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AsstracT. We prove a Rademacher-type theorem for Lipschitz mappimgs a subset
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1. INTRODUCTION

A Banach space that has the so-called Radon-Nikodym propesdiiort RNP, satisfies
the condition that all Lipschitz curves taking values irstBpace are almost everywhere
Fréechet diferentiable. This property is equivalent to the fact that€ddanach spack
all X-valued Lipschitz mappings defined on the Euclidean spaealanost everywhere
Fréechet diferentiable if and only ifX has the RNP.

Recently, J. Cheeger and B. Kleiner have shown that Banach spabeke RNP form
the sharp class of targets for which a Rademacher-type tmebodds, when the source
space is a doubling metric space, satisfying the Poaicequality, in short a Pl space, [2].
On the other hand, this result does not cover the Parireltiability of Lipschitz map-
pings, [17], that is a Rademacher-type theorem between Cgraops. In fact, although
here the target is finite dimensional, th&eience arises from the intrinsic nonlinear nature
of the notion of Pansu fferentiability.

The first result in this work is an infinite dimensional versiof almost everywhere
Pansu dterentiability of Lipschitz mappings, [17]. In other wordgge show that replacing
PI spaces with Carnot groups allows us to extend the familgrgits for which we have a
Rademacher-type theorem. These targets are Banach Lie gnatpsed by a suitable left
invariant distance. In the commutative case, they alsaigdecthe classical Banach spaces,
but their main feature is that the RNP is required only on aigpelosed subspace, that is
the so-calledhorizontal subspaceNotice that in our Banach Lie groups this subspace is in
general an infinite dimensional Banach space.

These Lie groups can be naturally calBdnach homogeneous groypgice they are a
straightforward generalization of their well known finiterednsional version. For the finite
dimensional case, the reader can consult for instance [&inle way to present these
infinite dimensional versions may consist in requiring taédity of the crucial properties
that hold in the finite dimensional case, as the existencegobap operation with special
structure, the existence of a homogeneous norm, along wdahoms and so on. This
presentation by axioms can be found in [19].

We follow a diferent approach, detecting these groupgrasled nilpotent Banach Lie
algebras since all the above mentioned properties are just consegsesee Section 2.
In fact, one can see a Banach homogeneous group as a BanaclVseagcegpped with a
graded nilpotent Lie product that turns it into a Banach Lgehla. Thus, we automatically
get the group operation by the Dynkin formula for the BCH setiieat locally converges
in general Banach Lie algebras, [6]. Of course, in our case stries is just a finite sum,
that clearly everywhere converges, since we consider ateifyp Lie algebra.

In sum, we equigM with three structures, since it is a Banach space, a Banach Lie
algebra and also Banach Lie group. Its main feature is thendeasition into the direct
sumM = H; & --- & H,, whereH; are closed subspaces bf, seen as Banach spaces.
This yields a precise gradation on the Lie algebra struaitidd that allows us to introduce
dilationsé, : M — M, that are automatically group isomorphisms. Furthermone,
can also construct a homogeneous normiMbthat respects both the group operation and
dilations, hence defining the metric structure\df see Section 2 for more details.
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As in the finite dimensional case, one can also define theapass of Banach stratified
groups, or Carnot groups, since the additional conditiomh thalLie generatesM in the
finite dimensional case [8, 17], can be also stated in theitaftimensional case. This
was already pointed out in the seminal work by M. Gromov, [Hjwever, we will focus
our attention on the larger class of Banach homogeneous ¢aoggts, that presents some
additional dificulties in the proof of the almost everywherdtdientiability of Lipschitz
mappings, as explained below.

Several examples of infinite dimensional Banach homogergroups will be presented
in Section 2. We mainly exploit a natural product constattby means of the Banach
spaceg® of p-summable sequences. The simplest example of infinite diimeal Banach
homogeneous group is the well known Heisenberg group mddeiei? x R, whereH is a
real Hilbert space of scalar produgt-). For any b, hy, t1), (W, h,, t;) € H? X R, the group
operation is defined as follows

(1) (ha, o, t1) (7, h/zat’z) = (h +h,hy+ 0t + t’z +<hy, h'2> —(hy, h'1>)-

This product arises from the quantization relations of tleskinberg algebra realized in
Quantum Mechanics, see for instance Chapter XlI, Section R@f Notice that this
group has an underlying Hilbert space structure. In Sulise2t2, we introduce the infinite
product of Heisenberg groufi¥°, whose underlying Banach structure is given &)3x £*.
In Subsection 2.5 we present a construction to obtain ant@fwnoduct of the same Carnot
group. This provides many Banach homogeneous groups whaselying linear space is
a genuinely infinite dimensional Banach space and we will ats® that we have some
freedom in the choice of the Banach topology. It is clear that oould use a similar
construction also for products offterent Carnot groups. Motivated by the simple case
given by (1) that arises from the Heisenberg group of QuarNleohanics, one might also
expect further physical interpretations for special eassf Banach homogeneous groups.
We wish to clarify that the terminology “Carnot group” willfex throughout to a finite
dimensional group. The notion offtkrentiability in Carnot groups has been introduced
by P. Pansu. In his celebrated 1989 work about the rigidityodii hyperbolic quaternionic
spaces and of the Cayley hyperbolic plane, he shows that &Hitpsmapping from an
open set of a Carnot group to another Carnot group is almostwliere diterentiable, see
[17]. In Definition 3.2 we recall this notion of fierentiability in our framework.

Theorem 1.1.Let M be a Banach homogeneous group such that its subspatesithe
RNP. IfG is any Carnot group and & G, then any Lipschitz mapping fA — M is almost
everywhere dgierentiable.

If the target is either another Carnot group or a finite dimemeasli graded Lie group, then
this theorem yields the known results on almost everywhéferdntiability of Lipschitz
mappings. In fact, all finite dimensional linear spaces tihgdRNP. The proof Theorem 1.1
follows an approach that fliers from all the other approaches known to us. We only rely
on a suitable application of the Dynkin formula that giveseaplicit expression for the
addends appearing in the finite expansion of the group aperdb]. Further technical
difficulties arise from the fact that we consider a general sudigae Carnot grougs. In
Theorem 3.1 we establish the almost everywheffedintiability of Lipschitz curves taking
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values inM, equipped with the metric structure of homogeneous graogh paing defined
on an arbitrary subset of the real line. This is a nontrivéaitf since Lipschitz extensions
of our curve, with respect to the homogeneous distanme M, may not exist on an open
interval. In fact, one can easily find finite dimensional hg@eeous groups that are not
connected by rectifiable curves. We overcome thiadilty by a suitable use of Lipschitz
extensions for Banach-valued Lipschitz curves. This reasuitue to W. B. Johnson, J.
Lindenstrauss and G. Schechtman, [11].

Another issue related to Theorem 1.1, may concern the aekistence of nontrivial
Lipschitz mappings. We wish to make sure that there are hifsmappings that are not a
mere composition of a Carnot group-valued Lipschitz mappiitly a Lipschitz embedding
into a Banach homogeneous group. In Subsection 2.3, we aoh&ipschitz mappings
that cannot have the form previously described. In fact, meswer a suitable infinite
product of a family of Lipschitz mappings“},-0, under the condition that all vanish at
some point. The corresponding product mapgBturns out to be a Lipschitz mapping
taking values inH®. Of course, in the case all mappin§sdo not vanish at some point,
the corresponding product mappif®is an example of Lipschitz mapping withfinite
dimensional imageSince the horizontal layer d* has the RNP, our Theorem 1.1 shows
thatG is also almost everywhereftkrentiable, when the source space is any Carnot group.
It is worth to mention that all examples of Banach homogengoosps given in Section 2
have the RNP, so in particular their horizontal subspace Isaglze RNP.

The second part of this work is devoted to an area formula fatteer general class of
metric space-valued Lipschitz mappings, that also ingdutiese of Theorem 1.1. For a
general metric space target, the choice of the source spawredial. In fact, for metric
space-valued Lipschitz mappings defined on a subset of adéaal space, B. Kirchheim
has established their almost everywhere metfiedentiability and also the corresponding
area formula, [12]. It is important to remark that Carnot gretnave a dticiently rich
structure to introduce the notion of metridigrentiability, when any of their subsets con-
stitutes the source space, see Definition 4.1. In this cheenetric diferential is given
by ahomogeneous seminoymamely a continuous function: G — [0, +oo[ such that
S(X) = s(x1), s(6:X) = rs(x) ands(x-y) < S(X) + s(y) for all x,y € G andr > 0. The
additional condition thag(x) = 0 impliesx = 0 means thas is ahomogeneous norm

On one side, when the source space is a noncommutative Camgi, gsuch as the
Heisenberg group, then counterexamples to the mettlierdntiability of Lipschitz map-
pings can be constructed, [13]. On the other side, if weigéstretric diferentiability to
horizontal directions, then we still have an almost evemgreh(horizontal) metric dieren-
tiation for metric space-valued Lipschitz mappings on Cagnoups, [18].

Theorem 1.1 clearly provides new cases where metric spaloed/Lipschitz mappings
on Carnot groups are almost everywhere metricalfedentiable. Other novel targets
where the almost everywhere metridfdrentiability holds can be found by another re-
cent result of J. Cheeger and B. Kleiner, [4]. In fact, one caticedhat the seminorm
||l - |Ix of Theorem 1.3 in [4] can be seen as a homogeneous seminoiime evhble Heisen-
berg grougH, therefore the limit in the statement of this theorem, veitlequal to the unit
element, exactly yields the almost everywhere metritedentiability of Lipschitz map-
pings fromH to L1(0, 1), see also [3]. We observe that in all previously mentioresks,



RADON-NIKODYM PROPERTY AND AREA FORMULA 5

where the almost everywhere metridtdrentiability holds, one can apply the following
new metric area formula.

Theorem 1.2.Let Ac G be measurable, let f A— Y be Lipschitz and almost every-
where metrically dferentiable. It follows that

@ f 3(md () dHO(x) = f N(E.y) dHO().

where Nf,y) = #(f-(y)) for all y € Y is the multiplicity function, d is the homogeneous
distance ofG, p is the metric of Y and Q is the Hausdtdimension ofG.

As usual, the point of an area formula is its notion of Jaaobidemetric Jacobian (s)
of the homogeneous seminoris defined as follows

H(B1)

3) IS =1 HI(By)
0 otherwise

if sis a homogeneous norm

If G is a Euclidean space, then (3) yields the Jacobian of [12{hdftarget is a Banach
homogeneous grouM equipped with a distange given by a homogeneous norm, then
we have to observe thatftkrentiability with diferentialL : G — M implies metric
differentiability with homogeneous seminoim— s_(h) = p(L(h), 0) with h € G. Thus,
we get a more explicit formula for (3), that in the specialedskis another Carnot group fits
into the sub-Riemannian Jacobian introduced in [14], see Re#na for more comments.

Concerning the proof of (2), a substantiaffdrence in our approach with respect to
that of [12] is in the proof of the negligibility of the imagd points where the metric
differential is not a homogeneous norm. In [12], this fact iseadd combining the integral
representation of Kirchheim’s Jacobian with the use-afpproximating graph extensions
of the mapping, as in [7]. It is somehow surprising that oguanent is more elementary,
since it only uses the definition of metrididirentiability, according to Lemma 4.3, without
any use of the notion of metric Jacobian.

We should also mention that the area formula in Carnot groei@dsl to an algebraic
characterization gpurely G-unrectifiablestratified groups, [15]. A purelg-unrectifiable
metric spaceY, p) has the property that the image of aryvalued Lipschitz mapping from
a subset of th€-dimensional Carnot grou@ has vanishing HausdﬂSwneasuréH[?.

As a byproduct of (2), for any fixed Carnot groGpa Banach homogeneous group such
that its horizontal subspace has the RNP is puglynrectifiable if none of its homoge-
neous subgroups is isomorphic@ The trivial case is that of a Banach space with the
RNP, that is clearly purelg-unrectifiable wheneve® is noncommutative. For instance, if
G has step higher than two, then any two step Banach homogegemyswhose horizon-
tal subspace has the RNP must be puf@lynrectifiable. Clearly, other analogous cases
could be conceived. We wish to clarify that in the precedirsgualssion, we have referred
to the notion of isomorphism using the h-homomorphism®ahiced in Definition 3.1.

Finally, we remark that any metric spa€¢hat is purelyG-unrectifiable has in particular
the property that the group cannot admit any bi-Lipschitz embedding intoThis clearly
provides new bi-Lipschitz non-embeddability theoremswiriifinite dimensional target.
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2. BANACH HOMOGENEOUS GROUPS

We start from the notion oBanach Lie algebranamely a Banach spadd equipped
with a continuous, bilinear and skew-symmetric mapping { MxM — M that satisfies
the Jacobi identity. Adilpotent Banach Lie algebrM is characterized by the existence of
a positive integev € N such that wheneveq, x,, ..., X,,1 € M, we have

[+ [[ X2, %], Xa] -+ - ], %], X42] = O
and there exisys, Y, ..., Y, € M such that

[~ [[ys, Yol. yal -~ 1.y] # 0.

The integerw is uniquely defined and it gives tretep of nilpotencef M. Therefore the
algebraM can be equipped with a canonical Banach Lie group operation

4) xy:x+y+ZPm(x,y),
m=2

that is the “truncated” Baker-Campbell-Hausfigreries. For anyn > 2, the polynomial
Pm is given by theDynkin’s formula

1 L g; times Ok times
-1)¢ m- N —
(5) Pm(x’y)zz( - pllqll.”pquk'XO...OXoyo...oyo...oXo...oXoyo.--oy’
p1 times p« times

wherex, o X, 0---oX, = [---[[X,, X,], %] - - - ], X ] and the sum is taken over th&-Riples
(P, G, P2, G - - - » P G) Such thatp; + ¢ > 1 for all positivei, k e N andY<, pi + ¢ = m.
Notice thatP,(x,y) = [x,y]/2. Formula (5) was established by E. B. Dynkin in [5]. We
say thatM equipped with the group operation (4) ianach nilpotent Lie grouplf we
denote byl (M) the Lie algebra ofM as a Lie group, we may wonder whetHgiM) is
isomorphic toM seen as a Lie algebra equipped with the initialliy given Lieduct [, -].
The answer to this question is yes, according to the follgypiroposition, whose proof can
be established by the use of the BCH series for the group exgansi

Proposition 2.1. If M is a Banach nilpotent Lie group, then the given Lie algebracttire
onM is isomorphic to (M).

If S1,S,,..., Sy c X are closed subspaces of a Banach spaseich that the mapping
J:S; % xSy — Xwith J(s1,...,S) = XL, § is an isomorphism of Banach spaces,
thenX = S; & --- @ S, denotes the corresponding direct sum. Any canonical ptiojeon
S;is denoted byr; : X — S;.

Definition 2.1. We say that the Banach spab# is a Banach homogeneous grotufpit

is equipped with a Banach Lie product-] : M x M — M and there exist closed
subspacesly,. .., H, such thatM = H; @ --- @ H, and whenevek € H; andy € H; we
have k,y] € Hi,; if i + j < ¢ and [x,y] = O otherwise. This equip®l with a special
family of Banach isomorphism& : M — M, r > 0, defined by, x = r'xif x € H; for

alli =1,...,.. These mappings are both group and algebra automorphisivisaoid are
calleddilations
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Remark 2.1. A Banach homogeneous group can be seenBaach graded nilpotent Lie
groupequipped with dilations. This is the natural terminologyrir the finite dimensional
case of graded Lie groups, see [8, 9]. The decompositios: H; & - - - & H, with the
properties stated in the previous definition defingsaalationof M.

The gradation oM along with the Dynkin formula (5) yields some positive c@mgs
o,...,0, depending on the norm of the Lie product, such that

6) IXIl = maxorix [V : 1<i <4

with oy = 1, satisfied|o,X|| = r ||| and||xyi| < [IX|| + |lyll. We have denoted bl | the
underlying norm oriM that makes it a Banach space. This convention will be undedsto
in the sequel. The properties [pf|| that we have previously seen, allow us to say thal

is aBanach homogeneous nowhiM.

If we setp(x,y) = |Ixty||, then we have obtained a left invariant homogeneous distanc
on M with respect to the group operation such th@ x, 5;y) = r p(x,y) for all X,y € M
andr > 0. We say thap is aBanach homogeneous distaraeM. In the sequel, we assume
that every Banach homogeneous griMs equipped with the Banach homogeneous norm
(6) and the corresponding homogeneous distanaaless otherwise stated.

For the subsequent examples, we recall the standard cl&8ssath spaces

= {(Xk)kzo eRT: ) IxP < oo}
k=0

wherep > 1 is any real number anék)wsolp = (Sro IXdIP)P.

2.1. Two steps Banach homogeneous groupdt is not difficult to construct the general
model for a two step Banach homogeneous group. We considéBawach spaceX and

T. We have the Banach spaGg = X @ T with the product norm. The structure of Banach
homogeneous group is given by the bounded skew-symmelinedi formg: XxX — T
via the formula [§, t), (X,t)] = (0,8(x, X)) for all x, X € X andt,t’ € T. Thus, the Lie
group operation ofis, is given by the following formula

(%t - (X, 1) = (X+ X, t+t)+[(x1),(X,t)] = (X+ X, t+1" + B(X X)).

Let |(x,t)] = |XIx + |yl denote the product norm in the Banach sp@ee Letc > 0 be
such thatB(x, X)|r < c|X|x|X|x for all x, X" € X and fix any constant > 0 such that
o < y2/c. Then the functioni(x, t)|| = max|xlx, oltl/*} defines a homogeneous norm on
G, and clearly for any > 0 the group isomorphisi (x,t) = (rx, r?t) for (x,t) € Gy is a
dilation of G,. In sum, only the mapping sufices to equipgG, with the structure of two
step Banach homogeneous group.

2.2. An infinite product of Heisenberg groups. We wish to consider a concrete example
of nontrivial two step Banach homogeneous group. This grthat, we denote byH™,
can be seen as a suitably topologizefinite product of the same Heisenberg groujs
a Banach spacH> coincides with {?)? x ¢*, where the horizontal subspaceXs= (£?)?
andT = 1. Any elementx € H* correspond toX, X», X3) wherex, = (Xij)j>0. We also
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write [xl2 = /X5 xﬁ fori = 1,2 andlxsly = X0 Ix3jl. For anyx,y € H*, we define the
skew-symmetric bilinear mappimg): (¢€2)? x (£%)> — ¢* as follows
B((X1, X2), (Y1, ¥2)) = (0,0, (X1 Y2j — X2} Y1j)j=0)-
It follows that for all (X1, %), (Y1, Y2) € (€2)? we have
IB((%e, %), (Y, Y2)la < (IXaf3 + [X2l3) ™ *(Iyal3 + ly2l3) "%
According to the general model of two step Banach homogengousp, the function
0%, Yo, Xa)l = max{ a2 + [Xol2, \/|x3|1} defines a homogeneous normHf.

1/2

2.3. An infinite product of Lipschitz maps. Let us consider any sequence of Lipschitz
mappingsf¥ : X — H, where ¥, d) is a metric space and is the first Heisenberg group
equipped with the homogeneous nole, &2, &)l = max{l(gl,fz)l, \/|§3|} and the group

operation £1, &2, £3)(171, 112, m3) = (§1 + m1. €2 + 12, €3 + m3 + 12 — §om1). We have denoted
by | - | both the Euclidean norm iR? and inR. Up to left translations, we can assume that

for somex, € X we have
(7 fk(x)) =0 forall keN.

Let us define Lipt*) = supyex vyl FX00 7 F*()lz/d(x, )}, then we set, = Lip(f¥) and
select any sequencgr ko Of positive numbers such that

o0 12
®) CO:(Z r2 Lk) < +00.
k=0

We wish to construct the infinite product of the mappiggs- 6, o f¥, wherek € N. We
expect that the new target is the infinite prodHct = (¢£2)? x ¢*, defined in Subsection 2.2.
Following the notations of this subsection, we &) = (f{,(X), f{5(X), fX(X)) € H, so that

k(X = (N F 0, 1 fS(0), r2fX(x)) e H forall ke N.
Settingg“(x) = (d,(X), d§,(¥), d5(x)) € H, we defineGy;(x) = (¢;(X)z0 With j = 1,2 and
G2(X) = (g5(X))ks0. Clearly, Lip@*) = riLy, therefore condition (7) yields

max{gh0l, G091} = 100k < ricLicd(x %)

whereg;(x) = (9%,(X), g,(x)). By (8), it follows thatGi1(x), G12(x) € €2 andGy(x) € €.
As a consequence, we have tf@i(x), G2(x)) € H* for all x € X, where we have defined
G1(X) = (G11(X), G12(x)). We use both the nornh- || and the group operation introduced
in Subsection 2.2 for the Banach homogeneous giidtip With these notions, for the
mappingG : X — H* defined as5(x) = (G1(X), G2(X)) for x € X, we have

IG()™'GW)Il = max{|— G1(x) + G1(Y)l2, VI- G2(X) + Ga(¥) — G11(X) - Gaaly) + G12(X) - Gra(X)l)

where we have used the productw = Y°, zjwjej € €%, wherez w € ¢? and @)wo is the
canonical Schauder basis®f The condition (8) finally leads us to the following Lipschit
continuity

IG(X)IG(Y)|l < Cod(x,y) forall xyeX
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2.4. Infinite products of Engel groups. Let us consider the Engel grolpwith graded
decompositiors; ® S,® Sz andgradedbasis €11, €15, €3, €1), Namely €11, €15), (&) and €&,)
are bases db,;, S, andSs, respectively. The only nontrivial bracket relationsgods a Lie
algebra aref (e, €12) = es and L(e;1, &) = &, thenL : E X E — E defines a Lie product
onE. We defineH; = (£?)?, H, = ¢?, Hz = ¢P for somep > 1 and sefE* = H; x H, x Hs.
An elementx of E* can be written asXq, X,, X3), wherex; = (Xq1, X12), Xii = (x'{i)kzo e l?
i=12,% = (%o € €2 andxz = (X§)iz0 € P

For all¢, n € €2, we sett - n = Y, 7€k € ¢P, where €, is the canonical Schauder
basis oftP. A nice point in the construction d£* is that we do not need to construct the
group operation, but it $lices to construct a continuous Lie product. Thus, we set

[X,¥] = (0, X11- Y12 — X12 Y11, X11- Y2 — X2 - Y11)-

We fix the product Banach norfRl = [X11l2 + X122 + [X2l2 + |Xs], and observe that

1% Y1l < 4iX Iyl

showing the continuity of-[-] with respect to the Banach norm|. The Jacobi identity
follows from the one of£(, -).

Remark 2.2. Notice that the arbitrary choice gf emphasizes, as one could expect, that
there are infinitely many Banach topologies to construct tifi@ite product of a Carnot
group, as we will see in the next subsection.

2.5. Infinite products of Carnot groups. The previous cases suggest a general “product
construction” for any graded group= S; & --- @ S,. Thus, we seG® = Hy X --- X H,,
whereH; = (¢(P)" andn; = dimS; for alli = 1,...,v and the real numberg, > 1,
whenever < i, j < v andi + j < v, satisfy the following inequality

1
9) Pij > 5 max pi, pj}-.

Foranyi = 1,...,v we set the basi®(, ..., e,) of S;, hence (au)llfuifln/ is a basis of5. For
an elemenk of G* we will use the equivalent notatiomy, . . ., x,), wherex, = (X1, . .., Xin;)
andxy, = (X k=0 € ¢". We set the norms

1/pi v
(10) 1%l =(Z me] and X = )" Ixlp.
i=1

1<u<n; k=0

. . 1/pi . . .
Notice that we can also write] = (2 1<uen, (1Xulp)?) '™ Using the previous notation, for

anyx € G* we set
X< = Z xikj e, € G.

I<i<v
1<u<n

Following this definition, for any,,y € G and anyk € N we set

LOEY) = > LEXY) e

I<i<v
1<u<n;
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Taking into account that

L(eu, ejv) = Z ﬁiru,jv Ei+iyr

1<, j<u, i+]<v, 1<usn;,

where the cofficientsg!, .. determine the Lie algebra structure@fwe have the formula

iu, jv
~£!T’ (X’ y) = Z ﬁ;u,bv Xla(lu yEv

1<ab<v, at+b=i,
1<u<ng, 1<v<ny

whereke N,i =1,...,vandr = 1,...,n;. As a consequence, we can define the elements

Lir (X’ y) = (‘El(r (X’ y))kZO and Li(x, y) = (-Eil(x’ y)’ RN ‘Eini (X’ y))
By elementary computations, one can check that there existaot<,; > 0 such that

ILECOYIP < o > (110 (1¥Elp,)®

a+b=i

wherexg = (X5, .. .. Xg,) and ()™ = X%, x| for anyx € G~ and anya = 1,...., v.
Thus, we can consider the sum with respedt &amdr, getting constant€, > 0 such that

(11) >, iwh(x,y)m <Cy ), iaxypa)pi (1¥5lp)™ -

1<r<n; k=0 1<ab<v k=0
a+b=i

Finally, we observe that

bl 1/pi
(D 000% (1)%) < 0ol (0¥ ol
k=0

and the condition (9) yields

Z(lxglpa)pi (lylélpb)pi < (|(|X|6(1|pa)kzolpa |(|yll§|pb)k20|pb)pi'
k=0

Taking into account (10), we havéXs|n.)iolp. = 1Xalp. @Nd (VeI )isolps = Volp,- AS @
result, taking into account (11), we get

(LW = > D ILEIP < Ca D (Xalp)® (Yolp)® < Cat?IXP WP

1<r<n; k=0 1<absv
a+b=i

that immediately implies that
[x Y] = (0, Lo(X.Y), ... L,(xY) € GZ and [[x Y]l < D (Cav”)™ X Iy.
i=2

Finally, the Jacobi identity for the product | follows from the Jacobi identity of".

Remark 2.3. Itis clear that the previous “product construction” can bigebly generalized
to the cases of éierent Carnot groups. The obvious case is taking the produ@t afith
a different Carnot grouf;, but many other similar possibilities can arise.
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3. DIFFERENTIABILITY

This section is devoted to the proof of Theorem 1.1. We equiaanot groupG with
a continuous left invariant distancesuch thatd(é, x, 6,y) = rd(x,y) for all x,y € G and
r > 0, namely, &anhomogeneous distanc&he seB,, c G denotes the open ball of center
and radiug with respect tal. When the centex of the open ball is the origin, namely the
unit element ofG, we simply writeB,. The same rule is used for closed bdbg of center
x and radiug > 0. The set oflensity points QA) of A c G is formed by allx € G with

HI(AN By,)
im —————=1
r—0* 7.((?(5”)
In the sequelM is a Banach homogeneous group with gradakies- - -®H, and equipped
with homogeneous norift || given by (6). The Carnot group has the decomposition into

the direct sun;, @ --- ® S,, where the layers satisfy the conditid®[S;] = S;,; for all
j=1...,u—-1andB.,S,] = {0}.

Definition 3.1. A homogeneous homomorphisimshort h-homomorphism, fror@ to M
is a continuous Lie group homomorphidm G — M such that_(6°x) = sML(x) for all
x € G andr > 0, wheres? andsM are dilations inG andM, respectively.

Definition 3.2. Let A c G and letM be a Banach homogeneous group equipped with a
Banach homogeneous distancéNe say thatf : A — M is differentiableat the density
point x € Aif there exists an h-homomorphisim: G — M such that

p(f(x)f(x2, L(2) = o(d(z 0))
asz € x 1A andd(z 0) — 0. The mappingd. is the diferential off at x, that is uniquely
defined and denoted Wyf(x).

In the sequel, saying thad; has the RNFprecisely means that the restriction of the
Banach norm oM onto H; turns this closed subspace into a Banach space with the RNP.

Theorem 3.1.LetM be a Banach graded Lie group such that lths the RNP. Let & R
and lety: A — M be Lipschitz mapping. Thenis almost everywhere fierentiable.

Proof. We can obviously assume thAtis closed, since the target is a complete metric
space. Our Lipschitz bound dﬁ%(y(t)‘ly(t + h))|| for all t,t + h € Aimplies that

yi(t+h) —7i(®) + Xieo Pmi( = (0, y(t + )l
hi

is also bounded, wher@,; = 7 o Py,. It is not restrictive to assume thiat> 0 andA is
bounded. SincéM is a Banach space andis also Lipschitz with respect to the Banach
norm, we can apply the [11], to get Lipschitz extensiodefined on a bounded interval
containingA. In the sequel, we denote dy the mappingrjo f forall j+ 1,...,.. The
Radon-Nikodym property dfl; implies thatf; is a.e. diferentiable on the bounded interval
containingA. For a.et in the bounded interval, we have

1 t+h

(12) = Ifi(s) — fi())ds— 0 as h— O,
t-h



12 VALENTINO MAGNANI AND TAPIO RAJALA

where the integral is understood to be the Bochner integral[ls Chapter 5] for the basic
properties of the Bochner integral. We can restrict our &tiarto all density points$ of A
that are also points of fierentiability and such thdt satisfies (12). Now, we fix any point
t of A having these properties.

We consider the left translatey{s) = f(t)"*f(s) € M. We also set); = x; o g for all
j=1,...,t, 0bserving that;(s) = f1(s)— fi(t) € H;. Both mappingg andg; are Lipschitz
continuous with respect and| - |, respectively, and have the same Lipschitz constants of
f and fy, respectively.

If we fix n € N\ {0}, then we havé,; > 0, depending om andt, such that for all
h € (A-1) N0, hy[ we have distf,t + Lh) < Lh. Thus, there exist points € A, for
i=0,1,...,n, so that

[ h
(13) t+ﬁh—ti Sﬁ,
to = tandt, = t + h. We writeg;(t + h) = A; — B;, where
(14) A =3 (gj(ti+1) = 0j(ti) + X2 Pmj(—0(t), g(ti+1))) _
Bj = 3o Xz Pmi(-0(t). 9(tis1))

We observe that

n-1 n-1

A< D Im®) gt = Y br(FE) ™ ),

i=0 i=0
henceA, is bounded byz{‘gol .1 — i), up to a constant factor only depending on the
Lipschitz constant of . Sincelti,, — tj| < 3h/n, we get a constamnd; > 0 such that
(15) |AJ| < K1j hj/nj_l.
We denote by, > 0 a number only depending on the Lipschitz constarft ahd such that

max{|| () F I () = FEL 1) = fult) . IRE) = RE < To It — 1)

for all t,t” belonging to the bounded interval containiAg By the Dynkin formula (5),
the termPy,;(—9g(ti), 9(ti-1)) in (14) can be written as a linear combination of

(16) mj (Ai og(ry)o---o g(Tm_z,i)),

whereA; € {-g(t;) o g(ti+1), 9(tisa) o (- 9(ti))} and7yj, ..., Tm2i € {ti,tiza}. Therefore we
haveA; € {+g(t) o 9(ti.1)} and the previous term can be written as

(17) +1; (9(t) © (9(ti2) = g(t)) © 9(rri) © -+ 0 YlTm2i))
Up to a change of sign, this term is the sum of elements
(18) (91, (ti22) = 9, (1)) © G, (t) 0 G (T1i) © -+ © G (Tm-2i)

where 1< |y,...,Ihp < jandl; +--- + 1, = j. Recall thatthe range oh e Nis2<m< j.
We start with the casme = |, where

(19) (1(tie1) = 0u(t)) © Gu(t) 0 Ga(rri) © -+ © Ga(Tm2s)
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We can write this element as follows
ti+1 ti
(f gl) o [( 01— gl(t)) + (ti - t)gl(t)] o Qh(ryi) - -+ 0 O1(Tm-2,)-
i t

This can be considered as the sun{ Sﬂ“ () (ftt‘ G1 = G1(t)) © Gu(rai) © -+ © Ga(Tm2i)
and( f”l ) o ((t - t)gl(t)) o gi(t1i) © - - - © Gi(tm-2;). The norm of the first element is not
. ) maxti,ti+1} t+h
larger tharig)‘2 hi=2 (f |gl|) (f |01 — gl(t)l), hence we get
t

min(t,ti1)
(|+2)h

slg-zhi—z( e Jaal ) f t+h|<;:n—@n(t)|).

o) ft ) o | G- 6a(0) o0 Galem )

The second one can be written as

( | o 019) o (4 - 90) 0 Gu(r1) o+ 0 Gulrm ).

) ) +§+—22h
hence its norm is less than or equallg‘c}h“1 f |gl - gl(t)| We have proved that
t+ =0

191(ti+1) © 9a(ti) © Ga(7ai) o -+ © Ga(Tm-2i)| IS less than
t+ 42 t+ﬁ+—2)h

_2 . n . t+h . R _1 .
1) hJ_Z(L(i;nl)h |91|)(ft |91—91(t)|)+|(]) hj_lf( 4, |91—91(t)|

This proves that
+§L22h

] ) t+h
@) It o3(0)o-omu(rm 20 < 3N [ u-gutole f 0-6u0)).

Notice that in the casge= 2, the estimate (21) can be read as

+(|+2)h

22 |mez( s 00| < o0 (2 [ - o+ S - a0

forall 0 < h < hy, t+h e Aand all possible choices @fe Asatlsfylng (13), that clearly
also depend oh. Arguing by induction, suppose that

t+ t+ &2)
@) |3 Pat-o. gt <t (2 + 2 (e gor S )
m=2 t-

holdsforalll =2,..., ], forallt,t+he A 0 < h < h,; and any choice of € A satisfying
(@3)foralli=1,...,n-1,t, = tandt, = t + h. In view of (22), the induction hypothesis
is true forj = 2. Thus, for anyt € A, we have to find ai, ;.1 > 0 such that

j+1 /h 1 t+h t+('+2)h
(24) ‘Z Pm(j+1)(_g(ti)’g(ti+l))‘ < ko(j+2) (§+ﬁfth |gl_gl(t)|+f |91—91(t)|)
m=2 -
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for any choice ot; € A satisfying (13) and all G< h < hy;j.1 such that + h € A. Since
g (t+h) = A + B, we observe that our inductive assumption yields

t+h . ) h
@5) (< 3k b [ i 601+ (cu +a)
t—

foranyt,t+ h e AwithO < h < h,;andalll = 2,...,j, wherej > 2. Arguing as in
the previous steps, by the Dynkin formula, the single addéhg. 1)(—9(ti), 9(ti+1)) with
2 <m< j are finite sums of elements

(26) (91, (ti22) = 9, (1)) © G, (t) 0 G (T1i) © -+ © G (Tm-2i)

where 1< ly,.. ., In < j, i+ +lp=j+1land2<m< j+1. f m= j+1, then the
general validity of (21) in our case gives

it t+h t+(i+2)h
(27) 101 (ti+1) © Qa(ti) © - - - 0 Gr(Tm-2)| < 31y H) (— f 101 — G (V)] + f | |gl_gl(t)|)-
N Ji-n t+ 0

forall 0 < h < h,; and allt; € A satisfying (13). Let us now consider the case h< j+1,
where we have to apply our inductive hypothesis. Concerrdyye have two main cases.

The first one is whety, = 1. Thus, we consider the séf all integersj € {2,3,...,m}
such that; > 2. Sincem < j + 1, we havel, # 0. Precisely,J, is made byp distinct
elementgji,..., jpfwithl<p<m-1. Wealsosety =1{2,....m\ Jo. If p<m-1,
namelyly # 0, thenlp = {i1,...,imp-1} andl; = 1 for alli € lo. By the consequence (25)
of the inductive assumption, since<Qti,; —t,t; —t < h < hy, it follows that the norm of
(26) is less than or equal to

nl (3K2| hi- f;h 101 — 91()] + (ku + k21) %I)

|j1 ,,,,, ip

lo [tisa — til (|oh)wp_1

forall 0 < h < h,j, witht + h € A. Thus, there existg(m, p) > 0, only depending ok,
ky andky, foralll = 2,.. ., j, such that

t+h

(1 . h
(28) |(9|1(ti+1) =9 (t)) 0 G, (t) 0 Gy (rri) o -+ 0 glm(Tm—Z,i)| < k3(m, p) h’ (ﬁ fh |91—91(t)|+ﬁ)-

t—

Explicitly, we can chooses(m, p) = 915" (12 + 1)P* ( MaXeq<j kil + /<2|)p
The remaining case iIs > 2. We observe that for the integdrsuch that 2< | < ¢, the
consequence (25) of the inductive assumption yields

(29) /()] < (' = ) (ku + ka1 + 1242 lo)

forallt” € Asuchthat O< t' —t < hytj. In the case = 1, we haveg; (t')| < I, (' —t) for
allt’ e An (t, +o0). Now, the general term (26) can be written as the sum of

I
(30)  (9u(tia) = () + D Pri( = 9(t), 9(ti:2)) © o (t) © Gy (T1) © - - © Gy (Tm-2)
m=2
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and of
1
(31) (Z Proi,( = 9(t), 9(ti11))) © 01, (6) © Gy (T1i) © -+ © G (Tm-2).
m=2
Since the first factor of (30) i&l(g(ti)‘lg(tm)), the norm of (30) is not greater than
-t
(32) ||01—|tI O_tl+1| (K1| + Ko + |0 + 12K2||o)m_1 h|2+m+|m .

I1
Now, we observe that the norm of (31) is less than or equalgdathowing number

1
(33) | > Pros (= 96, 9ts)| o0, ()1 101, (71)] I (Tm-29)]
m=2

By the induction hypothesis (23), the first factor of this prodis less than or equal to
| h 1 t+h t+£¥2h
1_1 . . . .
K21, D (@ 4 ft_h 101 — Gu(t)] + ftﬂ%lh |01 — Gu(t) )

hence, as before, taking into account (25), the producti§€3®)t larger than
t+§¥2h

h 1 t+h . . - .
@t (e [ e [ - a])aem e,

wherek,(m) = (ky + ko + lo + 12«2 10)™ 2. Taking into account the decomposition of (26)
into the sum of (30) and (31) and using the estimates (32) a4y (ve get a geometric
constanis(m), only depending oy and allky; andky with | = 2,.. ., j, such that

(Qll(tm) - gll(ti)) ogp(t)o---o glm(Tm—Z,i)‘ h 1 (40, . t+ G2h ) )
(35) P st ft_h 101 — Ga ()] + R |01 — G1(t)|

in the casé; > 2. Joining both casds = 1 andl; > 2, namely, joining (28) with (35), we
get a new constamrg(m) > «xs(m) depending on the same constantg«im), such that

(36)

(gll(ti+l) - gll(ti)) og,(t)o---o glm(Twz,i)‘ h 1 th t+E2h

ko(m) hi 2 nl 101 — G1(V)] + L“—nl)h |01 - 6u(0)]

whenever 2< m < j+ 1,1, ... In =2, i+ +---+1ly = j+1, t,t+h e A
0 < h < min{hy;j, hat} andt; € A satisfy (13) for alli = 1,...,n -1, wherety = t and
t, = t + h. Thus, under the same conditions, sifg;.1)(—9(ti). 9(ti+1)) is a finite linear
combination of elements (26), we also have
/h 1 t+h t+£¥)h
Pron(-90). 9600 < e (1 [ -+ [ oy 197 (0

for a suitable constant;(m) > 0, depending org(m). This immediately leads us to (24)
and concludes our argument by induction. As a consequeakigtinto account that
gj(t+h) = A; + BjandB; = 35 3), Pmi(=0(t). 9(ti+1)), we get

t+2h

- ) ) hi
(37) |gj(t + h)| < 3Ky ™! f 101 — O1(t)] + (k1) + &25) -

t—-2h
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forall j=2,...,cand all 0< h < hy; j, that immediately leads us to the conclusion. o

Proof of Theorem 1.1We can clearly assume thats closed, sincd is Lipschitz and the
target is a complete metric space. It is also not restri¢tvessume thak is also bounded.
Let v, Vo,...,Vn € S; be a set of horizontal directions @& such thatlvj] = 1 for all
i=1,...,Nand for somd& > 0 we have that

V= {uV1--- Oy Wn [t < T}

is a neighbourhood of the origin containiBg. For allx € G andv € G \ {0} we write the
one dimensional set of parameters for which we hit thédsestA(x, v) = {t € R | X6;Vv € A}.
Take one of the directions and denote by, the one-dimensional subgroup spanned by it.
Let W, be the complementary subgroup, so t@iat the semidirect product af, andW,.
Then by Theorem 3.1 for anye W, the limit
(38) lim 6%(f(xésvi)‘lf(xésviétvi))

teA(XdsVi,Vi)
exists for£1-almost everys € A(x,v;). ConsideringWV; as a vector space and using the
Fubini’'s theorem, we get the existence of the limitin (38)f8-almost everyX, s) € W, xR
for which xésv; € A.

Since bothH? with respect to the homogeneous distadand £" with respect to the
understood Euclidean metric @hare Haar measures Gf applying the previous argument
to all directionsv;, for H*-almost allx € A all the limits
(39) oy T(X) = 'JL% 6%(f(x)‘1f(x5tvi))

teA(X,vj)
withi =1,2,..., N exist. Let us fix any > 0. SinceA is bounded, in view of both Lusin
and Severini-Egorov theorems, we have a compad sef, made of density points, such
that for alli = 1,2,..., N the limitso,, f(x) exist at every poink € C, the convergence

6%(f(x)‘1f(x6tvi)) -0, f(x) as t—0 and teA(Xxw)
is uniform onC, the maps — 9, f(X) are continuous o€, the convergence of the densities
HYB(X,r) N AN {X5V; : t € R})
2r

asr | 0 is uniform forx € C and finallyH?(A\ C) < €. Let us choose € C, hence we
know that

(41)

-1

(40)

d(C, x2
lim =
d©0.2-0 d(0, 2)
Now, we choosel = 6,V - - - 6y, VN With [ti| < T andt € (—1,1). Thus, we are able to find a
sequencel, ..., Vi € G so that

(42) xVi---vi €C o and  d(vi, 6 \i) = d(C, XV - - Vi 64, Vi)

foralli = 1,...,N. Such a sequence exists sirtas compact. We will also use the
elementsy,...,w,, € Gsuch thatforall = 1,...,N we havexV, --- Vi Wi € A,

W e (o heR) and dW,douVi) = d({XV -V 0hvi th e R} N A XV -+ Vi 6y ).
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Ficure 1. The choice of element§ andw! in the proof of Theorem 1.1.

Such a sequence exists becaAss closed and (40) uniformly holds. Moreover, the same
uniform convergence of (40) yields

d(V\,}:’téttivi) 50

uniformly with respect toc that varies irC, |t < T andi = 1,..., N, ast — 0. Notice that

we have not emphasized the dependence. drhe diferent sets of projected elemefis
and{w!} are illustrated in Figure 1. For dlle (-1, 1), we have

(43)

N
S1(FOYHO0E W) = [ | 8(F OV - Vi) 0 -+ ).
i=1

We now observe that for argy> 0 at all pointsz € Awherea\,i f(2) exists, we also have the
existence ob,, f(2) and there holds the homogeneity

(44) 620y T(2) = 0ay (2.
This allows us to consider all possible rescaled partiaivdgves. Thus, defining} =
XV, ---Vi_ foranyi = 1,..., N, we can consider the inequality
P31 (f )™ F(7iwh)), s T () < p(82(F () f (i), ZRAICD)
+ POyt £011), Do (1)) + (B £ (7). Do F(9)
The first addend on the right hand side uniformly converged whenx varies inC, as
t — 0. In fact,} € C and the uniform convergence of (39) is preserved under liagca

Whered%w} = dny; Vi andh; uniformly converges to one dd ast — 0, due to (43).
Since we have the rescaling of partial derivatives, we get

(s T (1), s T (1)) = p(On, O T (71), 61,0, T (7))

that uniformly goes to zero ase C andt — 0, again due to (43). This implies the uniform
convergence of the second addend to zero. Finally, the tiéind converges uniformly to 0
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by the continuity of,, f onC. Joining (41) and (42), we have that

(45) 51/t(Vt1 - V|t) - 1—[ Y
I=1

uniformly with respectto all = 1,..., N and|t| < T ast — 0. It follows that
t_ld(\/it,éttivi) —-0 as t—-0

foralli =1,...,Nand|t| < T. This convergence is not uniform with respecki@lthough
we could make it even uniform with respectxdyy choosing this element in a “slightly
smaller subset of”. We havet *d(w, Vi) < t™td(W, 5y,vi) + t~1d(6y,vi, V) — O ast — 0.
This gives
5:(Fwh) L (V) - 0 as t— 0.
Combining the previous two limits we get that
Sx(Fe) ™ Fmvh)) = 62 (F ()™ f (pwi))oa (F (pwd) ™ £ (1)) — Do F(X)

ast — 0. This limit is uniform with respect to alkj] < T, but it may depend ox.
Therefore, we are lead to the existence of the followingtlimi

N
(46) lim o () (v -+~ Wy)) = ]_[ D5, T (%),

that is uniform with respect ta € V. This allows us to definé,(u) = [}, ds,v F(X) for
allu=oéyVvs--- 6, Wn € G. Therefore the definition df,(u) is independent of the choice of
the representation af The choice of the “nonlinear fierence quotient”

S1(FO) (X -+ W)

has been made in order to get the existence of the h-homomorph. In fact, Ly is an
h-homomorphism since for all = 6;,v; - - - &, Vv andw = §,,Vy - - - ., Vn, We have

N N
Le(uw) = [ {95, FOI | 95 F(0) = L(u)Lew).
i=1 i=1

The homogeneity ok, is obvious due to the homogeneity of partial derivatives.(44t
(Vi)iz; € Abe any sequence so that— x. Defined, = d(x,yp) and letz, € G be such that
XYYy = 6,,Zp. It follows that

lim p(F)7H(Yp), Lu(Xtyp))

poeo d(x, yp)

o1
= lim T p(f (9 (61,20). L(61,2)
p

= émp(éﬁ(f(x)_lf(xﬁpzp)), Lx(zp)) =0

since both the limits (46) and (45) foe= N are uniform. Thusl. is the h-diferential off
atx. The arbitrary choice of > 0 concludes the proof. m]
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4. THE METRIC AREA FORMULA

Let us fix a metric spac¥ equipped with a distangeand letG denote a stratified group
equipped with both a homogeneous distatiead the Hausdcﬂ‘rmeasuré‘{c? constructed
with respect tal. The integeiQ is the homogeneous dimension®f SinceG is a locally
compact real Lie group, the measl.(ijQ is the Haar measure &. For all homogeneous

distancesr on G, we setH,? = 8o h and

= diam,(E; Q o0
hQ(A) = sup inf {Z —'a”;é ) Ac | JE;. diam,(E)) < e}
&0 =0 j=0

where the constaly > 0 is fixed.

Definition 4.1 (Metric differentiability) Let A c G and letf : A — Y. We fix adensity
point xe A. Then we say that is metrically djferentiableat x if there exists a homoge-
neous seminorns such thajp(f(x), f(x2) — s(2) = o(||Z]) asz € x *A and||z7| — 0*. The
homogeneous seminorsis unique and it is denoted bigd f(x), which we call theanetric
differentialof f atx.

Notice that in the cas& is a Euclidean space, formula (2) yields the Kirchheim’'saare
formula established in [12], where the following notion atdbian is used

Nwp

47 S) = .

“n T Jonr SO AHTH(X)

Here s denotes a seminorm dR" and| - | is the standard Euclidean norm. In fact, the
metric diferential in this case is precisely a seminorm. By the speeiahgtric properties
of normed spaces, Lemma 6 of [12] shows thd{l - [I) = H},(A)/H[|(A) for any A c X

of positive measure, whep€ is a finite dimensional Banach space with ngfm|. This
immediately shows that formula (3) gives the Kirchheim'sal@an when the Carnot group
is replaced by a Euclidean space. The following remark shbaisthe metric Jacobian in
stratified groups coincides with the sub-Riemannian Jaoatfifil4].

Remark 4.1. Let L: G — M be an injective h-homomorphism from a stratified group
G to a Banach homogeneous graip Let us defines (X) = p(L(x),0) for all x € G and
notice thats, is a homogenous distance @ due to the injectivity olL. One can easily
check thatH(By) = H2(L(By)). It follows that

H,(L(By)
48 J = —.
(48) (s0) HOE

When M is in particular a Carnot group, then (48) shows that the meiacobian (3)
coincides with the “sub-Riemannian Jacobian” introduce®difinition 10 of [14]. One
can relate these Jacobians with the classical ones compytedtrices. In fact, as proved
in Proposition 3.18 of [14], there is a geometric consta priori also depending on the
subspacé (G), such that

(49) J(s) = C \[det(JLo).
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wherel, is the matrix representing as a linear mapping fror to L(G) with respect to
a fixed scalar product. Of course, when one chooses distanttemany symmetries the
constantC will not depend on the subspatéG). Formula (49) extends to our framework,
since in the general case where the target is a Banach honmgegeupM, we have that
L(G) is still a finite dimensional linear subspaceldt

The key ingredient for the area formula is the linearizapoocedure associated to the
a.e. diterentiability, see Lemma 3.2.2 of [7]. For metric valuedddpitz mappings with
Euclidean source space, Kirchheim uses the separabiligyi dompact convex sets, ac-
cording to 2.10.21 of [7], in order to get the following segaifity of norms: there exists
a countable family of norm§] - ||i} such that for every & ¢ < 1 and every nornjj - || we
have somd] - [;, such that (£ &)|| - [li, < Il - [l < (L + &)l - li,-

Let us point out that a metric ball with respect to a homogerdiatance need not be
a convex set. However, the previous separability of normishetids for homogeneous
norms, since the point is that a Carnot grdtips a boundedly compact metric space and
the class of nonempty compact setsiis separable with respect to the Hausdtldistance
between compact sets.

Lemma 4.1. There exists a countable famify of homogeneous norms such that for every
¢ € (0, 1) and every homogeneous northere exists & ¥ such that

(50) (1-gs<v<(l+¢s
Next, we recall the measure theoretic notion of Jacobian|1§.

Definition 4.2 (Measure theoretic Jacobiar)et E c G be a closed set, fE — Y
Lipschitz and » E. Then we define

Q(f(E N Dy,
Ji(X) = Iimsupﬂp( (Q n ’)).
r—0* Wd (Dx,r)

Lemma 4.2. Let E c G be closed and let fE — Y be Lipschitz. Denote b® c E
the subset of points where f is metricallyjeientiable and the metric glerential is a
homogeneous norm. Then the following statements hold.

(1) There exists a family of Borel sefE;}icy such thatD = (J;2,E and fg is bi-
Lipschitz onto its image.
(2) For H%-a.e. xe D we have Imdf(x)) = J;(X).

Proof. Let ¥ = {s : i € N} be as in Lemma 4.1. Fix an arbitrasye (0, 1) and define for
alli,n e N the set

Din=1{xeD : |p(f(xu), f(xX)) — s(u)| < es(u) for all u e x *E with |lu]] < e™}.

Combining metric dierentiability with Lemma 4.1 give® = (i Din. SinceG is
separable, we can cove); , with a countable family of setS,, ¢naND;, with | € N. Then
for all X,y € Dy en/a N Din, we immediately get

(51) (1- &) s(xy) < p(f(¥), F(¥) < (L + &) s(Xy).
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This concludes the proof of the first statement. Now, wefxD;,, N D(D;,). Then for
allr €]0,e™"/2[ andx,y € D, N D, the inequalities (51) again hold. As a consequence,
settingL = Lip(f), we get
HR(f(D, NE
AUCTILV T
Hy(Dzr)

ﬂS(Dzr) + LQWdQ(DZJ \Di,n)
Hg(Dzr) Hg (Dzr)

and

Q Q i
HY(f(D,, N E)) . Hy(f(Dzr N Dip)) > (1-¢)@

7_{SQ(DZ,I' ﬂ Di,n)

HDz)  HI(Dz) Hg(Dzr)
Therefore we have
oD HI(f(D,; NE oD
(1—8)Q7{2( 2 < limsu a E? = NE)) s(1+s)Q—wz( 1),
7'{d (D]_) r—0* ﬂd (Dlr) 7_[d (D]_)
for an arbitrarye > 0. This leads us to the conclusion. O

Lemma4.3.Let f : G — Y be a Lipschitz mapping. LetBe the set of points € G for
which there exists,e G with ||vy|| = 1 such that for alle > 0 we have) < r, < ¢ such that

(52) p(f(xs:vy), (X)) < e,
forall 0 <r <r.,. It follows thatH2(f(Ep)) = O.

Proof. LetL > 1 denote a Lipschitz constant bf choosex € Eq and fix an arbitraryR > 0.
Take an arbitrarg > 0 such that 4 < 1 andB,, c Bg. By definition ofEy, we havev, € S
and O< r, < g such that (52) holds. Defining

va,s = U Bxérvx,‘% c Bx,s s
o<rz<rg
by triangle inequality, we get(S,, ;) c B,(f(X), 2er.). Now, fix N = [L/2¢] and choose
two distinct integers, j between 0 andN. Consider the elements

f € Bxézgrgi VX,iLg and ne BX(SZgrgijsiLE’
L C

and notice that the previous balls are disjoint in view oftiiengle inequality. This leads
us toHJ(Sy,.) > Ce%tre. As aresult, the measurg = (fig);HC onY satisfies

pr(Bo(F(9), 2¢1.)) _c
(2er,)R T 2%
From the arbitrary choice af > 0, it follows that

#r(B,(T(¥), 1))
pRt—Q = 400

limsu
t—0*

for everyx € Eq N B, Whereug is a finite Borel regular measure of Finally, standard

differentiation theorems giv@{pQ(f(Eo N Br)) = 0 and the arbitrary choice @®® > 0
concludes the proof. m]
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Corollary 4.1. Let E c G be a closed set and let fE — Y be a Lipschitz mapping,
whose metric giferential exists on a subsebE- E and at all point of this set it is not a
homogeneous norm. Thé{},Q(f(Eo)) =0.

Proof. The imagef (E) is separable ifY, so in particular it is a separable metric space that
can be isometrically embedded ita Hence we can assume that [*. With this target,
the componentwise extension bimmediately yields a Lipschitz extensidndefined on
all of G, having the same Lipschitz constant. Take E, ¢ D(E) andvy € G such that
lIvill = 1L andmd f(x)(vx) = O. Itis easy to check thdtis metrically diferentiable ak and
md f(x) = mdf(x). Thereforef satisfies conditions of Lemma 4.3 and our claim holds.

Proof of Theorem 1.28ince7{c? is Borel regular and is Lipschitz, it is not restrictive to
assume thad is closed and that is everywhere metrically éfierentiable. By definition of
metric Jacobian)(md f(z)) = 0 whenever belongs to the subs@ét of A where the metric
differential is not a homogeneous norm. Corollary 4.1 imp?ie%(f(Ao)) = 0, hence (2)
holds for the restrictiorfis,. By Lemma 4.2, we havA \ A, = U, Ej whereE; are Borel
sets andig, is injective andJ; equalsJ(md f(-)) H-almost everywhere, hence Theorem 2
of [16] establishes (2) fofia a,) @and concludes the proof. O
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