (a)) ≤ g(a)
}

Note thatc∈ F(N), and thereforex∈ F̃ . Moreover,h, f ,g are continuous, henceF is
closed inE. Thus,y∈ F̃ , and therefore

h( f (d)) ≤ g(d).

Since f (d) = d, we haveh(d) ≤ g(d), a contradiction. �

6.29 Corollary. Let a∈ A and x∈ X such thatιa≤ x. If (ιa,x) is maximal, then x is
rational.

6.30 Remark.Let y ≤ x ∈ X. Then, there exists a lifting(y′,x′) of (y,x), such that
(y′,x′) is maximal.

Lifting the closure of a type. Let A be d-compact, andx ∈ X, with dimx = n. We
shall write cl(x) = (x0 < x1 < · · · < xm) iff cl (x) =:

{
x0,x1, . . . ,xm

}
, with x0 < x1 · · · <

xm = x.
Let cl(x) = (x0 < · · · < xm). Let ρi : Ci → Di be d-compactifications fixingx, i =

0,1,2, such that

1. C0 ⊆C1∩C2;

2. ρ0 is compatible withρ1 andρ2;
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(ρ0 is a common refinement ofρ1 andρ2). Let µi : Di → A be the extension of the
inclusionλi : Ci → A, i = 0,1,2, andνi : D0 → Di be the extension ofρi , i = 1,2. For
i = 0,1,2, letyi := ρ̃i(x)∈ D̃i , and cl(yi) =:

{
zi,0, . . . ,zi,mi

}
, with zi,0 < zi,1, · · ·< zi,mi =

yi . Note that, for eachi ≤ 3 and j ≤ mi ,

∃! f (i, j) ≤ m µ̃i(zi, j) = xf (i, j).

Moreover, dimxf (i, j) ≤ dimzi, j . Similarly, for i = 1,2 and j ≤ m0,

∃!g(i, j) ≤ mi ν̃ j(z0, j) = zi,g(i, j), and dimzi,g(i, j) ≤ dimz0, j .

We will say that cl(x) is maximal iff for every d-compactificationρ : C → D
fixing x, if we call x′ := ρ̃(x′) and cl(x′) = (x′0 < · · · < x′m′), thenm= m′, ρ̃(x′i) = xi ,
and dim(x′i) = dim(xi), for i = 0, . . . ,m.

Therefore, there exist a d-compactificationρ : C → D fixing x, such that cl(ρ̃(x))
is maximal.

Note thatx0 is always strongly closed (becauseA is d-compact). If moreover cl(x)
is maximal, then(xi ,x j) is maximal for everyi ≤ j ≤ m, and in particular(x0,x) is
maximal.

6.31 Corollary. Let N= M(c), for some finite tuple c∈ [0,1]k(N). Let x:= tp(c/M).
Let y≤ x such that y is strongly closed and(y,x) is maximal (by the above discussion,
we can always assume that y exists). Let N∋ d |= y, and N′ := M(d). Then, N′/M is
totally irrational, and N/N′ is rational.

7 Amalgamation

7.1 Lemma. Let M � N. There exists N′ such that M� N′ � N, N′/M is totally
irrational an N/N′ is rational. There exists N′′ such that M� N′′ � N, N′′/M is
rational an N/N′′ is totally irrational.

Proof. See [1, Lemma 3]. �

7.2 Lemma. Let M� N � P.

1. (N/M is totally irrational and P/N is totally irrational) iff P/M is totally irra-
tional.

2. If N/M is rational and P/N is rational, then P/M is rational.

3. If P/M is rational (resp. totally irrational), then N/M is rational (resp. totally
irrational).

7.3 Example.It is not true thatP/M rational impliesP/N rational. For instance, let
P := M(b,c), where tp(b/M) = 0+ and tp(c/M(b)) = 0+. Let N := M(c). Then,P/N
is not rational (in fact, it is totally irrational).

Another example is in [1], whereP is “very saturated” overM.

7.4 Lemma. Let N� M. Let Ni , i = 1,2, such that

1. M� Ni � N;

2. Ni/M is totally irrational;
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3. N/Ni is rational.

Then, N1 and N2 satisfy the same types over M.

Proof. Let d ∈ Nk
1, and x := tp(d/M). We have to prove thatx is realized inN2.

W.l.o.g., we can assume thatd ∈ [0,1]k(N). By Theorem 3,x is strongly closed.
Let y := tp(d/N2), andz≤ y minimum. Note thatz is strongly closed, and that,

sinced |= y, we have thatz is realized inN. Since, by hypothesis, all types overN2

realized inN are rational,z is both totally irrational and rational, and thereforez is
realized inN2. �

7.5 Proposition. If M ,N,Ni are as in the above lemma, then N1 and N2 are isomorphic
over M.

Proof. It was proved in [13, Theorem 2.15]. The proof goes as follows.

Claim 1. For everyb∈ N1 there exists a uniquec∈ N2 such thatb≡M c.

The uniqueness follows form the fact thatM is cofinal inN2. For the existence,
if b did not exist, then tp(c/N2) would not be rational, and henceN2(c)/N2 would be
totally irrational, contradicting the maximality ofN2.

Claim 2. The map sendingb∈ N1 to the abovec∈ N2 is anM-isomorphism.

Working by induction, we can assume thatN1 = M(b) andN2 = M(c). If b∈ M,
thenc= b, and we are done. Ifb /∈M, thenc fills the same gap onM asb, and therefore
M(b) is isomorphic toM(c) overM. �

7.6 Definition. Let x∈ Ã andy∈ B̃. Define

x×y :=
{

z∈ Ã×B : π̃A(z) = x & π̃B(z) = y
}
,

whereπA : A×B→ A is the projection ontoA, and similarly forπB. We shall say that
x andy areorthogonal iff x×y= {z}, for some (unique)z∈ Ã×B.

We shall say thatx andy areindependent iff for every z∈ x× y we have dimz=
dimx+dimy.

If M � N, a∈ A(N) andb∈ B(N), we will say thatb andc are orthogonal overM
iff tp(a/M) and tp(b/M) are orthogonal. IfM � P andM � Q, we shall say thatP and
Q are orthogonal overM iff every b∈ Pk andc∈ Qk are orthogonal overM, for every
h,k∈ N.

What here we called orthogonal types, are called “almost orthogonal” in [10]. We
will prove presently that orthogonal and independent typesare the same concept.

7.7 Remark.If x = ιa, for somea∈ A, thenx is orthogonal to anyM-typey.

7.8 Lemma. For every x∈ Ã and y∈ B̃, there exists at least one z∈ x× y such that
dimz= dimx+dimy.

Proof. Assume not. Then, there would existC ⊆ A andD ⊆ B definable, such that

x ∈ C̃, y ∈ D̃, and for everyz∈ C̃×D, dimz < dimx+ dimy. However, this would
mean that

dimC+dimD = dim(C×D) < dimx+dimy,

absurd. �

7.9 Lemma. Let x∈ Ã and y∈ B̃. The following are equivalent:
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1. x and y are orthogonal;

2. x has exactly one extension to M(y);

3. y has exactly one extension to M(x).

7.10 Lemma. Let x and y be orthogonal, with x′ ≤
RK

x, and y′ ≤
RK

y. Then, x′ and y′ are

orthogonal.

Proof. Assume, for contradiction, thatx andy are orthogonal, butx′ andy′ are not,
wherex′ andy′ are as in the hypothesis. Therefore, there existz1 6= z2 ∈ x′× y′. Let
f : Mk → Mk′ andg : Mh → Mh′ be definable, such that̃f (x) = x′ andg̃(y) = y′. Define
h := f ×g : Mk+h → Mk′+h′ . Let

Zi := h̃−1(zi) ⊆ x×y, i = 1,2.

Note thatZ1 andZ2 are disjoint and non-empty. However,x×y is a singleton, which is
absurd. �

7.11 Lemma. Let x∈ Ã, y∈ B̃. Then, x and y are orthogonal iff they are independent.

Proof. The “only if” direction is immediate from the above Lemma.
For the “if” direction, letz1 6= z2 ∈ x× y. W.l.o.g., we can assume that dimx =

dimA = h and dimy = dimB = k. Let U ⊆ A×B be definable, such thatz1 ∈ Ũ and
z2 /∈ Ũ . Sincex andy are independent, dimz1 = dimz2 = h+ k. Hence, w.l.o.g.,U is
open.

Claim 1. x×y is connected.

Let N := M(x). By Lemma 3.35,x× y is homeomorphic to toθ−1(y), where
θ : SkN → SkM is the restriction map. Hence, by Lemma 3.36,x×y is connected.

Thus, by Lemma 2.19,(x× y)∩ ∂̃U 6= /0. Let z∈ (x× y)∩ ∂̃U . Then, dimz≤
dim∂U < dimU < h+k, absurd. �

7.12 Example.If x∈ X \ ι(A), thenx is not orthogonal to itself. In fact, letz(a1,a2) ∈
x×x such thatzalso satisfiesa1 = a2. Then, dimz= dimx < dimx+dimx.

7.13 Definition. We shall say thatM,P,Q,N are anamalgamiff

M � P� N and M � Q� N.

In this case, we will denote byPQ the elementary sub-structure ofN generated by
P∪Q.

M,P,Q,N are aheir-coheir amalgam iff for everyψ(b,c) is a formula, andb∈ Ph,
c∈ Qk such thatN |= ψ(b,c), there existsa∈ Mk such thatN |= ψ(b,a) [4].

M,P,Q,N is a tame-cotameamalgam iffP/M is totally irrational andQ/M is
rational.

7.14 Lemma. Let M,P,Q,N and M,P′,Q′,N′ be amalgams. Letβ : P → P′ and γ :
Q → Q′ be M-isomorphisms. If P and Q are orthogonal over M, then there exists a
unique isomorphismδ : PQ→ P′Q′ extending bothβ andγ.

Proof. Any element ofPQ is of the form f (b,c), for someM-definablef : Nh+k → N,
b∈ Ph, c∈ Qk. Define

δ
(

f (b,c)
)

:= f
(
β (b),γ(c)

)
.

SinceP andQ are orthogonal,δ is well-defined. �
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7.15 Lemma. Let M,P,Q,N be an amalgam. The following are equivalent:

1. M,P,Q,N are a heir-coheir amalgam;

2. for every h,k ∈ N, b∈ Ph, c ∈ Qk, we have that M,M(b),M(c),N are a heir-
coheir amalgam;

3. for every h∈ N and b∈ Ph, tp(b/Q) is a heir oftp(b/M);

4. for every k∈ N and c∈ Qk, tp(c/P) is a coheir oftp(c/M);

5. tp(P/Q) is a heir oftp(P/M);

6. tp(Q/P) is a coheir oftp(Q/M);

7. for every h,k∈ N, b∈ Ph, c∈ Qk, tp(b/M(c)) is a heir oftp(b/M);

8. for every h,k∈ N, b∈ Ph, c∈ Qk, tp(c/M(b)) is a coheir oftp(c/M).

Proof. See [10]. �

7.16 Lemma. Let M,P,Q,N be an amalgam, with P and Q orthogonal over M. Then,
M,P,Q,N is both a heir-coheir and a coheir-heir amalgam.

Proof. By [10, Theorem 11.01], tp(Q/M) ha at least one heir onP. SinceQ andP
are orthogonal, tp(Q/M) has exactly one extension toP, which therefore must be a
heir. �

7.17 Lemma. Let M,P,Q,N be a coheir-heir amalgam, and N′ := PQ. If Q/M is
rational, then N′/P is also rational.

Therefore,∀d ∈ N′n, such that d is P-bounded,

∃b0 ∈ Pn d ≡P b0, anda fortiori d ≡M b0.

Proof. tp(Q/P) is the (unique) heir of tp(Q/M). By [10, §11.b], tp(Q/P) is rational,
and thereforeN′/P is rational. �

5 Theorem. Let M,P,Q,N be a tame-cotame amalgam.

1. Call N′ := PQ. Then, N′/Q is totally irrational, and N′/P is rational.

2. M,P,Q,N are both a heir-coheir and a coheir-heir amalgam.

3. P and Q are orthogonal over M.

Proof postponed to§7.1.

7.18 Corollary. Let x∈ Ã be totally irrational, and y∈ B̃ be rational. Then, x and y
are orthogonal.

Proof. By the last point in the Theorem. �

Before proving the Theorem, we will prove some additional lemmata.

7.19 Lemma. Let A,B⊆Mk be d-compact, and f: A→B be continuous and definable.
Let N� M, and c,d ∈ A(N). If c ≡M d, then f(c) ≡M f (d).

Proof. Same as Lemma [13, 1.13]. �
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7.20 Example.In the above lemma, it is essential thatA is d-compact, andf is contin-
uous. For instance, ifA = ]0,1[2 and lima→0 f (a) does not exists (wheref : A→ [0,1]
is definable and continuous), then the conclusion does not hold.

7.21 Lemma. Let N/M be rational, and f: Nh → Nk be definablein N. Then, the set

D :=
{

a∈ Mh : f (a)is M-bounded
}

and the map

D → [0,1]k(M)

a 7→ stM
(

f (a)
)

are definable in M.

Proof. It is [11, Corollary 1.5]. �

7.22 Lemma. Let M,P,Q,N be a tame-cotame amalgam. Let b∈ P and c∈ C such
that b≤ c. Then, there exists a∈ M such that b≤ a≤ c. If moreover b∈ P\C, we can
also impose b< a < c.

7.1 Proof of Theorem 5

Note that, by Lemma 7.16, the second point is a consequence ofthe third one. More-
over, by Lemma 7.17, the fact thatN′/P is rational is a consequence of the second
point.

First step: it suffices to consider the case whenP/M andQ/M are finitely generated.
The only point that needs clarification is thatN′/Q is totally irrational. Assume

therefore that we have proved it for every finite sub-amalgamM,P′,Q′,N′ such that
Q� Q′ andP� P′. We have to prove that everyd ∈ N′n is Q-bounded.

Let f : Mh×Mk → M be definable,b∈ Ph andc∈ Qk such thatd = f (b,c). Since,
by assumption, tp(d/M(c)) is totally irrational,d is M(c)-bounded, anda fortiori Q-
bounded.

Therefore, we can reduce to the case whenP= M(b), Q = M(c), andN = M(b,c),
for someb∈ Ph, c∈ Qk.

Second step: it suffice to consider the case whenh = 1, namely dim(P/M) = 1.
We will proceed by induction onh. Let b := (b1,b′), whereb1 ∈ P andb′ ∈ Ph−1.

Let P1 := M(b1), andQ1 := Q(b1).
Let us apply the caseh = 1 to the amalgamM,P1,Q,Q1. Hence,Q1/P1 is rational,

andQ1/Q is totally irrational. Moreover,b1 andc are orthogonal.
Note thatP/P1 is totally irrational. Therefore,P1,P,Q1,N are a tame-cotame amal-

gam, with dim(P/P1) = h−1. Hence, by the inductive caseh−1,N′/P is rational, and
N′/Q1 is totally irrational. Thus,N′/Q is totally irrational, and the first point is done.

For the last point, letN′′ be a sufficiently saturated and homogeneous extension
of N, ande∈ N′′h and f ∈ N′′k such that tp(e/M) = tp(b/M) and tp( f/M) = tp(c/M).
We have to prove that tp(e, f/M) = tp(b,c/M). It suffice to show that tp(e,c/M) =
tp(b,c/M), and tp(b, f/M) = tp(b,c/M). Namely, that tp(e/Q) = tp(b/Q), and
tp( f/P) = tp(c/P).
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By the caseh = 1, we have that tp(e1/Q) = tp(b1/Q), wheree=: (e1,e′). Let σ be
a Q-automorphism ofN′′ such thatσ(b1) = e1, and defineg := σ(e) = (b1,g′). Thus,

tp(e/Q) = tp(g/Q) = tp(b1,g
′/Q).

Moreover,

tp(b1,b
′/M) = tp(b/M) = tp(e/M) = tp(g/M) = tp(b1,g

′/M),

and therefore tp(b′/P1) = tp(g′/P1). Thus, by the caseh−1, tp(b′/Q1) = tp(g′/Q1),
namely

tp(b/Q) = tp(g/Q) = tp(e/Q).

Finally, by the caseh = 1, we have that tp( f/P1) = tp(c/P1). Therefore, by the
caseh−1, we have that tp( f/P) = tp(c/P).

Third step: the caseh = 1.

7.23 Claim. (b,c)/M are independent.

If not, then(b,c)/M would be dependent, and thereforeb/M(c) is dependent. Since
c/M is independent, this would implyb∈ M(c), absurd.

If, for contradiction,N′/Q were not totally irrational, then, since dimN′/Q = 1,
it would be rational. Hence,N′/M would be rational, anda fortiori P/M would be
rational, absurd.

For the third point, letb′ ∈ N, c′ ∈ Nk such that tp(b′/M) = tp(b/M), and
tp(c′/M) = tp(c/M). Let U ⊆ Nk+1 be M-definable. We have to prove that, if
(b,c) ∈ U , then(b′,c′) ∈ U . W.l.o.g., we can assume thatU is an open cell. Thus,
there exists an open cellW ⊆ Nk and functionsf ,g : W → N, all definable (overM)
such thatf < g and

U =
{

(t,u) ∈ Nk+1 : u∈W, f (u) < t < g(u)
}
.

Thus, f (c) < b < g(c). If f (c) = a1 ∈ M, then f (c) = f (c′) = a1 < b′, and similarly
for g. Otherwise, there exista1,a2 ∈ M such that

f (c) < a1 < b < a2 < g(c).

Thus,
f (c′) < a1 < b′ < a2 < g(c′),

and(b′,c′) ∈U . �

7.24 Example.Let M be the field of real algebraic numbers,b1,b2 ∈R be algebraically
independent, and tp(t/R) = 0+. Let P := M(b1,b2), Q := M(t,b1 + tb2), N := PQ=
M(b1,b2, t). Then, P∩ Q = M, but P and Q are not orthogonal overM, because
dimN/M = 3 < dimP/m+dimQ/M.
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